Google 



This is a digital copy of a book that was preserved for generations on library shelves before it was carefully scanned by Google as part of a project 

to make the world's books discoverable online. 

It has survived long enough for the copyright to expire and the book to enter the public domain. A public domain book is one that was never subject 

to copyright or whose legal copyright term has expired. Whether a book is in the public domain may vary country to country. Public domain books 

are our gateways to the past, representing a wealth of history, culture and knowledge that's often difficult to discover. 

Marks, notations and other maiginalia present in the original volume will appear in this file - a reminder of this book's long journey from the 

publisher to a library and finally to you. 

Usage guidelines 

Google is proud to partner with libraries to digitize public domain materials and make them widely accessible. Public domain books belong to the 
public and we are merely their custodians. Nevertheless, this work is expensive, so in order to keep providing tliis resource, we liave taken steps to 
prevent abuse by commercial parties, including placing technical restrictions on automated querying. 
We also ask that you: 

+ Make non-commercial use of the files We designed Google Book Search for use by individuals, and we request that you use these files for 
personal, non-commercial purposes. 

+ Refrain fivm automated querying Do not send automated queries of any sort to Google's system: If you are conducting research on machine 
translation, optical character recognition or other areas where access to a large amount of text is helpful, please contact us. We encourage the 
use of public domain materials for these purposes and may be able to help. 

+ Maintain attributionTht GoogXt "watermark" you see on each file is essential for in forming people about this project and helping them find 
additional materials through Google Book Search. Please do not remove it. 

+ Keep it legal Whatever your use, remember that you are responsible for ensuring that what you are doing is legal. Do not assume that just 
because we believe a book is in the public domain for users in the United States, that the work is also in the public domain for users in other 
countries. Whether a book is still in copyright varies from country to country, and we can't offer guidance on whether any specific use of 
any specific book is allowed. Please do not assume that a book's appearance in Google Book Search means it can be used in any manner 
anywhere in the world. Copyright infringement liabili^ can be quite severe. 

About Google Book Search 

Google's mission is to organize the world's information and to make it universally accessible and useful. Google Book Search helps readers 
discover the world's books while helping authors and publishers reach new audiences. You can search through the full text of this book on the web 

at |http: //books .google .com/I 






w\/ 



;'^Y3i or yo 



K V 




^^vOXFO^'i' ' 



Combrilrge : 

PBIMTBD BY C. J. CLAY, M.A. A2ID BOH, 
AT THE UHIVEB8ITY PBB88. 



Now ready. Demy Spo,, Price \*a. 

A TREATISE 

ON 

DIFFERENTIAL EQUATIONS 

BT 

ASDEEW RUSSELL FOBSTTH, 1I.A-, 



ImHiaK: 

MACMILLAS AND CO. 

1885 



PREFACE. 

In the present volume I have tried to make the 

diacoBsion of the various parts of the subject, which are 
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wchy, Lie and Mayer. These, and others here omitted, 
I hope to give in another volume at aome future date. 

While writing this volame I have consulted many 
authorities in the shape of treatises, raemoira and text- 
books ; and, though it is impossible to give in detail 
every reference, I wish in particular to mention, as 
having been of great use, Boole's Treatise and his 
Supplement, Moigno, Imschenetsky and Mansion ; and 
I have used, to a. slighter extent than these, Gregory's 
Examples, Serret and De Morgan. Many references to 
original memoirs will be found in various chapters. 

There occur, scattered throughout the book, many 
examples, amounting in number to more than eight 
hundred. Most of these are taken from University and 
College Examination papers set in Cambridge at various 
times ; some are new, and many of them are results 
extracted from memoirs which have been consulted. In 
the case of the last, the original authority is, I think, 
always indicated. I cannot hope that, among so many, 
all results given are correct and all equations set are 
soluble ; and I shall be glad to receive corrections of any 
mistakes actiially found. 

In conclusion, I wish to express the very great 
obligations under which I he to my friend and former 
tutor Ml' H. M. Taylor, of Trinity College, Cambridge, 
for his kindness in the revision of the proof-sheets. He 
has caused the removal of many obscurities and has 
made many valuable suggestions of which I have con- 
tinually availed myself My thanks are also due to my 
friend Mr J. M. Dodds, of St Peter's College, Cambridge, 
for his kindness in reading some of the early sheets. 
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CHAPTER I. 

Introduction. 

1. When one variable quantity y is a function of another 
variable quantity x, the relation between the two may be exhibited 
by means of an equation such as 

In this equation constants may occur; let one of such constants be 
denoted by a. If the equation be solved for y in terms of x, this 
constant a will enter into the expression for y ; and, by taking 
diflferent values for a, there will in general be obtained a number 
of corresponding values for y. If it be desired to indicate in the 
fundamental relation the fact that the value of y depends on ikAi 
of a, this may be done by writing the above equation in the form 

^{x, y, a) = (i). 

Now it is possible to derive from this equation another, which 
shall include all the values of y, which can be obtained by as- 
signing all the possible values to the constant a. The differential 
coefficient of y with regard to x is given by 

90^90 dy^^ ,... 

dx dy dx ^ 

in which ^- and -^ indicate partial differentiation with regard to 

a and y respectively. Equation (ii) will in general involve the 
constant a, which occurs in (i) ; and, if between these two equa- 
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tions the consUiil. Lc eliminated, the result of the ehmiiiation will 



/^•■».|)-» <"»■ 



where _/" is a definite function depending on the form of the 
function tft in equation (i). Now equation (iii) is one, which 
includes all the values of i/, which can arise from (i) ; for, while 
it is derived from the two equations (i) and (ii), in each of 
which a occurs, yet of the particular value of this quantity 
no special account is taken and, were any othkT constant as a 
substituted for a in all tlie steps of the elimination, the result 
would be the same, since the constant is made to disappear from 
the result. 

In the same way, if y depended on two constants a and b m 
a manner defined by the equation 

*(^, y, a, 6) = 0, 
and if the equations which give the first and second differential 
coefficients of y with regard to x were written down, the two con- 
stants a and b could be eliminated and the resulting equation 
, would be of the form 

dy fy\ 
' dx' d^) 

In all cases the functions / and F can be deduced (by methods of 
the Differential Calculus and of Higher Algebra) when the forms 
^ and 4> are given. 

In particular, if such a form be 

e{x, y)=a. 
from which a is to be eliminated, then, as the equation embracing 
all the values y, we have at once 

dx dy dx ' 
DO further elimination being needed. 
Thus, for example, the equation 



F\ 



'(- 



..(iii)'. 



L leads to the equation 
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which is the general equation of all parabolas having the same 
axis and vertex. 

2. Such relations as (iii) and (iii)' ore cnlleJ Differential 
Eqvxitions ; the equation (i), which is free from all differential 
coefEcienta, is called a solution of (iii). As, in passing from (i) 
to {iii), a single arbitrary constant was removed, so conversely, 
in passing from (iii) to (i), it is just to expect that a single 
arbitrary constant will be introduced ; and since, in eliminating n 
arbitrary constants, there are needed the equations giving the 
first » differential coefficients in addition to the original equation, 
so conversely, in passing from such a relation between differen- 
tial coefBcienta up to the n'" inclusive to an ec[uation free from 
them and equivalent to this relation, it is to be expected that n 
arbitrary constants will be introduced. 

3, It is not difficult to see how these arbitrary quantities must 
enter into the solution of the equation. For the sake of simplicity 
let us consider an equation such as 



^leti 
I in w 






M+A''Y = 0, 



in which M and iV are functions of x and y. Let x and y represent 
the Cartesian coordinates of a point P in a plane referred to two 
rectangular axes ; then the equation (i) is the equation of a curve, 

and -j^ ia the trigonometrical tangent of the angle, which the 

tangent to the curve at the point P makes with the axis of x, 
80 that the above difterential equation gives the direction of a line 
at every point in the plane. Let any point A be taken on the 
axis of y, and let us proceed from A for a very short distance 

in the direction given by the value of -j^ which it has at A ; ^ve 
shall thus come to another point B, Let us proceed now from B 
through a very short distance in the direction given by the value of 
j^ which it has at 5 ; we shall thus come to another point 0. 

If this process be carried out for a number of directions in suc- 
cession, a figure will be traced in the plane ; and, when each of 
the distances through which we suppoeo the tracing point to 
move becomes indefinitely small, the figure will become a curve 

1—2 
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passiug through A, This curve will have a iJefiuitc equation, 
which may be exhibited in the form 

where jj is the ordinate of A. Had another initial point A' been 
chosen instead oi A, then another curve would have boon obtained 
and into its equation the magnitude of the ordinate of A' would 
have entered ; the same result would ensue from taking each point 
in succession on the axis of >/, because generally one curve and only 
one passes through each such point. As each equation, or one 
single equation as the representative of all, may be considered a 
solution of the differential equation, it is evident that into the 
solution of the example we have been considering one arbitrary 
constant will enter ; and therefore, if by any method we can obtain 
an equation free from differential coefficients, it must he expected 
that an arbitrary constant will be contained in that equation. 
But this arbitrary constant obtained by the latter method will not 
necessarily be the ordinate of the point, at which the curve, repre- 
sented by the solution, and the axis of y intersect; an arbitrary 
element would have entered into the equation, had the tracing of 
the curve begun from a point in the plane not lying on one of 
the coordinate axes. 

In the example considereii the equation giving j- bad only 

a single root ; when it is of the form 



(I)" 



+ P 



i>i. 



Q = o, 



then the integral equation will be of the form 

A' + AF + Q- = 0, 
where ^ is an arbitrary constant. And it is not difficult to see 
that, if the differential equation be of the n* degree in -j^ , then 

the corresponding integral equation will contain an arbitrary 
constant rused to the n"" and lower powers. 

4. From what has been said as to one of the methods by 
which differential equations caa be constructed, it might be deemed 
an easy matter to return from the differeutial to the integral 
equation ; but this is not ao. The steps of an elimination cannot 
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be retraced, and therefore some otlier method or methods must be 
adopted. The methods which are most effective for the solution 
of several different forms of differential equations will be discussed 
hereafter. 

5. When we pass from a given integral function to the equi- 
valent differential equation, the latter may prove to be of a fonn, 
which ia not included among those already known ; so conversely, 
if we pass from a given differential equation, we must not expect 
to arrive necessarily at a function which will be included among 
those, with the properties of which we are acquainted. It is 
therefore desirable to indicato what, in such a case, would be 
meant by the solution of the differential equation. 

When, in algebra, we ask whether any particular equation can 
be solved, we thereby enquire whether the value of the variable, 
which occurs in it, can be expressed in terms of known functions. 
Thus, for instance, in the equation 



the value of a; can be obtained immediately by a process of division. 
But let the equation be 

To solve this we have to introduce a function, which was not 
needed for the former equation ; and, expressing f in the form 

we consider the equation solved. Now equations of the third and 
fourth degree can be solved by means of functions strictly analogous 
to these — the cube root and the fourth root of quantities; but 
general equations of the fifth and higher degrees cannot be solved 
in terms of these functions or combinations of these with similar 
functions. It does not therefore follow that solutions of these 
equations do not exbt ; they can only be solved when functions, 
unused in the solution of equations of lower degrees, are intro- 
duced. 

Similarly, in the case of a differential equation, when we say 
that it can be solved, we do not m«an to imply that the solution 
raust be expressed in terms of purely algebraical functions, of 
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exponentials (including aiucs and cosines), and of logarithmic 
functions (iocluding inverse circular functions). The equation 



is equivalent to 






But suppose that the properties of the logarithm were i 
known, and that the differential equation 

dj! m 
were proposed fur solution. We sliould then iiave 



and, calling 



/?=/<■ 



A 



we should prove the relation 

and become acquainted with the properties of this new function 
so as to includii it amongst known functions. But, had we not 
been able to deduce the properties off(x), the value of y given by 



+/f 



would still have been considfred a solution of the differential 
equation. In fuct every differential eqiuUitm in comidered as 
solved, when the value of the depetulent variable is expressed as a 
function of Uie independent vanable by vieans either of known 
functions or of integrals, whether the integrations in tlie latter 
can or ainnot be expressed in terms of functions already known. 
Thus, for instance, 



-^ + 



li^ 



although the value of ^cannot be expressed otherwise than in this 
form without the introductiou of a new function the properties of 
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which can be investigated. In this way the sohition of Jiifercutial 
equations is continually suggesting new fuuctions to be added to 
the stock of those already known. 







I 6. Before we proceed farther, it is desirable to give definitions 
I'Some terms used in the subject. 

Any equation which expresses a relation between dependent 
variables, their differential coefficients of any order whatever, and 
le independent variablea is called a diffei-ential equation. 



Differential equations are divided into two species, v 



I. Ordinary differential equations, into which only a single 
independent variable enters, either explicitly or implicitly, and 
to this variable all the differential coefficients have reference. 
Should there bo several dependent variables, the number of 
equations necessary for their complete detemiinatioa as functions 
of the independent variable is equal to the number of such 
■iables. Thus, for instance, we might have 



dt' 



+ fix = 



which x is a function of the only iudcpendcnt variable ( ; and 



(«' + y)" 



^^■ntriabl 
^^& whi< 

^^Bwhii 

^^^B II. Partial differential equations, into which two independent 

^^^Mriahles at least and partial differential coefficients with regard to 

any or all of these variables may enter. If several dependent 

variables be present, the number of separate equations must he 

the same as the number of the separate dependent variables; 

a occurrence of such systems of equations is relatively rare, 

imples of partial diffeiential equations we may consider 



I which X and j/ s 



3 both functions of (. 
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The order of a differential equation is the same as the order of 
the highest differential coefiGcient it coutains. 

The degree is the power to which that highest differential 

coeflScient is raised, when the equation is in a rational form and 
freed fi-ora fractions. 



The equation 



dx 



is of the first order and second degree ; the equation 

is of the second order and second degree. 

If a differential equation he such that, vhen it is ratioDalised 
and freed from fractions, the differential coefficients and the 
dependent variable enter in the first power and there are no 
products of these, while the coefficients in the separate terms are 
either constants or functions of the independent variables, the 
equation is called linear. The following are examples of linear 
equations : 



(1-^) 



n(» + l)y=0, 



3T 

s'-' 



3'V . 8"r 



!+=;.-<>■ 






The relation which exists between the variables themselves 
without their differential coefBcients and which is the most general 
one possible, is called sometimes the general Botjition, and some- 
times the primitive, of the differential equation. 

7. The process of deriving the primitive from a given dif- 
ferential equation will frequently be the deduction of a first 
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integral of the differential equatioD, that is, an equation of an 
order lower by unity than that of tlie original equation and 
containing an arbitrary constant ; then of a first integral of the 
latter which will be a second integral of the original equation ; 
and so on, until differential coefiScients cease to appear. This 
will be the case when the operation has been repeated the 
number of times equal to the order of the original differential 
equation. Now the form of the first integral will be affected 
by any transformation to which tlie equation may be subjected 
prior to integration ; and, since a given equation may be trans- 
formed in a number of different ways, there will be a corresponding 
number of different first integrals. But these will not all be 
necessarily independent ; and, as a matter of fact, if the equation 
he of the n"^ order, it cannot have viore than n independent first 
integrals. For example, the differential equation 






the following first integrals, viz, :— 
a: + y sin !F = Jf, 



dx 



--^smx + y cos x ■ 



--C. 



g=3,cot(^+»)i 



but they are not all independent, the four constants A, B, C, a 
being connected by the equation.? 

B = .4 cos a, 
C= A^ni. 
When a system of first integrals has been so obtained in any 
case, it can be used as a simultaneous system, fi'om which the 
highest differential coefficients can be eliminated ; and if inde- 
pendent first integrals of tlie equation, equal in number to the 
order of the equation, have been obtained, all the differential 
coefficients can be eliminated from them so as to leave the primi- 
tive. Thus from the second and third integrals in the foregoing 
mple we might deduce 

y= Bsmx+ Ccosx, 
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and from the first and fourtli 

y = ABm(x + a.). 
each being a primitive ; these solutions are seen to coincide on 
account of the relations between the constants. 



' to gi^'e reasons for the statement made 



has n, and cannot have 



8. We proceed iii 
in the last paragrapli. 

A differential equation of the order i 
more than n. independent first integrals. 

From what has already been said it is clear that an integral 
relation between y and x involving n arbitrary independent con- 
stants would lead to a differential equation of the order n. Let 
the given integral equation be differentiated « — 1 times in 
succession; the n — 1 resulting equations will involve all tbo 
differential coefficients up to the (»"— 1)"" inclusive and there will, 
with the original e<ination, be « equations in all. Now from n 
equations, in which n quantities occur, all but one of these quantities 
can be eliminated. Let the n arbitrary constants be denoted by 

Cj, C,, , C, ; and from the n equations, which we have, let us 

eliminate all the arbitrary constants except C,. The resulting 
equation will involve the variables and the derivatives of y up to 
the (n— 1)* inclusive and will also involve C,; it will therefore be 
a first integral of the differential equation of the order n which is 
equivalent to the given integral relation. Now eliminate all the 
arbitrary constants except 6', ; the resulting equation will now 
involve C, and, as before, derivatives of y up to the (li — l)'" in- 
clusive and will therefore be a first integral of the differential 
equation ; it will, moreover, be independent of the former, since C, 
is independent of C^. Proceeding in this way with all the constants 
in turn, WD shall obtain n independent first integrals, each of which 
arbes from the elimination of all but one of the n independent 
constants. 

As there are not more than n independent constants occurring 
in the general integral equation, auy other constant, which could 

appear in it, must depend on C,, C^, ,C_; let A be such 

a constant, and let the relatiou between them be denoted by the 
equation 

■^{A,C,.G, C,) = 
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Then between this, and the original integral equation, and the 
n— 1 equations obtained by differentiation, (fonning n + 1 equa- 
tions in at]), the n constants C may be eliminated and the result 
will involve the differential coefficients up to the (n — l)"" inclu- 
sive and the constant A. This would be a first integral of tbe 
differential equation, but it is not independent of the n already 
obtained ; for from these let the respective values of the quantities 
C in terms of the variables and the differential coefficients of 
y be derived from the separate equations, in which they occur singly 
and be substituted in the equation -^ = ; this equation will then 
be one involving the differentials iip to the (li— 1)'" and the con- 
stant A, and will therefore be the same as the foregoing. In fact 
the two processes are merely different methods of obtaining the one 
result, and the second shews that the first integral so obtained is 
derivable from the other n first integrals. Hence the differential 
equation of order n has not more than n independent first integrals, 

9. It ia convenient to add here two lemmas to which frequent 
reference wilt subsequently be mode. 

Leuiu I. Let «,,M, , M, be ■» functions of the m variables 

jt, , ar, ar^, these variables being independent of one another; 

if among these functions any relation, which may be represented by 

*•(»„«, ».)=0 (i) 

be identically satisfied, so that w,,K,, , w, arc not indepeudent 

of one another, then the equation 



• 



9», 9tt, 


3«, 


a-^.£: 


l^. 


3«, 9'*, 


8». 







0.. 



„ (ii) 



is identically satisfied. 

Since equation (i) is identically satisfied, when for«,,«,, ,u^ 

are substituted their values in terms of the independent variables, 
the partial differential coefficients of F of the first order with 
regard to each of these variables are separately zoro. Thus we 
have 
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du, Bx, du, diE, 



dtt, St. Bu, dx. 



dF 8... . 



3m, 3*. 3«, Sr. 



Oh, 3x, 



0. 



Let the ratios of the n partial differential coeflncients of F with 
regard to the u'b be eliminated between these n equatious, whii-h 
are linear in these quantities ; ttie result of the elimination is 

= 0, 



1 


3», 


3«. 


p, 


3». 


3'.' 


'dx. 


k 


p 


3«. 







and this is identically satisfied. The value of a determinant is 
unaltered by the change of rows into columns and columns into 
rows ; when these changes take place the above equation becomes 
equation (ii), which is therefore identically satisfied. 



Lemma II. The converse of this is also true : 
be n functions of n independent variables x^, a-,, . 
the equation 



Ifu 



3», 

a., 


ai, 


du, 


a*, 

f. 


a«. 

p 






k 


^ 


^ 




dx. 



be identically satisfied, then the functions u, ,u, ,u, are not 

independtrnt of one another, but are connected by a relation of the 
[ ionu 

F<.",.« "J-O- 
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If the n— 1 functions u^,u^y >^n-i ^® ^^^ independent 

of one another then the proposition to be proved is at once granted ; 
we may therefore suppose them independent of one another. 

Between the n functions u we can eliminate n — 1 of the 
variables; if the remaining variable, say a:„, be not thereby 
eliminated the result may be written in the form 

If the equation of condition be written in the form 

^ K>^«> »0 ^ 

9(^i»^«» >^J 

we may write the theorem for the multiplication of determinants 
in the form 

3(^l>^,> »^J 3K,^*g, >«n-l»0 9K»^,> >^n-l>^J' 

The left-hand side is zero by hypothesis. Since the functions 
Mj, Wj, , f«-i are independent, the first factor on the right- 
hand side is ?r^, and the second is ^) *' — ** '"' — *^. One of 

these must therefore vanish. If it be the former, then ^ is ex- 
plicitly independent of x^, so that u^ is a function of t^,, t^,, ..., m^.^ 
only ; and there is thus a relation between the original n functions. 

If it be the latter we have 

3(^i»i,a?„ ,a;..J 

an equation, which corresponds to the given equation of condition 
but in which there are only n — 1 functions of n — 1 variables, 
since for the differentiations that now occur x^ may be considered 
a constant. This is treated in the same manner as before ; and we 
should find either that there is a relation between w^, w,, ..., u,,_^ 

considered as functions of x^, x^y » ^»-ii ^^ ^^at a new equation 

of condition involving w — 2 functions of w — 2 variables would 
hold. If the relation between ti^, i^,, . . . , u^_^ exist, it will be of the 
form 

-^K* w,» >«^«.p^J = 0; 

which will involve x^ since we have assumed that «^p t/,, ..., w,., 
are independent of one another. Between -^ = and w^ = ^ we can 
eliminate a;« and obtain a relation between u^, u,, ..., u^. 
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Proceeding in this iiinjiner and dimiiiisIiiDg by unity each 
time the number of functions, which enter into the equation of 
condition, we can prove that one of the two necessary inferences 
at each reduction is the statement contained in the proposition. 
And when the reduction has been repeated n — 1 times the only 
alternative of the proposition is that any function, chosen at will, 

should l>e such as to satisfy ^ for some variable x which can 

be chosen at will As this is evidently not the case the truth of 
the proposition follows. 

II). As a particular case of the general lemmas wc have the 
following. Let U and V be two functions of two independent 
variables a; and y ; then if V can be expressed as a function of If 
alone, we must have 

dUdv dUdv 



I dj! 



= 0; 



and conversely, if this eriuatlon be satisfied, then there is a relation 
between (7 and f satisfied for all values whatever of x and y such 
that 

V=AU). 



Ex. 1. Are the functions 




:,+2.,^^,x-i!,^ 


3;, 2j-j/-j'-- + 4jj-2:» 


independoDt of one another I 




The cqiution of coaditiou in 

1 - 1 . 
2,-2, 
1 , 3 , 


^-z =0, 

2r + 4i 


whitili is evidcuUy s-iUsfied since 

3«1 row = 2 (let row) - } (2nd row) ; 
BQil therefore the functions iiru dependent To find the rclatinn lictwoen 
them, if we call them u,, h,, Mj, we have 


and therefore 

on Bubetituting these values. 





Ex. 2. Prove that the functions a-r*+V + '^i /!-«+% + f«, and 
a*^{IPc+C*b)*f^y*{C*a + A'h)-\-<^i?{A*h-^IPa)-iab<!(BCy-irCAzx+AD.vy). 
are not iudependcnt ; and find the rclntiou between them. 



CHAPTER II. 

Differential Equations of the First Order. 

11. The general differential equation of the first order may bo 
represented by 



^f.y.|}=o. 



where i'^ is a rational and algebraical function so far as the differ- 
ential coefficient is concerned. In this general form the equation 
cannot be integiated ; but there are certain particular forms, to 
one or other of which many equations can be reduced, and which 
admit of immediate solution. These forms we may call standard 
forms. 

12. Before considering them in detail, we will prove a pro- 
position, which is merely a particular case of the general theorem 
indicated in § 8, viz., that a differential equation expressible in 
the form 

where M and N are one-valued functions of x and y, can have only 
one independent primitive. 

Suppose that, if it bo possible, two primitives 

^1 {^> y) = «> 

<A« {^> y) = h 

have been obtained. From the first of these the value of j is 

dx 

given by 

dx di/ dx ' 
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and therefore 

OX oy 

Treating the second primitive in the same way we should 
obtain the equation 

OX oy 

The elimination of M and N between these two equations 
gives 

dx ' ~dy ""^ 

dx ' dy 

which (§ 10) shews that 0, is some function of ^j. Hence the two 
primitives are not independent ; and the second can be expressed 
in the form 

which is algebraically resoluble into equations of the form 

each of which is only a repetition of the first of the primitives. 

If therefore in solving such a differential equation any primi- 
tive has been obtained, this may be looked upon as the general 
solution of the equation ; for from it can be derived all other 
primitives. 

13. Standard I. 

The equation Mdy = Ndx can always be solved when the 
variables can be separated. For in this case the equation may 
be changed to the form 

Ydy = Xdx, 

where F is a function of y alone, and X a function of x alone ; 
and the equation can be integrated in the form 

JYdy = jXdx + A, 

A being an arbitrary constant. 
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The variables can be separated and the equation becomes 

(1-5^2)* (l_^)* ' 

one integral of which is 

arcsin y + arcsin 4; = c. 

But the equation may be written 
which, after integration by parts, gives 

But .^^^+^^y_=0; 

and therefore the integral is 

y(l-a;«)*+a;(l-y«)*=a 

This affords an illustration of the proposition in the preceding paragraph ; 
for the latter primitive can be derived from the former bj taking the sine of 
both members, and the relation between the constants is 

C=sin(;. 

Ex, 2. {x-y^ dx+2xydy=^0. 

The variables though not immediately separable may become so after 
substitution : write y^=v and the equation is 

xdx-hxdv-vdx=0, 
dx 



so that 



X \xj ' 



and therefore loe x-\--=» constant, 

° X 

or xe^=A, 



Ex, 3. Solve the equations 

di/ 
(i) x(l+y«)*+y(l+^)*^=0; 

(ii) (y-^)(l+^)*^=n(l+y»)*; 



( 



i") {^+yy£=<^^i 



dx 



(iv) (l+y2)d:r-{y+(l+y)^}(l+x)*rfy=0; 
(v) sec^^tanyda; + sec^ytan^(/y=0. 
F. 
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14. Standard II. Linear Form. 

When the equation of the first order is linear, it may be 
written in the form 

where P and Q are functions of x and are explicitly independent of 
y. Multiply each side by 

then, since 

the equation becomes 

on integration (the left side is now a perfect differential) we obtain 
as the primitive 

ye'"'^ ^ C + j Qe"''^ dx. 
that is, 

As in the general case, 

1+** rf . f ^^ Ji 






+x« 



= C+log ^ 



l+(l+;r*)*' 
^.2. Solve (i) x(l-x»)^+(2j;a-l)y = axS; 

(n) nr +y cos jr= J sin 2a; ; 

(iii) y ^+^y'=« cos(a?+i9) ; 
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Ex, 3. Shew that the solution of the general equation may be exhibited 
in the form 



y=|-r^''^[(7+/.^'«^4]. 



15. An important associated form, which can be solved by the 
same method, is 

where P and Q are functions of x alone. 
Divide by y* ; the equation then is 

n-l dboKf-y^ f ^' 
which is the standard form ; and the general solution is 

Ex. 4. Solve ^ ;/ +y —2/^ log x. 

This becomes, after a transformation similar to the above, 

dx\^J y x" X ^ ' 
the primitive of which is 



xy J nfl ' 

X x^ 
whence -=1 4- Co? 4- log a?. 

Ex. 5. Solve (i) '^+ 2xz=2ax^z^ ; 

(ii) {l-x^)^-xz=axz^; 
(iii) £^+xy=r.y^amx; 

(iv) 2(^/+xy) = l. 



2—2 
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Ex, 6. Shew that the four equations in § 7 lead to the same primitive. 

16. Standard III. Homogeneous Equations. 

The equation when of the first degree and expressed in the 



form 



ax 



is said to be homogeneous, when M and N are homogeneous 
functions of x and y of the same degree. In this case we can 
write 



M 



r being the degree of M and N\ and, on the substitution of 

y^vx, 

so that t; may be considered a new dependent variable, the equation 
becomes 

dx <l>{v)dv 

in which the variables are separated ; and the integral of this is 

log 0? + I -r-T\-—r-r\ = -^• 
The primitive will be given by the substitution of - for v 

if 

after the integration has been performed. 

If the equation however be not of the first degree but still 
homogeneous in x and y, it may be written in the form 



^{i. i}=«- 



There are now two methods of proceeding. The first method 
is to solve the equation considering it as an equation in —; let a 
solution be expressed by 



dx^^\ij' 
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This is the case already discussed. 

The second method is to solve the equation considering it as 
an equation in - ; then we should have 

or y = xf^ (p), 

/Jit 
where p is written for —^ . Diflferentiating this with regard to x 



we have 



and therefore 



P=/.(p) + ^//(p)^ 



^ ^ // (P) dp 
^ P-ft(P)' 



This gives on integration 

J P -flip) 
= C + ylr{p) 

say; the elimination otp between this and 

will give the primitive. But it is not always desirable to eliminate 
p ; it may be retained as the parameter of a point on the corre- 
sponding curve, in which case its use would be similar to that of 
the eccentric angle of a point on an ellipse. 



Et, 1. Solve ^+y;^=2y. 

When we write y=r^, the equation becomes 

vdv dx _ 
+ —=0, 



(1-V)2 • X 

whence \- log (1 - r) + log 4?= il, 

or (^_^)e*-i'=c^=a 
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JScr. 2. Solve (i) x-Vy-j-^rny*^ 

Ex,Z, Solve {aX'^hy+c)^^Ax'^By'^C. 

Let x=h+^ and y=I:+Tj, and suppose h and X* so chosen that 

Ah-{-Bk-{-C=0; 
then the equation becomes 

which is homogeneous. 

A B C 

If however - = -r , but - differs from each of these fractions, then the 
a b^ c ' 

equations giving h and h are inconsistent. Let each of the equal ratios 

be equal to m ; then 

{aX'\-by'\-c)-£^m{aX'{-by)'{-C. 

Substitute ajc-{-by^v \ 

then a-\-b — ■ — = -j- , 

r + c ax 

and the variables are separable. 

If — = -r = -=«. the equation is 
a b c 

80 that y—nx+E, 

Ex. A, Solve (i) 3y-7ar4-7 = (ar~7y-3)^; 

(ii) (2x4-4y4-3)^=2y4-x4-l; 

(iii) (ar+5y 4-6)^=7^+^+2. 
JScr. 5. Shew that the equation 

in which P, Q and R are homogeneous functions of x and y, P and Q being 
of the same degree, may be solved by the substitution ^^t^or. 

Ex. 6. Solve 

{Ax^+Bxy-\'aX'\-^j-^y)-£^=Axy'\-Bf+a'x+ffy+y\ 
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17. Let now the curves, whose equations are the complete 
primitives of the homogeneous equation be traced ; they form a 
system of similar curves. For let there be drawn through the 
origin any radius vector cutting all these curves and making tin 
angle 6 with the axis of x\ the inclination to the axis of x of 
the tangent to one of the curves at the point where this radius 
vector meets it is given by 

**° *=!=/• (I) ^■^'(t*'^^' 

and therefore all the tangents at points lying on this line are 
parallel. And therefore the curves are all similar and similarly 
situated. 

18. Standard IV. 

Equations arise in which one of the two variables does not 
explicitly occur. 

Consider first that class from which the independent variable 
is absent. The equation will then be of the form 



*[y ■"£)-"■ 



As in the general equation under Standard III. there are two 
methods of proceeding. If it be possible, we may solve for -~ so 
that 

in which the variables are separable ; the primitive is 

Or, if it be possible, we may solve for y ; suppose a solution to 
be given by 

Differentiating with respect to x we have 



!i 



EQCATIONS OF THE FIRST ORDER. 



[IS. 



in ^hicb the variables are separable ; and the integral is 



'=/■ 



-flM, 



• + A. 



r ^hich, when combiDed with 

y-/,(p) 

I for the elimination of p, will furnish the primitive. It may be 
t more convenient to leave j} nneliminated. 

Let US now consider the class from which the dependent variable 
is absent. The equation will then be of the form 



'.(-s;)^ 



0. 



Since 
this equation may be written 



d>/ dx 



* «, 



an equation of the former class, and soluble by the methods thereto 
applying. These mt-thodn however may be applied to the equa- 
tion without making it undergo this transformation. Solving the 



equation if possible for 



d_y 



we shall have 



<»= 



and the primitive is therefore 

y = jF{x)dx-k-A. 

Or solving for x in terms of -f , when this is possible, we shall 
obtain 

-^©=^«. 

Differentiating with respect to y (the absent variable) we have 



= ^-(4' 
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the integral of which is 

y=^!pF;{p)dp + C. 

This, combined with 

a: = F, {p\ 

constitutes the primitive. 



E.. Solve (i) ^=a|^6(gy; 

(ii) i+r^v=i^±f5)! 



19. Standard V. 

When the equation of the first order is of the n*** degree, suppose 
it arranged in descending powers of the difiFerential coeflScient, so 
that it may be written 

in which Pj, P,, , P„ denote functions of x and y. If we look 

upon this as an algebraical equation in -^ , which has n roots 

p^, p^y ,p^ (these being functions of x and y), the equation 

becomes 

(S-''.) (!-".) (I-^-)""- 

This can be true only, if one or more of the factors on the left- 
hand side vanish ; and therefore any relation between x and y, 
which makes a factor vanish, will be a solution of the original 
equation, while no relation which does not make a factor vanish 
can be a solution. Suppose then that the primitives of the equa- 
tions 

^«. —0 ^— -ft ^ —ft 

di P'"^' d~x ^«~"' '^ P*""^ 

(deduced by means of one or other of the preceding methods) are 
*i(^,y»C',) = 0, <A. (^, y, C,) = 0, ,<^n(^»y»C'j = o 

respectively; all possible solutions of the given equation will be 
contained in 

4>, (^. y. C.) 0, {x,y. C,) <^, (x, y, OJ = 0. 
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But the generality of this integral will still be maintained, if all 

the constants C^, (7,, , (7^ be made the same, say C; for in order 

to find a value of y we must equate to zero some factor on the 
lefl-hand side of the new form, and this would give an equation of 
the form 

Now C is an arbitrary constant; if then all possible numerical 
values be given to it, there must be included in the series of con- 
sequent equations all the integrals, which can be derived similarly 
from the corresponding factor of the first product. Hence we have 
as the general complete primitive of the original differential 
equation 

4>, {x,y,C) 4>,(x,y, C) <!>, {x,y, C) = (). 

Ex. 1. x^^-'2jcyp-\-y^—a^i/^-{-x^. 

Then Tp-y=±x{jc^ 4-y^) , 

which, by the substitution y—xz^ becomes 

dz 



(1+^2)* 



= +c?jr. 



When the positive sign is taken, the solution is 

r=^[<?*+'-e-t«+*-»]=8inh(:F+c). 

The negative sign gives z = sinh (c - :r) ; 

hence the general solution is 

[y - J* sinh (X'\-c)\\y-x sinh (c - a:)] =0. 



Ex. 2. Solve 



Ex. 3. Solve 

(i) ^/;24-3^/)+2/=0; 

(ii) aV4-ai2(io4-3j^«=0; 

(iii) jt>Cp4-y)=^(^4-y); 

(iv) /)3-(:F2+-ry4.y2)pj4.(^i^4.^^24.^^3)j3_;rSy3=0; 

(v) (a« - J-*) i^-ifhx («« - ;r«)/>8 -/) - 6^=0 ; 



19.] STANDARD FORMS. 27 



(\ 2 S 



Ex, 4. Shew that if the general equation be homogeneous in .r and y, it 
can be solved by the substitutions 



Hence solve 



dt 



P^-hP^-^P-^=o, 



20. Standard VI. Clairaut's Form, 

The equation to which this name is usually applied is 

y^px +f(p), 

in which p stands for -^ . 

Differentiate the equation with regard to x : then 

so that either 

X 



or ^+/O) = 0. 

Taking the first of these, we have p = c a constant ; and hence the 
primitive is 

y = ca?+/(c). 

The second equation expresses a? as a function of p, and therefore 
\{ p be eliminated between this equation and 

a relation between y and x will be obtained. 

Of these the former is evidently a solution of the equation, and 
from it the diflferential equation can be deduced at once ; for on 
diflferentiating we obtain 

;? = c, 
and eliminating c we have 

y^p^+f{p)' 
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If now we turn to tlie other relation between x and y, which 
will be that derived from the elimination of ;j between 

o=^+/'(p)J' 
it is at once evident that it contains no arbitrary constant and so is 
not a general solution. Yet it may be a solution of the equation ; 
for differentiating the first equation we have 



by the second equation unless -j- be infinite; eliminating^) from the 



equations y = -px +f{p) and 



dif 



p we obtain 



which is the original equation. 

21. The relation between the two solutions', when both exist, is 
easily indicated by geometrical con.siderations. The first solution 

t/ = cx+f{c) 
represents a family of straight lines ; if they have an envelope, it is 
found by differentiating the equation with respect to c (in fact, 
this is equivalent to giving c a pair of equal values for the same 
values of x and y) and then we Imve 

0-«+/(c). 
The result of the elimination of c between these equations will be 
the same as that of eliminating _^ between the two 

i) = x+f(j>). 
and therefore the cur%-e represented by the latter is the envelope 
of the family of lines represented by the first solution, should these 
linos have an envelope. 

Such a solution of the equation, which is not included in the 
primitive (but which may be derived from it in the above manner), 
is called a Singular Sutaiiun, We shall shortly retuni to ft more 
detailed discussion of singular solutions. 

* It shoaM be noliced that for pnrpows of eliaiiiifttioQ p U raerel; • qukntily 
likely to depend np^in p ktid j- ; it ii not now nMCSHarily -^ , 
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Ex. 1. Solve y^xp-\--, 

^ P 

The first solution is 

^ c 

The second is given by the elimination of ^ between 



and the original equation ; eliminating p we have 

The latter is the singular solution ; the curve represented is touched by all 
the lines included in the primitive. 

Ex, 2. Solve (i) y =^px + (1 +/>?)* ; 

(ii) t/^px-^-p'p^; 

(iii) aifp^+{2x-b)p=i/; 

(iv) a^(^-xp)=yp^\ 

(v) i/ = 2xp+tf^. 

22. There is an extended form of the equation, which can be 
solved in a similar manner, viz. : 

To solve this, let the equation be differentiated with regard to 
x; then 

dx . f(p) _ <l>'(p) 

*»' dp^''f(p)-p-p-fipy 

which is linear in x and comes under Standard II. 

Let the integral be 

F(x, p, c)-0. 

The result of elimiuating p between this and the original 
equation will be the primitive. 

Ex. 1. x+yp'^ap^f 

X * 

or y=«P--- 



Differentiating with regard to x, we have 

^ dx p p^dx* 



80 

auJ tlierePiri 
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[22. 



the iul^grii! of which ia 



ilp ?'(t-i-i^) i+i3" 



-ll.t^*=C+„log|p+(H./^ti, 



and thia ciinibiiicd with the equation is the primitive. 

1 could iiImo bnve beeD solved by itiflureutiutLiig v 



The wiuiiti 
gard to //. 



(i) x=yp-iay^; 

(ii) y=J-/. + o..r(l+j.')'; 

(iii) y=xr,xp\n{\\p')^; 

(iv) s=S)J' + ii^; 



SiSQULAK Solutions. 

S3. From tlie J live sti gat ion of § 21 it is clear tLatasulution uf 
a differential &iuation can sometimes te fouud, wliich is not included 
in the primitive ; such a solution does Lot involve in its expression 
any arbitrary constant. The limitation of not being included in 
the primitive ia most important; fur in the latter a particular 
value, say zero, could be assigned to the arbitrary coustaut and this 
would furuisb a solution but nut of the nature indicated. 

We proceed now to consider the theory of these Singular 
Solutions of the general ditferentia! equation of the first order, 
which will be written 

If the differential equation either be linear or be resoluble 
into a set of rational liuear equations (as in the case of Standard 
v.) then it has no singular solution ; any solution of it apparently 
of this nature is merely a particular integral derived from the 
primitive by giving a particular value to the arbitrary constant 
therein contained. For the preeent purpose therefore the equatiou 
in p may be considered irresoluble: if it can be resolved into 
factors which are not linear aud not resoluble into linear factors, 
then we should consider in turn each of these irresoluble factors. 



SmaULAR SOLUTIONS. 

We may tLua consider ^ = as a rational aiiJ iiresoliibli; eijua- 
tion of degree n. Moreover we sliall assume that ^ is a one-valued 
function, and that it contains uo factor, which is independent of ji ; 
such a factor, if it were retained and equated to zero, would satisfy 
the ef{uation, but would not involve the differential coefBcients. 
If ia any cose these factors occurred, we should suppose them 
removed, 

2+. The considerations adduced in the Introduction furnish 
the inference that, if x and t/ be the coordinates of a point in 
a plane, the differential equation determiuea a system of curves 
in that plane, which depend upon a single intlepeudent variable 
parameter; and aa the differential equation determines at any 
point a direction through that point, there will be n directions, 
given by the values of p there, and therefore n curves will pass 
through any point in the plane. To represent this system alge- 
braically we need an algebraical equation of the form 

/(*, J', c,, c,, ,cj = 0, 

which is rational and algebraical and the constants in which arc 
also rational and algebraical; but as only a single independent 
parameter is needed, there will be among these m constants wt — 1 
algebraical relations. Further this function /will be one-valued, 
and any fiictor involving x and if (or either of them) but none of 
the constants would be rejected for the same reason as led to the 
rejection of similar factors from the differential equation. As the 
differential equation cannot be resolved into simpler equations 
of a lower degree, the algebraical equation is not so resoluble ; if it 
were, to each algebraical equation of lower degree tliero would be 
a corresponding differential equation of lower degree — a result 
excluded by hypothesis. And the reason that m constants con- 
nected by in — 1 relations are inserted instead of a single constant 
is this ; the equation in the latter case would be the same as 
that derived from the former with all the constants eliminated 
except one, and as this elimination ■would usually itnply operations 
(such as squaring, &c.) which introduce equations other than that 
wanted, the result would be that the final equation would represent 
more than the single equation desired. For example, suppose that 
by any process an integral ia obtained in the form 

(aJ' + y-ct(a:cosa+jsina)j' = a'(^' + y). 
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or cLanging to algebraical coostaots 

{a^+i/*-a (Ix + mi/)Y = a' (x* + f), 
with the condition 

then the equivalent equation containing one of these constants, 
DS m, alone would represent not only thia equation but also 

[x' + j/'-a(-h-\- mif)Y = a' (ji^ + f). 
■with the same limiting condition, and therefore would not be 
equivalent solely to the first of these. 

Further we have n curves passing through every point in the 
plane ; hence the equation /= 0, with the m — 1 equations between 
the constants, must give at every point n sets of values for these 
constants. Let the aggregate of the constants he denoted by C, so 
that for any point in the plane G will have n values. 

25. Consider now the foroiation of the differential equation 
from the primitive 

/{x.y. C) = 0. 

It is obtained by eliminating the constants between the m — 1 
relations, this equation and the equation 

dx &y da; 

But suppose the quantities C replaced by functions of x; the 
deduction of the differential equation will be the same as before, 
except that for the last equation we must substitute 

5^+5/''* +8/ ■'P.O. 
dx dy dx dC dx 

The result will be actually the same as before, if 

dc dx 

To sati»fy this equation we must havt 
leaves C constant ; or C must be determined by 
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Let the value of C so determined be substituted in the function /. 
We may thus in general as a soliition of the same differential 
equation equate the discriminant of f with regard to (7 to zero ; 
this be written 

Di3ctp/(j-, y, 6') = 0. 



This locus is the locus of all points in the plane at which 
the parametric constants C have two or more equal values; and 
in it there will therefore be included 

(i) the locus of all the nodaX points (double, treble, etc.) of 
the syst«ra of curves ; for at such a point there are two or more 
values of C, depending on the number of branches, equal to each 
other, since the branches belong to the same curve; 

(ii) the locus of nil the cusps of the system for similar 



(iii) the envelope of the system of curves, which may be either 
a single curve or several; for any point on the envelope may be 
considered as belonging to two separate but consecutive curves of 
the system, the constants of these consecutive curves being ulti- 
mately equal. [In the case, when the envelope can be decomposed 
into several curves, it may happen that one of these is merely a 
particular curve of the system / (x, y, C) = 0; its equation will 
be excluded as being a particular integral.] 

]jet these three respectively be called the nodal locus, the cue- 
pidat locus, and the envelope locus. 



27. If we now consider the differential equation 

^ (a;, y. ;>) = i> 

in connection with the system of curves, whose equation constitutes 
its general integral, it is evident that the envelope of the system ia a 
totution of the equation ; for at any point on the envelope (which 
IB a point on two consecutive curves) the direction of the tangent 
is the same as that of the tangent to either of these curves at that 
point; and since the differential equation ia satisfied by the quan- 
tities, which are connected with the element of the system of curves, 
t must be satisfied by these (unaltered) qiiantities, which are con- 
nected with the element of the envelope. 

3 



3* EQUATIONS OF THE FIRST ORDEK. [27. 

But the nodal locus is not a, solution of the equation; if it were, 
the diSereDtial equation would, for the values of x and y at any 
node, be satisfied by tho corresponding value of p for this point 
on the nodal locus. Remembering that the nodal locus is formed 
by a aeries of points on our system of curves, we know that the 
values of p at any such point which satisfy the differential 
equation are those given by that curve of the system which passes 
through the point But as the tangent to the nodal locus at such 
a point will not in general be a tangent to any of the branches of 
the curve of the system at the point, it follows that the value of p 
for the nodal locus differs from those values of p for the curve of 
the system which satisfy the equation when substituted iu it with 
the coordinates of the point. And it would only be by accident 
that the value of p for the nodal locus could coincide with any of 
the remaining values of p, which do not belong to the curve on 
which the node lies, but are furnished by other curves of the 
system through that point. Hence the value of p for the nodal 
locus will be such as not to satisfy the differential equation at the 
point ; and the nodal locus will therefore not be a solution of the 
differential equation. 

Exactly similar considerations applied to the cuspidal locua 
lead to a similar conclusiou : — Vte cuspidal locus is not a solution of 
the differential equation. 

28. Now the envelope of the system can be derived from a 
knowledge of the differential equation alone, i.e. without a know- 
ledge of the primitive. At any point on the envelope at least 
two of the branches of the different curves coincide in direction; 
and therefore for such a poiut we shall have equal values of p 
belonging to different but consecutive curves. 

If now we express the condition that two values of p shall bo 
equal, by means of the equation 

^p 

and eliminate p between this and the original differential equation 
(in fact, equate the discriminant of ^ to zero) then the locus 

Disct ^ {x, y, p) =■ 0, 
will be one at points along which two values of p will bo equal, 
and will obviously include the envelopa 
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But besides including the envelope this equation will also give 
the locus of all points 

(i) at which two branches of the same curve touch, i.e. will 
give all the cusps; this therefore as before is the cuspidal locus. 

(ii) at which two curves which are dififerent but not consecu- 
tive touch; this locus is called a tac-tocus. Thus, for instance, if we 
have two infinite series of conceutric circles one round each of two 
points, the straight line joining the centres (and produced both 
ways) is the locus of points of contact of two circles, one belong- 
ing to each system. 

As before the cuspidal locus is rejected, not being a solution ; 
and reasoning exactly similar to that which led to the rejection of 
the nodal locus indicates that the tac-Iocua is not a solution. 

29. Hence of all these the only solution of the differential 
eqiiation is the envelope-locus; and this, and this alone, we call 
the " Singular Solution " of the differential equation. Either 
method of obtaining the envelope-locus may introduce some of 
the other loci, which have just been shewn not to be solutions; 
and therefore in any particular case, unless the equation derived 
obviously represents the envelope and nothing but the envelope, 
it is necessary to try whether the result satisfies the differential 
equation. Should it not do so, it may happen that the equation 
can be resolved into others that are simpler; and one or more than 
one of these may satisfy the equation ; these will then coustitute 
the Singular Solution. And those which do not satisfy the 
differential equation will be found to be loci, which according to 
the principles above explained ought to be rejected, 

30. It 13 to be understood that an irreducible differential 
equation has not necessarily a singular solution. Thus let the 
discriminant with regard to p of 

* i^, y. ^) = 
be denoted by U, where i/ is a function of the variable coeflSeients 
of p in this equation, and suppose that U cannot be resolved into 
simple factors. 

If the equation U^ be a solution of the differential equation, 
then the value of p is given by 
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and we must have the etiuation 



[30. 



*(«,y,-|)=o 



identically satisfied for values of x and y connected by (7= 0. In 
other words there must be a relation between the coefiScients of 
y in ^ and their differential coefficients with regard to x and y, 
but this will not in general be the case. 

If we consider in particular the equation of the second degree 
in the form 

Zp*+2Jl/p + J\'' = 0, 
then the singular solution, when one exists, is S = 0, where 8 
is either LN — Jl/* or a factor of this. In general ZJV — M' cannot 
be resolved into factors; and it is not itself a solution, unless 



""' °"lf ^-O" 



o- 



0. 



where LN = M'\ and these in general would be two independent 
simultaneous equations determining w and y as independent quan- 
tities. Yet, from what we have seen, the primitive of the differ- 
ential equation is of the form 

i'c' + 2J/'c+ir = 0, 

and if this be an algebraical equation, it will have a general 
envelope contained in 

L'N--M' = Q, 
which will he a singular solution. The explanation of the ap- 
parent contradiction lies in the fact that this integral equation ia 
usually of a transcendental form, and so has not in general an 
envelope; and the exceptions in the first case — when the differ- 
ential equation has a singular solution — are the exceptions in the 
other — when the transcendental equation represents a ."lystem of 
curves with a genuine envelope*. 

We now proceed to consider some general examples of the 
theory. 

• Cf. CaylB7, Xtea. of Math. Vol. vi. pp. 23—37. The theory of Biogulw Boln- 
tiotu of differeDti&I cqoalionB of the first order, as at present iiccepted, was first 
given by Csyley in the Men. of ilalk. "Vol. ii. (1973) pp. 6—12. 
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Ex. 1. p^y-\'p{x-y)-x=0. 

The condition that p should have equal values is 

(ar-y)«+4j2^=0, 

i.e. . (•i^+y)^=0, 

or y= -X, 

which is not a solution. Now the equation may he written 

(i»-l)(/^+^)=0, 
the solutions of which are 

y-x—c and y*+4?^=c. 

The different curves represented are obvioua 

This is an example of the remark (§ 23) that, if the equation be reducible 
to linear and rational factors, it has no singular solution. 

In each case the corresponding figure should be drawn. 

Ex. 2. jE?*y* cos* a - ^pxy sin* a +y* - ^ sin* a = 0. 

The condition that jo should have equal roots is 

x*y* sin* a = y* cos* a (y* - a?* sin* a), 



that is 


(x* sin* a - y* cos* a) y* = 0, 


80 that 


y=o, 


and 


y= ±:rtana. 


The primitive is 





4?*+y*-2cr+c*cos*a=0; 
and the condition that c should have equal roots is 

:r* = (a;* +y*) cos* a, 
or y=±jrtana. 

The curves represented are a series of circles, the envelopes of which are 
the two straight lines y= ±,x tan a, which constitute the singular solution. 

The line y =0 is a tac-locus. 

Ex. 3. 4p2ar(j:-a)(jr-6) = {3a:*-2ar(a+6) + a*}*. 

The condition that p should have equal roots is 

j:(4?-a) (jr-6) {ar*- 2.r (a+6)+a5}*=0. 

The primitive is 

(y +c)*=a? (or- a) {x-h)\ 

and the condition that c shall have equal roots is 

The differential equation is satisfied by a?=0, x^a^ x^h (and the cor- 
responding infinite values of p)\ and these are singular solutions. The 
remaining factor in the p discriminant gives 

ar=a+6±(a*-a5+6*)*, 
and these lines are tac-loci. 
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(0 < a < £) cnnaiatB of a 
(Uatance a and of a curve 



a oval cutting the axis of x at the origin and at a 
I like a parabola cutting the axis of x at a dlHtuuce b ; 
the tongenta at all those pointa ar« parallel to the axis of i/. The syatem 
of curvea ia obtained bj moving this curro parallel to the axia of y. Thn 
Btraight linea x=0, x=a, x=b are envelopes of the Byatemj the line 
3xoa+&— (a'-a£-f-6')* ia a tac-locua of real points of contact, the line 
3ri>a+(+(a*-ai+b*)' is a tac-Iocus of imaginary points of contact. 

Ex. 4. In the foregoing make a^h; and remove (aee § S3) the factor 
(.r — a)*; the differential equation is 

4rp«-(ar-a)»; 
the oondition that p should have eq^ual roots ia 
aT(a*-o)»=0. 
The integral cqiiatian ia 

and the cooditioD that r should have eqiml roots is 
»(»-a)'.0. 
Common to these we have x=0, which (with the corresponding infinite 
value of p) is a solution of the equation, and therefore a singular ftolution. 
Every curve of the syafem has a double point; the locus of these is X=a, 
which is a nodal locos ; the line x= Sn is a tac-locus. 



Ex. 5, In the foregoing let o=0 and rem* 
equation is 

4/)' = 9r; 

the condition that p should have equal values 



e the factor j: ; the differential 



The primitive is 



>-»■<!)'=««, 



and the condition that c should have equal values is 

The differential equation is not satisfied by x=0 (with the correepotiding 
infinite value otp). 

The curve i/*i=j^ is the aemi-cubicat parabola having a cusp at the ori^n j 
and the Bystem is obtained by moving the curve parallel lo the axis uf y, ao 
thatx—Ois the locus of cusps, and therefore ia not a singular solution. 

Ex.a. pi-4xi/p+8ff* 

the condition that p shall have equnl values ta 

The primitive ia 

S = c(x-r)t. 
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and the condition that c shall have equal values is obtained by eliminating c 
between this and 

(^-c)(jr-3c)=0, 

so that either 

4 
y=0ory=2;^a:», 

agreeing with the former. Both of these satisfy the differential equation ; but 
the first of them is a particular integral (cortresponding to c=0) and we there- 
fore consider the latter alone as the singular solution. 

Ex, 7. Obtain the primitives and the singular solutions (where these 
exist) of the following equations ; and specify the nature of the loci which 
are not solutions but which are obtained with the singular solution. 

(a) a?p'-2yjt>+4a?=0; 

Primitive ^=c(y-c); 

Singular solutions y= ±2ar. 

09) (a^-a^)p»-2xyp-a^=0; 
Primitive c^+2cy+a^=a^ ; 

Singular solution s^+i/*=:a^; 

Tac-locus d?=0. 

(r) p^+2xp=y ; 

Primitive (2^ + aicy + c)^ = 4 (^ +y)3 ; 

No singular solution ; 

Cusp-locus 4?^+y=0. 

(C) j>«(l-^ = l-y«; 

{ft) (ax - iy)« (6« + aY) = c» (6 + ap)«. 

Further examples occur in the paper hy Caylej, Mess, of Math. VoL VL (Z.c), 
and in one by J. W. L. Qlaisher, Mess, o/McUh, Vol. xii. (1882) pp. 1 — 14. 
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1 . Solve the equations : 

(ii) a{xp-\'2^)=^xyp; 

(iv) xyp{l-^xtf^) = l; 

(vi) p^=tf*(^+xp); 

(viii) x^+a^p+a^^O; 

(x) p^-\'2ypcoix=y^; 

(xii) ^ - ~ =/(y' - ^p) ; 



(i) 


y-xp=x+ypi 


(iii) 


«*+y=i'*; 


(V) 


ny-nxp-yj^; 


(yii) 


j:fl+afl=axp; 


(ix) 


*rVp+y=ag>; 


(xi) 


y-2ap=/(xp»); 



MISCELLANEOUS EXAUPLES OF 












di) y=?w+(l+f')**(j:»+y«>; 

riii) (*ooe^+5fHin|jy=Usin^-*coa|jjy; 

2. Shew that, if 
where the quantities A 






ire conuected by the relation 
log{»<l-j-)»]=ir+J^ 



3. lutegrate the equation 

008 6 (ooa tf - sin a sin 0) lifl -t- cos ^ (coa ^ - ain o sin 6) dij> = 0. 
Shew thftt if the arhitrary constant be determined by the eondition that 
the equation must be satisfied by the values (0, a) of (6, <f)), the equation 
is satisfied by putting S+<ti=a. 

4. Prove that if the differential equation 

cyiir— (y+a+fcj^)rfy-»w(rrfv-y(ir)=0 
be transformed into an equation between u and x by the Bubstitutton 

u (y + <!+ fix + iw*) =y (c + ar), 
then the Tarinbles are separated, and reduce the equation to the form 



di^ 



dx 



0(r) ,f.{.r) 
by the further substitution b=ou + 3, o and j9 being suitably determined. 

G. Beduoe the equation 

to Clairaut's form, and hence solve the equation. 
Solve the equation 



"dTr 



+^^*>' 



dr + dif 
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6. Shew that, if y^ and y^ be solutions of the equation 

where P and Q are functions of or alone, and yt^yxZ^ then 

where a is an arbitrary constant. 

7. Prove that the variables in the equation 

{x{x+y) + a^}^^y{x+y)-\-h^ 

may be separated by the substitution x=u-\-v and y=ku-v, provided k be 
properly chosen ; and integrate the equation. 

8. Shew that the equations 

y-xp = a(i/^+p) ajud y - xp=b {I -\-a^p) 

are derivable from a common primitive, and determine it. 

Are the pair 

a:+/>(l+jt>*)""*=a and y-(l +/)*)"* =6 
so derivable ? Also the pair 

yp — ax and y* (1 -p^)=^h ? 

9. Integrate the differential equation 

X {af + {ay + hxf\ +y ^ Sbofi + {ay + hx)^\ = 0. 

A tangent to a curve at any point P cuts the tangent and the normal at a 
fixed point in the points M and N and the rectangle OMFN is completed. 
Find the curve which is such that the triangle formed by the tangents at any 
three points P, Q, i2 is equal to the triangle formed by the corresponding 
points F, q, R. 

10. Determine the system of curves which satisfies the differential equa- 
tion 

dx {(1 +x^)^-^ny}-^dy {(1 +y2)*+7u;}=0, 

and shew that the curve which passes through the point x=0 and y=n con« 
tains as part of itself the conic 

11. Integrate the equation 

x^ y^__a — h x-yp 
a b ~a+6 x-\-yp^ 

and examine the nature of the solution 

a 
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12. DiscuBS tlio question whether y=0 is a [larticulor integral c 
ingular solution of the equation 



^{'t*')' 



13. Obtain the primitive and the singular sohition (if there be one) of 
the equation 

AlBOof ayp'-ixp+g = 0; 

and of pp' -2yp+a:+2y=0. 

14. Find and interpret the primitivB and the Hinguiar soliitioD of ench 
of the equations 

y{l+j,^=2^: 

p' = (4j + l)(p-y); 
f «j; - (y)' (6> -I- a*/)') = c> (6 + o/))». 

}5. Obtain the primitive of the differential equation 

and shew that eiactly the same equation is obtained by expres-iing the condi- 
tion thatp should have equal roots in the differential equation as by express- 
ing the condition that c (the arbitnuy constant) should have equal roots in 
the primitive ; and determine the geometrical meaning of this equation. 
la it a singular solution ) 

16. The primitive of the difierential equation 

(£r' + l);)'+(:(^ + 2j-y-Hy'-H2)jo-H2j/»+l = 
LB^+c(^-l-y) + l -;t^=0. Verify this and obtain the singular solution both 
from the equation in^ aad from the equation in o, ex|ilaining the geometrical 
signification of the irrelevant factors that present themselves. 

1 7. Shew that the solution of the equation 

a^-4rp+y=0 
is e" + 2«-(3aV*-8j^-a^«y + «y = 0. 

Is Sx= ±ay a singular solution ) 

Trace the curve and the locus given fay the equutioii independent of a 
arbitrary constant. (Woolsey Johnson.) 

16. Shew that the diSerential equation 

Lt^+iMp+N=0 
which has no singular solution does not admit of a primitive representing a 
system of algebraic curves. (Cayley. ) 



CHAPTER HI. 

The General Linear Differential Equation with 

Constant Coefficients. 

Preliminary FormulcB. 

31. Before proceeding to the discussion of the linear equation 
of the n^ order with constant coefficients it is convenient to formu- 
late and prove certain theorems in diflFerentiation and integration, 
which will be required in that discussion. 

Let D stand for -^ ; Z)" for -7-^ ; and so on. Then this symbol 

D obviously is subject to the fundamental laws of algebra ; for 
evidently 

D\iy u = ly .IT u = D''''' u; 
D(u + v)=^Du + Dv. 

It is necessary to deal with negative indices ; thus if we have 

and, after the algebraical analogy, we write 

u = D'' V, 
we have v = Du = D . D'^ v, 

so that D,D-' = l. 

Thus J9~^ represents such an operation on any quantity that, if 
the operation represented by D be subsequently performed, the 
quantity is left unaltered. It at once follows that these symbols 
¥rith negative indices also follow the laws of algebra; and an 
operation with a negative index is equivalent to an integration. 
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But it is important to point out that the special object of these 
inverse operations is to tiad aa integral but not the complete 
integral; antl the arbitrary constant which arises in integration is 
therefore omitted. 

In what follows tfr denotes & functional symbol ; and ■\^ (x) 
everywhere denotes an algebraical rational function of x which can 
be expanded in ascending or descending integral powers (or both) 
of the variable. 



32. Theore 



^(D)e'^'=^|r(a)e^•' 



For since D stands for -,- 

dx 

De" = a^'. 
When each side is operated on with Z3"', the equation becomes 

or transposing tbe sides of the equation and dividing by a we have 

Repeating these operations we obtain the equations 

D''~e'" = a'''e". 
Now aa ^ is an algebraical function which can be expanded in 
powers we may write 
^(i))e"=[J^+J,Z)-f ...+^,i7+...+B,Z)-' + 5,Z>-'+...]c'" 

33. Theorem II. If X denote any fiinction whatever of jt, then 
■^ (D) le" A'] = e" a/t (P + ti) X 
A single operation with D gives 

D{t"X]^e''(I) + a)X 
from which, if both sides be multiplied by e'", 

BO that the effect of operating on A' with e'°' De" is to give D + a 
operating on X. Let the operation be repeated ; then 
{e— DiT) {e— Dr) X={D-\-a) {D + a) X 
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or (e"" JD* O -X' = (2> + a)' X. 

Operate again with e'"" De*" : then 

(e"^ De'^) (e"" ly" e'^) X=^(D + a) {D + ay X 

or (e'" i>» O X = (Z) + ay X, 

and 80 on. If the operation be performed n times, the resulting 
equation will be 

e'-'D-[e'^X} = (D + ayX 

which multiplied by e*" gives 

D" {e*** Z} = 6"' (2) + a)" Z 

in which n denotes a positive integer. 

Consider now the case of negative indices ; write 

(Z> + a)-Z = X, 
80 that Z=(2) + a)""Z,. 

Then the result just obtained may be written 

JD"e«(2) + a)""Zj = e"'Z,. 
Operate on each side with D"* and the result is 

e'"(2) + a)-*Z, = 2)'"e"*Z^. 

Now no limitations were assigned to the form of Z and there 
are therefore none on that of Z^, which can thus represent any 
function of x ; replacing it therefore by Z we have 

2)-"{6'"Z} = 6'^(2) + a)"*Z. 

Let ylr (D) be expanded in integral powers positive and negative 
(if necessary) of D ; and let e'" X be operated on by these integral 
powers in succession, the equivalent values derived from the fore- 
going equations being substituted and the terms collected as 
before ; then the result is 

^It (D) {e^Zl = e"'i/r (2) + a) X. 

Corollary, If we write 



e'^'X^Y 



80 that F is a function of x, then 

^ {D) F= e-'A/r {D + a) [Ye""'], 

a theorem which is useful. For example, let it be required to find 
a particular value of y to satisfy the equation 
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With the notation adopted this will be 



[33. 



r choosing a 



"' JJ-tk 


-^DTkT-J^- 


a + k=Q, this is 


j,-,-1k^ 


= e-'\vfcU. 



34, Theorem III. If -^ (j^) be an even function of x then 

^ (C) sin {«3. + q) = f C - a*) sin (<« + a). 
For D' sin (a.r + a) = ( - a") sin (aa: + a), 

and the theorem follows as before. 

Corollary. If ^ (a') be not an even function of x it can be 
expressed in the form 

<(> {x') + XX i^') 
where and x "■^ even functions of ic ; in this case 
t {D) sin (o^r +a) = {0 (/)■) + i>x (O')} mn {ci^+ =■) 

= (-«') sin(fw; + a) + ax(.-a')coa{aw + a). 

Ii' the function to be operated upon be the cosine instead of tho 
sine, the corresponding changes are obvious. 

35. Theorem. If. This is really an extension of Leibnitz's 
theorem for the successive differentiation of the product of two 
r]uantitics whose differential coc^fficieuts are known. 

If ^ {it) as before denote any algebraical rational function ex- 
pansible in integral powers of x, and ■<p'' (x), i^' {x), ^"' (x), ... 
denote its first, second, third, ... differential coefficients with 
regard to x, then the extended theorem is 
f (D) uv 

= u^ (D) V + Duyjt- {I))v-\-^ f {D)v + ^ f" (D) v+... 

The proof depends on Leibnitz's theorem and is similar to that 
of the preceding propositions. 



33.1 
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^ 



The advantage of tbia tlieorem nrisea in cases where one of the 
two quantities u and « is a power of x, or is the sum of powers of x. 
If, for instance, u = x", the series on the right-band side need only 
be written as far as the m"" term ; and such inverse operations as 
are to be carried out will be performed on a single quantity v. 
Ex. Shew that, if 

where F ia a faction of x only, y is given by 

P 36. Another important operator which sometimes occurs is 
ai-j- or, with the previous notation, xD; and similar theorems 
concerning this can be enunciated. 

Let F{z) denote a rational algebraical function of z expansi- 
ble in powers of z; then in F {xD) we shall have terms of the form 



(a;i))' which means, not x* -rji , but x-r -x-^- ... operating n times. 



The relation between these will shortly be proved. 
Theorem I. F(xD) »" = F (m) oT. 

For (xD) af = ma^, 

[xDfx" = {xD) wia;" = mV, 
and BO for all integral powers positive and negative. Hence the 
theorem. 

Ex. Prove tliat if C be a function of j' of the form 



>vt^=-^ 



,<^+fi 



Theorem.!!. F {xD) x'^V = x"^ F {xD -i- m) V. 
ffs have xD (x" V)=ar [xD + vi) V. 

(ir-~ . xD . x'-) V= (xj) + m) V. 
so that the operators a:"" . xD . x" and xD + m are efiuivalent The 
course of proof lies on lines exactly similar to those for the corre- 
sponding theorem with F{D) ; and the result is in the enunciated 
form. 
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[37. 



37, The reiatioQ between the operator D' and xD is given by 
the formula 

x'B' = xl) [xD - 1) {xD - 2) . .. (x/J - n + 1). 

The theorem can be established directly; for if u the subject of 
operation be expanded in a series of terms of the form A.jn'', tlie 
result of operating on this with D' and multiplying by x' is zero 
if ni< 71, and is 

m (m -\)im-2)...{m->i + \)A ^x", 
if m > n ; but this is also the result of operating with the right- 
hand side. Hence ^lio operators are equivalent for each term of a 
and so for the sum of all the terms of u, i.e. for u itself. 

The theorem can also be established by iaductiou; for 8up| 

and write u = (xD — n) u ; 

then D'u^xD"*' v, 

and so 



" ir*'v^j; 



'4 

)f 
e 



i 

'.a 
iposn 



D (xD -l)(xD-2)... (xD - n) V. 
Now M is any general function; hence v is also a general 
function. The theorem, if true for n, is thus true for »i+ 1 ; it is 
obviously true for the values 1 and 2 and so is true generally. ^m 

SoTiie Properties of the General Linear Differential Equation. 



. The general tvpe of linear differential equation of the n" 

(Vy dr-'>j y d—y „ ^!/+Y,,-v 

ax ' rfx"^' ' ax" " ' (M! "■' 



1 



in which X,, X,. .... X_, Kare functions of a; {or constants) but 
do not contain y; for the sake of shortness let it bo written 
*{/)),- F. 

If this equation he integrated step by step so that each 
integraticn reduces the order of the eipialion by unity, every 
time such a reduction is effected an arbitrary constant enters, 
and therefore, when ultimately the integral equation is ob- 
t^ncd, n arbitrary constants in all will have entered; or we 
eball expect the primitive of a given linear differential equation 



3S.J 



GENERAL PROPERTIES. 



49 



to contain a number of arbitrary constants equal to tlie order of 
the equation. 

Tliere are certain properties appertaining to all linear equa- 
tions in common which simplify to some eslent their integration; 
the most important of these are the following. 



39. I. Let 1) be any particular value of y, which 
the equation; and let 

Then substituting tiiis value of y in the equation we have 

*{i>)r+*{i>)ij=7. 

But since 17 is some solution of 

this equation now becomes 

*{D}F = 0, 

so that to solve our original equation we must solve generally this 
equation, which is the same as the original equation except that 
the right-hand side is now zero. When the primitive of this 
equation, which will contain n arbitrary constants, as the equation 
18 of the rt"' order, has been obtained, it must be added to ij and 
the result equated to y will be the primitive of the given equation. 
This then consists of two parts : 

First, the quantity 17, which is called the Particular Integral 
and is any solution whatever (the simpler the better) of the origi- 
nal equation ; 

Second, the quantity Y, which is called the Complementary 
Function; this is the primitive of the equation, when the right- 
hand side is made zero. 

The sum of these two parts is the primitive of the equation. 
If in any particular case the right-hand side should already be 
zero, the former of these parts will not occur. 

The various methods available for the deduction of the 
Particular Integral occur later in § 4C ; the remaining properties 
are useful in the investigation of the Complementary Function. 

1 iO. II. If Y— 1' be a solution of the equation 
1>(Z>)r=U, 



tlieii i'= C,I', is also a solution, where C, is a constant; and if 
Y^, 1',, , y, be particular solutions, tben 

F=G,r, + (7,r, + + c.y. 

is also a solution, where P,, C, C, are constants. 

For * (/>) F- * (D) C,r, + * (B) C,Y^ + 

ftad each term on the rtght-band side is zero. No restriction 
whatever has been laid on the values of tlte constants C, and theso 
therefore are completely arbitrary ; the above value of Y is thus 
tlie primitive of the equatiou 

*(/)) r=o, 

and BO is the complementary function in the integral of tbe 
equation 

Hence the determination of the complementary function is 
I reduced to that of particular integrals of tbe subsidiary equation. 

41, III. If a single particular integral of the subsidiary 
equation be known, the order of the given ditferenlial equation 
can he lowered by unity. 

Let F. be a solution of 

* (D) r= 0, 

I and let the substitution of the value Y^z be made in the equation 
<t>(Z>)</=K; 
then, by § 35. the left-hand side becomes 

*8fl'' 21 SD''''^-'^ n! ID- 



-.!;■ 



in which the operations ^, ... are derived from <t> by temporarily 

coDsideriiig /) as a magnitude and obtaining the partial dif- 
ferential coefficients with regard to D. 
^r* _ ^ 

dir ""■ 

?/r^ 2! * 1! -'^.^ + (" 2'! ,»^. 



But 
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and so on; so that re-writing our equation ive obtain 

But by hypothesis 

BO that the last term on the left-hand aide ia removed ; the quantity 
Y^ ia Hupposed known and therefore all the functions of it on the 
left-hand side may be considered known. Let Z be written for 
Dz; then the equation becomes 

y,D-'Z+(XJ\ + nD\\)D"-'Z+... +Z^ Y, = V. 

an equation of order n— 1. 

£j: Ab n corollary prove that, if in particular iutegrala of the subsidiary 
equation be known, tho order of tlie origiiml diffcreotial equation can ba 
reduced by m. 

42. IV. The given equation may be transformed into an 
equation, from which the second term (i.e. the term involving the 
differential coefficient of onler one lesa than the order of the 
equation) shall be absent, 
^k The substitution of I'^j fur ^ gives for the coefficient of D"~'z 

(and up to this point in thu last section the assumed value of Y^ 
was not used, so that the equation there was perfectly general) ; 
since the term in i/"'a is to be absent wo have 

.\\Y, + nDV, = (}. 
and therefore 

no arbitrary constant being inserted as the differential equation 
remains linear and of the n"' order. If this value of Y^ be substi- 
tuted, the differential equation in e is freed from the term in D'~*£. 
Of these properties I. and II. will be immediately useful. 
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General Linear Equation with Constant Coefficients. 

43. If in the gener^ linear equation the coefBcients of y and 
its differential coelScientB be constants, it may be written 






: I', 



or say f{D)y=V, 

in Vihich f{p) is a i-ational algebraical integral function of D alone, 
ajid Kia any function of x. It has already been proved that the 
solution of the equation consists of two parts which can be obtained 
separately; these will be taken, in turn. 

44, To find the Complementary Function. 

The complementary function is the primitive of 

Now it has been proved that 

/(D) e" -/(a).", 
SO that ij = e" will be a particular solution of the equation, if a be 
such as to make 

/(a).0. 

But f(i) is a rational, algebraical and integral function of 
degree n and therefore there are n roots of the equation 

/W-o. 

Let these n roots be a, yS, . . . , X ; then ff, e^, ... , e^ are n 
particular integrals of the equation 

/(C) J = 0, 
and thr primitive is therefore 

in which A, B, ..., L are n arbitrary constants. This then is the 
complementary function of the original equation; and if the roota 
be all real and different from one another, it is complete. 

If however two roots be equal to one another, say a and ff, then 
this value of y becomes 

5=M+5)e"+ Cef + .-. + Le"^, 
= .^, e" + Ci^ + . . . + ie". 
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5:1 



44.] 

A^ being a single arbitrary constant (equal to tlie sum of two 
arbitrary constants). There are now only 11 — 1 arbitrary constants 
in J, and this is therefore not tlie primitive. In order to obtain the 
primitive we may suppose that the roots are not equal but differ 
by Home quantity h which will ultimately be made zero; the part 
depending on the roots a and ff will then be 



I 



.-It." + 1 



-{j+ij(l + /<.r + ''2^^...)| 



= e" (.1 + B) + Bhx + Bh 5 



[er ^ 

J 



As the quantities A and B are arbitrary, we may assume tbem 
infinite in such a way that, as h approaches 2ero, Bh is finite 
and equal to B^, while A and B are of opposite sign and their 
numerical difference (or algebraical sum) is finite and equal to A^; 
thus the sum of the two terms Ae°'-\-B^ becomes 



^\A.+B.U-\- 



li^^ 



' ar' + ., 



= {A^ + B^^)^ 



ultimately when h is made zero. 

Similarly if r roots he equal the corresponding r terms in the 
complementary function will apparently coalesce into a single 
term ; but it is easy to shew, by reasoning similar to that adopted 
for the case of two equal roots, that the r terms will be replaced 
by 

e''[A^ + A^+ A^x' -^ ... + A^- '], 
a denoting the common value of the r equal roots; and the com- 
plementary function will then be 

y = e"lA^ + A^+ ... +A,^']-i- +^6*^. 

If now the roots be not all real, those wliich are imaginary 
must occur in pairs; let such a pair be d ± ifii'. The corre- 
sponding terms of the complementary function will be 

f^lA-e^' + B'e-'*''], 

which it is sometimes necessary to express in a form free fiom 



• Througliout the book yj -1 will be replaced bj i, 
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imaginary quantities. If cosiue and sine values be subatituted 
for the exponentiaU, this expression will become 

^{(A' + B) cos <}>x + HA'- B'} sin ^]. 

Since A' and B are arbitmry constaots, we may write 
A--i-B = F. 
i{A--B-) = G, 

and F and G will be arbitraiy ; and the corresponding terms in 
the complementary function therefore become 
c*' {Fco3 ipx + Gsin if>x). 

Lastly, if an iinagmary root be repeated the conjugate 
imaginary root will also be repeated and the corresponding 
terms in y will be 

ex(*++*(4' + A-x) + e^«-*0 {B + B"x). 

U:jing the same method as before and writing | 

A--^-B=F. A'+B'=f, 

i{A--B)^G. i{A--B-)=G\ 

we obtain as the corresponding part of the complementary fuuction 
e*' {(F + F'a.-) cos ^ + (G + Gx) sin <}>j:]. 

Results analogous to those in the case of multiple repetition 
of real roots are obtaiood in the case of multiple repetition of 
imaginary roots. 

4.5. In some cases of the general linear equation, when the 
coefficients are not constants but are some functions of x, a method 
somewhat similar to this will apply. Thus, it might happen that, 
when for y in the equation 

(B" + a; Z)- + . . . + A'^. O + A"J y = 
there be substituted y^{m,x), where >{r is a function of definite 
form, the resulting equation had a factor independent of X such 
as 4>{'^) '• if •'^•8 ^^re ao the factor would usually be of the degree 
n, and so equated to zero would satisfy the differential equation 
and would furnish n values of m which may be denoted by m,, 
m^ .... wj,; the primitive would then be 

y = ^,f (m,,jr)+ J.-f (m,.x) + .., + A,'^(m,,ir). 



I 
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If two roots were equal, as m, and m,, then writing m, » m^ -h A 
we have for the corresponding part of y 

or A'^ (m,, x) + F g^ ^ (m,, x), 

on changing the constants and making h ultimately zero as before. 
A similar process holds for the case of a multiple repetition of 
a root m^ ; and in the case of imaginary roots the corresponding 
parts of y should usually have the constants changed in the 
modified expression, so as to leave the latter free from imaginary 
symbols. 

This process was adopted in the case of constant coefficients, 
the special form of -^ used being e^\ when the equation is 
homogeneous (§ 55), that is, when it takes the form 

in which the quantities A are constants, the proper form of 
^ (see § 36) to be substituted is a;"*. Occasionally by a suitable 
change of variable a given equation can be reduced to the above 
shape. 

Ex.l. Solve ^+3^+2y=0. 

When we substitute y=c^, the equation for m is 

(m+l)(m+2)=0, 
so that y = ^c-* 4- BerK 

Ex.% Solve g-2X^+(X»+,i»)y-0. 

The equation for m is 

(m-X)»+fi2-0» 

so that y=^ Cco^{jix-\'a\ 

or 6^*(i4c6spa?+j5sinfu?). 

Cor. The solution of 

is y=ilcos/ij7+^8iuf(j;. 

Ejc. 3. Solve g - 2^+y 0. 
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The equation for m is (m - 1 )• = 0, 

and therefore y = «■ (^1 + Bx), 

Ex. A. Solve 0+2n«^4-nV=O. 

The equation for m is 

(m«+w«)*=0, 
and the value of y is 

{A + Bx) cos nx + ((7+ /)ar) sin nx, 

Ex.b. Solve ^S"^^^"^^^* 

When we substitute af^ for y, the equation for m is 

m(m-l)+m-l=0, 
80 that m= +1 or - 1 and the value of y is therefore 

Ax^-- , 

X 

Ex.e. Solve ^g_ar»g+7x|-8y=0. 

With the same substitution as in Ex. 5, the equation for m is 

iii(«i-l)(m-2)-am(m-l)+7m-8=0, 
or m3-6i?i*+12m-8=0, 

giving Hiss 2 thrice. Hence the value of y is 

Aaf'+B^Jif'+C^-^af', 
cm cm* 

m being put equal to 2 after differentiation ; and thus the integral is 

JF« {.1 + j5 log ^ + (7 (log ^)*}. 

Ex,7. Solve (a+bxy^+A(a-\-bx)^+B^=0. 

Let a-\'bx^»; the equation will then be similar in form to the last two. 

£x. 8. Solve 

(i) (/>*+6Z>«+6)y=0; 

(ii) (Z><+a«)y=0; 

(iii) (/>«-a«)y=0; 

(vi) (l+x)3g+(I+.).g + 3(l+.)g.8y.a 
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46. Returning now to the linear equation, in which the 
coefficients of the differentials of y are constants, it is necessary to 
find a Particular Integral of the equation 

f(D)y = V. 

in which F is a function of x. Solving by the method of sym- 
bolical operators, we have 

aud the evaluation of the right-hand side will furnish a satisfactory 
value of y. 

In some particular cases the form of F renders evaluation easy; 
we will proceed to mention some of these which occur most fre- 
quently. 

I. Let F be a rational, algebraical, integral function of x; 
suppose the highest power of a? in F to be the n^. To find the 

particular integral, ^ ^v must be expanded in ascending powers of 

Z> ; and as D""*"* and operators of a higher order would reduce to 
zero all the terms of F, all tarms in this expansion beyond D* 
may be omitted. Further, if the lowest power of D in f{D) 
be D* then the expansion will begin with 2)"* and it does not 
need to be carried on beyond D^, ie. /T**^***^ ; hence in f{D) all 
terms of order higher than 2>""*"* may in this case at once be 
omitted before expansion. 

Ex.l. Solve {B^-4D-{-4)y^a^. 

= -+- + § 
and the complementary function is 0^ {A-^Bx) ; hence the primitive is 

Ex. 2. Solve (Z>* - a*) y = or'. 

The primitive is evidently 

v= --.+^««'+j5«-"+(7cos(flur+o). 
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£r. a Soke iD*-2t)' + D>)ff=x'. 

tertna up to the fifth being retiuDeJ (§ 46). Now 1+2D+ ... aiiU j^ may 

lie considered separnte oiieratora ; operating with the fomter first and retnem- 
beriEig that only a. jiarticutor value is wanted ho that constants need not be 

inserted with ^, the value for j is 

Now if -j^ bod operated first (or if the second operaUir had been taken dia- 
tributively, each term with -j^, so as to be 

l + f+S+iD+SD^+eiy), 



then the value for y would liave l<ecome 



5- + 3j:=+12^-= + 3aE + 3e. 



^^ = (^4 



(j.)^ + C+ar+| 



^ + ar»+12j:«, 



and the apparently additional (lart of the parttoulaf integral obtained, 
when the operators are taken in the second method, is seen to be included 
in the complementary fiinction, since G and D are arbitrary couataota. 

It ia easy to see that in general not merely the terms of an order higher 
than i)"** may be at once removed from f{D), but in the espanaion 
itself all terms of an order higher than D" may be neglected whether the sub- 
sequent operator Z>~' be of on order greater or less than n. In partioulor, 
if X be a conatont, only the lowest power need be retained. 

Ex. 4. Solve 

(i) {i)* + 2^+3Z)"+2i>+l)^=l+i+jJ; 
(ii) {0' + i>'-i)+l5)y=a:=. 

II. ThU method may be applied to evaluate y, when V is an 
exponential, and to sLmplify tlie process and so render the evalua- 
tioa more proximate, when V contaius an exponential factor. In 
this case we may write 

r=e".Y. 
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and then 



y-fTD)^-f{D)'^^ 



=<r 



1 



X 



If X be a constant^ the value of y is now at once obtainable by the 
preceding method. The quantity a may or may not be a root of 
f{z) = 0. Suppose it to be a root r times repeated, so that for a 
single root r = l. If a be not a root, r = 0. Then expanding 
f{D'\-d) we have 

in which /^^ (a) means the fjfi^ differential coeflBcient of /(«) with 
respect to z, when a is substituted for z \ then for y we have (by 
attending to the remark at the end of Ex. 3 on the last page) 

1 



y=^7 



r' (a) 



G 



r\ 



U 



= C 



In particular, if r = 0, then 



y = 






^. 



/(«) 



Ex, 1. Solve (/)»+/>+ 1)3^=€2*. 

Here 2 is not a root of «*+-*+ 1 =0, and therefore 



y= 



and the primitive is 



22+24-1 



=^, 



y=e-**(. 



J cos-^+J5sm-^ 



)+^. 



^. 2. Solve 
Here 



(Z)2-4D+3)y=2e*«. 
1 



y= 



(/>-l)(/>-3) 
1 



2^ 



=c»« 



/>(/>+2) 



and the primitive is 



2/> ' 



y = ^e* + 5tf«"+*<?»«. 
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Ex. 3. Solve (i) (Z> - a)*^^ = c« ; 

(ii) (2)»-6/)+8)y=6'+c«». 

Ex. 4. The roots of the equation f(z)=^0 are n in number, being 
Oj, o^y ... y On ; obtain the particular integral of the equation 

Discuss the case when two of the roots (a^ and a,) are equaL 

If X be a rational algebraical integral function of x and so 
expansible in powers of x, then the quantity 

f{D + a) ^ 
must be evaluated as before in I. 

Ex. 1. Solve (Z>*-2Z>+l)y=j;«e»«. 

Here ^^ (531)2^'^^ 



and the primitive is 






Ex. 2. Solve (D - 2)' y=^x^^. 

1 

(/>-2)3 

and the primitive is 



Here v = tt;^ — ;:t^ ^e*^ 

= «*" yri ^ = 1^ jrc^ ; 



^.3. Solve (i) (/>*+/)+ l)«y=xc«; 

(ii) (Z><-l)V=^e'. 

m. Suppose that V contains a sine or a cosine as a factor, so 
that 

FssJTcos (nx + a), 

in which n and a are constants. Then we have to evaluate 

y = yrj^-s ^ ^os {nx -h a). 
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Let y^ ^7W) ^ ^^^ ^^ "*" *^' 

then y + i3,^ = _^^Ze'(-^-) 

_ i (nas+a) 1 Y 



It now remains to evaluate 

1 



X, 



which may come under one or othe? of the given rules ; if its 
value be w + iv, then equating real and imaginary parts we have 

y = w cos (nx -\-a) — v sin (nx + a). 

In the case when X is a constant and cos nx is not part of the 
complementary function, so that in is not a root of / {z) = 0, the 
evaluation is immediate ; for then 



/{D+in)'^ /(in) 

If however costuc should be a part of the complementary 
function, so that in is a root r — 1 times repeated, then since 

/(D + tn) =^/'' (in) + (^if^/-*' (in) + 

we have 

1 p^ Car 



f{D + in)^ fiin)' 

then we separate and equate the real and imaginary parts as 
before. 

Ex, 1. Solve -^ + n*y =xco%ax. 

Then ya«-=^— --xcosor 



: ^-^(l-^^D)x 

^V-a» (n»-a«)«/ 



X cos or 2a sin ax 



n^-a^ '^(n»-a«)»' 
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Ex. 2. Solve ^fz^'^y—^^^^^' 

Then ^=2^+1*^* 

=reaU>art of e^ . ^^gq-^^jqp^ . 1 



= '^ii 

X . 

and the {nimitive is 

y^AiM&x-\-B%\Tix-\-\x%\\ix. 

Ex, 3. Solve ^ (/>) y = COB TLT, 

OOB nx not being a part of the complementary function. 

Let i^(Z>)=i^i(Z>2)+i><^(Z>«); 

then y = . /y^vx . ta^ /r^^ ^ COB « J? 

1 

cosnx 



0i(-n«)-i)«,(-n«) 



cosnx 



__^i ( ~ w') COS njr+n<^j ( — w*) sin war 

If however cosnx be a part of the complementary function, then the 
denominator will vanish and apparently render the particular integral infinite. 
But it is merely a part of the complementary function, multiplied by an in- 
finite constant, which may be absorbed into the arbitrary constant; to 
evaluate the particular integral it would be sufi&cient to evaluate 

assigning the infinite part (when h is made zero) to the complementary func- 
tion and retaining the finite part as the particular integral It is however 
better in such cases to use the former method ; in fact, this method is prefer- 
able only in the case of examples like that just treated. 

Ex, 4. Solve 
(i) ^-l-y=sin nx (both when n is, and when it is not, unity) ; 



(") ^ + ^+y=«n2'; 



c/jF* dx 
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(iv) ^+2 ^+y ="*^<^® ^^ (when a is, and when it is not, unity) ; 

(v) ^+4y=.jrsin«ar; 

(vi) (2)*+ wi*)'"y = (I -a:)2 cos mj; ; 

(vii) (Z)»-2Z)+4)»y=ar««co8(3*ar+a) ; 

(x) ^+iiV=sinXa:+p^+a;* ; 

(xi) {Z>*+(m*+w2)2>*+m*w'}y=co8 J(m+n)xco9j(m-n)^; 

(xii) ^ +y = sin I X sin ^ or. 



IV. If V contain a power of a; as a factor, so that we may 
write 

then for the determination of the particular integral we may use 
the extended form (§ 35) of Leibnitz's theorem. 

Thus 

^ f(^ \dDfJJ5)]^ ^ 2T~ "" \dl/fl)]'^^'" 

where the series must be carried to the (m + 1)*"* term ; each of 
these terms still leaves a quantity to be evaluated which may 
be done by the methods of one of the preceding divisions ; if it 
does not, it may be obtained by the next method, which is of 
universal application. The success of this general method depends 
solely on the solution of an equation, the solution of which is 
requisite to obtain the complementary function, and on the in- 
tegration of resulting expressions. 
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V, Suppose that all the factoi 



which c 



[M. 
r in F^ and can be 



dealt with by one or other of the foregoing metboda, have bot-n 
taken outride the operator and that the quantity remaining cornea 
under none of these heads, so that we have to evaluate ex- 
pressions of the form 

be expressed in partial fractions, each having for its 



denominator 



linear factor of ^(D), the constant quantities 



occurring not being necessarily" real ; 
the form 



then the fractions will be of 



where n 


a an integer, A^ tind a constants, 


and a a root of 


•K') = o. 


Hence 


. 



^"^// 



' tVx". 



If imaginary quantities enter into any expression the conjugate 
imaginary quantities will enter into another; such a pair of ex- 
pressions must in general be combined so as to leave no imaginary 
quantity iu the explicit expression of the particular integral. 



i:f. 1. 



WebavB 



(/)>-50+6)y=logx. 



1 



1 



1 



n'-iD+S D-Z D-r 
Hence the particular integral is 

j^^\ogx--^—^\ogx^e^\e-^\cgxdx-^U-^\ogJ:d4Ci 
and the complementary function is 

Ex. % Let the right-band side in the precediug example be xlog^r 
stead of log! ; then we ma^r either integrate by purU or use the eztentjion of 
Leibnitz's theorem. The latter givca 
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=a?e^ 1 6r3« logxdx-eP*! j er^ log xdx^ - ^e** / e~^ log xdx+^j j e'^ logxcb^. 
Ex. 3. Solve 



where 6^ is a function of x. We have 

1_ 



y^fiarrz:^^ 



=^ l(^ I Ue-^dx-e-*'*' j Uef^dxi ; 
or, changing the variable under the sign of the integral, 

1 f* 
= - I U^^nn{x-$)d$, 

in which U^ is the same function of ( as ^ is of a;. 

There is another method of integrating this equation which proceeds on 
different lines. Multiply throughout by sin tut : then 



and therefore 



-r- (-^ Bin nx - ny cos nxj = U mnnXf 

dy /■* 

-f-minx-nyGOBnx=-An-\-\ UtSinn^d^. 



Similarly, multiplying by cos nx and writing the equation in the corre- 
sponding form, we find an integral 

dy [* 

-^ co6nx+ni/smnx=Bn+ j U,cosn(d(. 

Eliminating -^ between these, we obtain 

« . 1 r* 

2f=^AcoBnx+Bainnx+- I f/^ sin n (x - f ) c?f , 
agreeing with the former result. 

Ex.4. Solve (i) -^+w^=^cos(u?, 

when n^a and when n^a; 
F. 5 



I 
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where U ia any function of x ; 
(ui) 3-2J-1A-. 
Ex. 5. By meaos of (iii) in £r. 4 prove that 

47. Owing to the close similarity between the liuear equation 
with constant coefficients and the homogeneous linear equation, 
the Utter may be dealt with here ; it may be written in the form 

where V is a iunction of x alone and may be a constant C In the 
latter case the particular integral is at once obtainable ; it ia 
evidently 

If the operator a; 3- be deaoted by &, then (§ 37) 



.;*■ 



,-S(a-l) (a-ra + l); 



and tbe differential equation may be written 

Consider the two parts of the primitive separately; the com- 
plementary function is the primitive of 
J?l3)y-0. 
Now we have already seen that 

Hence, if ;> be so chosen that 

then ^^ is a solution of the equation; and if p,, p,, ..., p, be the 
roots aiFi^z) =0, the complementary ftinction is 



THE HOMOGENEOUS UNEAR EQUATION. 

The case of equal roots has been discussed already {§ 45); if 
two roots be imaginary, say p, and p, , so that 

2\=a + iff and p, = a — '/3, 
then the corresponding part of y will be 

ar" [vl/ cos (ff log x) + A^ sin {$ log x)\, 
the arbitrary constants having been changed. 

£r. If the im^nary roots a ± i'|3 lie repeated r times, the coirec [loiiiliiig 
part of the complementary function will be 
,r-[{.l/+.^,'Iogx+j;(log*)»+ ... +A; {\o^x)'-^]<xa{fi\oga:) 

+ (B,'+B,'lcB*+5;(logj;)»+ ... +B;(log;t)'-'Jam01ogx)]. 

^L 48. The particular integral is the value of 



and the evaluation may be effected in two ways, which are really 
equivalent save for the difference in operators employed. 

U V either be a power or contain as a factor a power of x, 
say x", then 



y = 



Fi^)^ 



1 



m)' 



In the case when T is a constant, the evaluation is easy. If m 
he not a root of F{z) = 0, then we may expand [F(^ + m)j"' in 
ascending powers of & and neglect all but the first term, which is 
independent of S and in fact gives 

The same method {of expansion) will apply when 2* is a rational 
integral algebraical function of log x; and since 

aioga;=l. 
the expansion does not need to be carried beyond S", where )i is 
the index of the highest power of log.:c in T. 

If however m be a root r times repeated in F{z) = 0, then 



i 



F»-\ 



) =.7T *■'"(»■) - 



Cr + :)l 



"W+ 
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and we have to evaluate 

y=y — - — ^• 

If T be a constant C, then since 

^l=loga?, 
the value of y is 

q{iog_^^ . 

if it be a function of logo; as before, the operator should be ex- 
panded in ascending powers of S- up to ^ (y being retained in the 
denominator), and the value of y will be given as the sum of a 
number of terms of the form 

y Gog ^y> 

that is, of a number of terms of the form 

8\ 



(« + r) ! 



(log x)'^. 



A general expression can be given for the particular integral in 

the case when V takes none of these forms. Let ^^> be expanded 

in partial fractions and suppose some term to be 

A 

m • 

then y vill be the sum of t«rms of the form 

which is equivalent to 

A^K ^«"*, or Aaf jVx'''-^ dx. 

Another method of proceeding is to change the independent 
variable from a: to ^, where a? is e*; this changes ^ into j- or 2); 
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and all the methods of § 46 will apply. It is easy to see that all 
the cases indicated for ^ are strict analogues of cases indicated 
for 2). 

Ex. Solve 

(ii) a;*^-a?^+2y=jFloga7; 

(vi) a^-^-2y=x+Qo^x\ 

(vii) a;*^-(2w-l)^^+(m2+w>)y=n*a?"»logji\ 



MISCELLANEOUS EXAMPLES. 

1. If there be two linear equations of degrees m and n (n^m) satisfied 
by the same dependent variable, a third linear equation of degree n-m 
can without any integration be derived from the first two ; and the equations 
of degree m and n-m (when integrated) will suffice to furnish the integral 
of the equation of order r^ (Liouville.) 

2. Solve the equations 

(y) --^ +y = sin X sin 2x. 

3. Prove that the solution of 

(2>+c)*y =008 007 

_n 
is y=e'**(^i+il2^+ ... +J,»:c*~^) + (c*+a*) * cos (or -n arc cot -j. 



y-€-*«' 



70 MISCELLANEOUS EXAMPLES OF THE LINEAR EQUATION 

4. Obtain the general solution of the equation 

in the form 

(^ co8n'<+i5Bin»'0 + A r€"*«^'~^8in 7i'(t-f) U'dt, 
where U' is the same function of f that U is of t, and 71' is given by 

5. Solve the equations 

(i) ^•g+ft»»g+4^3-2a.g-4y=^+2co8(logx); 

(iii) ^ + 32^+48y=a7tf-2«+e2xcos2*a;; 
(^^) S~^S+^l~2y = e«+cofia;; 

6. Obtain the complementary function of the equation 



in the form 

2nr 



^ssCe +De **+ 2 e -jJ^cosfoorsm— j+^^smfaarsm — jV ; 

and shew that the part of the particular integral corresponding to the typical 
terms under the summation sign is 

m^/%"''"*'~'»co8{5+«(*-«8in^}/(«rff 
7. Prove that the solution of the equation 



IS 

Ms-ac 



cosj; 
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8. Prove that, if ^ denote ^^ > 



^\^0=Jo+^^+ ... +^n-i^-S 



where J^, ^j, ... , A^i are arbitrary constants. 

9. If Py Q, R he commutative symbols of operation the solution of 
P.C.J2.tt=0is 

u^P-KO+Q-KO+R-KO. 

10. Prove that 

(i) 2«»+i/>»:c*+i />» + »<!**=<?** ; 

(ii) l}^jf^*''I>'jr^J)»-^<l> (x) = afD^ * * (^) ; 

(iii) 2>» (^ - n)*- y - ^Dy, 



CHAPTER IV. 



Miscellaneous Methods, 



49. Beforb wg discuss the linear equatiou of the second order 
with variable coefficients there are several miscellaneous methods 
which it is advisable to consider ; these apply to systems of equa- 
tions which admit either of complete solution or of approach to a 
solution in the shape of a first integral It is to be understood 
that the eqiiationa hereafter ^iven are typical and not mertly 
isolated equations which can be integrated; it is frequently possible 
to include others under some one of the following classes by means 
of well-selected substitutions for either the dependent or the 
independent variable. Such substitutions point out however the 
limits within which the methods are for the most part effective, 
80 that it muBt be borne in mind that the methods are not of 
general application to all linear equations of the second order. 



50. The simplest case of all is that, 
is of the tbrm 



in which the equation 



I 



where A' is a function of is alone. It is immediati.-ly iutcgrable 
and the result of integration is 

A^ denoting an arbitrary constant. A second integration gives 
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A^ being another arbitrary constant. Proceeding in this way we 
shall have after n integrations as the general solution 



y 



=jj Z(da:)"+5,^"-* + 5,ar-" + +5^.,a:+5., 



A 

in which B^ replaces 7 — r-: and is therefore an arbitrary con- 

(n ^ r) I 

stant 

51. Another very simple equation to be considered is 

in which y is a function of ^ alone ; but in general it isintegrable 
only when n is either 1 or 2. In the case when n is 2, let the 

equation be multiplied by 2 j^ : then each side may be integrated, 

and we have 

suppose; in this the variables can be separated and finally the 
general solution of the equation 

f dy_^^^^ 

Ex, Solve 3^'^'*''^~^- 



A first integral is 



(^\ay=A=a^, 



where c is an arbitrary constant ; separation of the variables gives 

and therefore arc sin ^= ojp + a, 

or ^ = csin(<u?+a). 
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52. Any differential equation which merely expresses a rela- 
tion between two differential coefficients, whose orders differ by 
either 1 or 2, admits of solution. As a type of the differential 
equation, when the orders differ by 1, we may write 






Let j -,i=i = Y ; then the equation becomes 



the integral of which is 

dY 



t(F)=| 



F{Y) 



= x + A. 



Suppose this equation can be solved for Y and that the solu- 
tion is 

that is 






dx' 



Then this is one of the cases already discussed (§ 50), and the 
general integral can be obtained. 

Or after obtaining the equation ^ (F) = a; + -4, we may proceed 
thus: since 



dx\dar'-*)~ ' 



therefore 



~*~]^^~]F{Y)- 



Similarly 



dx"-' ~ J ^ j F (Y) 
dY CYdY 



~If(Y)} 



(Y)]F{Y)' 



and 80 on, until 



_[ dY [ dY [YdY 

^~}f{Y)}F(Y) }F{Y)' 
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aD arbitrary constant being introduced after every one of the inte^ 
grations, which must be taken in order from right to left. Then 
we have two equations between x, y, Y, from which Y can be 
eliminated ; and the eliminant will be the primitive. 

It is evident that by this method the equation 

•'{daf doT-y 



can be solved. 




Ejc. 1. Solve 




Let 




then 





of which the iutegral is 

X 



X 

a 



and therefore y = Ae + Dx + C, 

where AyB^ C are arbitrary constants. 

Ex. 2. Integrate 

53. As a t}rpe of the differential equations which connect 
differential coefficients, whose orders differ by 2, we may write 






^^* TH^ " ^ > *^^^ ^^^ equation becomes 
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the solution of which has been obtained in the form 

dz 



h 



^ = a? + A 



[A^2Sf{z)dz\ 

If, after the integrations have been carried out, the equation 
can be algebraically solved for z in terms of x, say 

z^e{x) 

(where the function 0{x) will involve the constants A and -B), 
then n — 2 direct integrations will furnish the primitive. But 
if it should be impossible to effect this algebraical resolution, 
then we have 

Hence g^ = /^^=/ {^ ^2//(.)d^) *' 

d*"^y _ f d z f zdz 

da^^ " J {A + 2!f{z)dz]^] {il + 2j/(^)<&}*' 

and so on ; ultimately we shall obtain y as a function of z, and the 
primitive will be the eliminant with regard to £; of the equation 
between y and z and the equation between x and z, 

Ex. I. Solve «*S = S. 

dx* ax* 

dhf 
When we write z for -7^ the equation becomes 



^cPz 
dx^ 



a'^r-i,=Zi 



so that z = c^c + Cje * , 

and therefore y = Ae*+Be *+Car+Z>, 

in which il and B replace c^a^ and c^a' respectively. 

Ex. 2. Solve 



( 



«' "S-gf'KDT- 
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54. In some particular cases the general dififerential equation 
of the second order can be^ by substitution, depressed so as to 
become a dififerential equation of the filrst order; these cases 
occur when one of the variables is explicitly absent from the 
equation. 

First, consider an equation in which x does not occur, so that 
it may be written in the form 

Let -jt = p. and then -j^ =p-rl the equation thus becomes 

a difiTerential equation of the first order to find p in terms of y. 
Let the solution be 

in which f(y) will include an arbitrary constant. Then the 
variables are separable, since we may write 

and integration of this equation will lead to the primitive. 

Next, consider an equation in which y does not occur, so that 
it may be written in the form 

Let ^ = P) then -t4 = -r- ; the equation is transformed into 



*(*'^'i)=°' 



an equation of the first order to find p in terms of x. Let the 
solution be 

P^F(xX 

where F includes an arbitrary constant. Integrating this, we 
obtain as the primitive 

y = A+fF(x)dx. 
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Ex, 1. Solve 



»(.a-„g = .^(*)'. 



When we write t-=P the equation is transformed into 



the integral of which is 

(l+;>^(2a-y)=;x, 

where ft is an arbitrary constant ; the primitive is given by the evaluation of 



Ex, 2. Solve 






The substitution -^ =p transforms the equation into 



on integration this gives 



(1 +Jt?«)t ^ 






and therefore 






so that the primitive is 

y=fpdx=B-\- I i dv. 

JE^lr. 3. Integrate 



6*.] 



HOMOQESEOrS EQUATIONS. 
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^^^P So. Tliero arc certaia classes of differential equations m 

I wticli a kiud of homogeneity subsists; and the sohition of these 

by suitable transformatioDS can be made to depend upon that of 

equations of lower orders. The homogeneity is constituted as 

follows : if y be considered to be of n dimensions, while aj is of one 



(rill) j(l-logj)g+(l+log.v)(jy-0. 
Homogeneous Equations. 



Jj 



dimension, then -^ , since it la the limit of -H^ , is of n — 1 dimen- 



dx 



^'J 



(Pit 



being the limit of r^ , is of 



Ap 



2 dimensions, and so 



on ; and the equation is said to be Iiomogeneous when, if these 
dimensions be assigned to the corresponding quantities, thetftmis ' 
are all of the same dimensions. The simplest case is, of course, 
that in which n is unity. 

First, let n be unity so that x and y may both be considered of 
one dimension. Let _y =n xz and a; = e' ; then 

d^_ds 
d.T. de'^ ' 

tPij _ /d*z dz\ _, 

di^~\d^'^der ■ 

and so on; and the resulting difft^rential equation will be one be- 
tween 2 and 9. Now it will be noticed tliat the coeiEcient of 6 in 
the index of the exponential wherever it occurs in any differential 
coefficient is the number representing the dimensions of that dif- 
ferential coefficient ; and therefore, when substitution takes place 
in the differential equation, supposed homogeneous, the index of 
6 in the exponential will be the same for each term of the equa- 
tion, and this exponential will therefore be a factor which may be 
removed. The new independent variable 8 will no longer occur 
explicitly in the equation, which will therefore be of the cla.ss 
already discussed in § 54 and can have its degree depressed. 



fl HOMOGENEOUS EQUATIONS. 

Making the subetitutiona of § 55 we have 
When we write -^= v, the eqimtion becomes 



[55, 



^+' + ,.|, (,+,).+ ..!, 



dineret 


OTC 




„(l+,)i+„)l 


if-i 


The variables are 


separated and the equation can be 


£x.2. 


Solve 












{') 


"g(-^-^/) 


'Ht)) 






(iii) 







Fussing now to the general case in which homogeneity is con- 
stituted on the assumption of n dimensiona for if, we write 
«' = «*, y = ^z = se". 
We now have 









.(»-l)= 



and so on. It is obvious that the coefficient of B in the index of 
the exponential, which occurs in the expression of every differential 
coefficient, exactly measures the dimensions of that differential 
coefficient; and as before, when substitution takes place, the 
equBCDtial will disappear and the differential equation, having ^ 
Iwen thus transfonned into one from which the independent , 
variable is explicitly absent, can have its degree lowered by nnity. 
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Ex. I. Solve ^^=(^+2ay)^-V. 

This is homogeneous if y be considered to be of two dimensions while x is 
of one. H^nce we substitute 

and the equation becomes 



+3|+2.=a+2*)(|+2*)-M 



cPz . ^dz 
d^ 



dPz . dz 



A first integral is given bj 



|-(i-)«=^, 



and in this the variables can be separated in the form 

dz ,^ 

A + 0^'' ' 

the integral of which will vary (being either an inverse circular function or a 
logarithm) according to the sign of A, 

Ex. 2. Solve 

A particular set of cases arises "when n is made infinite ; the 

quantities y>-^ > have then all the same dimensions. The 

simplest method of solution is to adopt the substitution 

and the resulting equation between u and x will be of an order 
lower by unity than the given equation. 

Ex. 3. Solve 
r. 6 



« 
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Exact Differential Equations. 

.56. A differential equation of the form 

(dry dr^ dy \ 

is said to be exact when, on representing the left-hand member by 
F, the expression Vdx is the exact differential of some function 
17", which is necessarily of the form 

^ (dr^ dy \ 

^'\d^-'' 'dx^y'^)' 

Consider first a linear exact differential equation, which may 
be represented by 

p^+P ^y+ A-p'^+Pv^p 

where the coefficients are all functions of a; ; an equation of this 
form will not in general be an exact differential equation, but we 
proceed to shew that, if a certain relation be satisfied by these 
quantities P, the equation can be integrated once. 

Indicating for convenience differentiation with regard to x by 
means of dashes we have on direct integration 

jp,ydx=jp,ydx, 
jP,^dx = -fp,'ydx + Pj,^ 

\p,%dx^\p;'yd^-p;y^pj^\ 
\p,%dx^-lprydx^p;'y-p;^ + Pjy'\ 

and therefore 

/P(ia:=/(P,-P.'+P.'-P."'+ )ydx 

+ (P.-P,' + P."- )y 

+ (P^-P^ + P:- )y' 

+ (P^- P^' + P;- - )y" + 

= fQ.ydx + Q,y + Q,y'+ +Q.^Ji^^' 
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where the law of formation of the successive coefficients Q^ Q^, Qr»" 
is the same and, in particular, 

Now the condition of integrability evidently is that there shall 
be no term remaining which involves an integral of y ; and the 
necessary and sufficient condition for this is that 

that is, 

• dx^ da? ^^ ^' dx' "• 

When this equation is satisfied, the first integral is 

where J ^ is an arbitrary constant. 

If now the coefficients Q satisfy the corresponding condition, viz. : 

the equation is again integrable; and the process can be continued 
so long as the coefficients of each successive equation thus derived 
satisfy the condition of integrability. 

Ea:. 1. The equation 

is an exact equation ; for we have 

and so the condition is satisfied. Integrating each side we have 

{€u/^'-ba;)^'-{{2a'C)x+e-h}^+{2a-c-\-a;)r/=^la^-\-A. 

In practice it is sometimes easy to see that a given equation is inte- 
grable. In many cases the quantities P are either of the form cuf^ or sums of 

6—2 



po;' 



expreBsioas of this form ; and x 

be less than !i ; for iDtogratiug it by parts we have 



a t^rfect differential coefficient, if M I 



Ifit=m+1 thBlaatt«rmiH(-l)'".wt!y. 

When we apply this t« the present example, the terms involving -rK , -j^ 

are Been to bo perfect differential coefficients, and x-^+y is -r- (xy), so that 

the left-hand aide is a perfect differential coef&i-ient snd the equation is there- 
fore exact. 



Ex. S. Prove that the equatioi 
the foregoing method. 
Re. 3. Solve 



a Ex. 1 cnuuot be further integrated hf M 



and shew that the equation 

booomea iutcgrable on being multiplied by some power of ^, Obtain iu'^ 



57. The method which is used for integrating exact equatioos 
which are not linear may be illustrated by considering an example. 
Ex. 1. Solve 

On the supposition that this is an exact differential equation we may writ* ' 
dU^(j/+3^p+i>/pi)dx+(.v'+2/-i>)dp, 

where p stands for ^ . Let I'l denote what would be the value of P if y 

were the only variable, so that 

Let all rcstrictioDs be removed, so that 



and therefore 



€tr~dr, = (j/+.rp)>lx = d{xy\ 
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which gives on integration 

that isy 

and therefore the first integral is 



X^ 



The preceding method will be seen to lead to the following 
general rule for the integration of an exact differential equation of 
the n*** order. The equation, being derivable from one of order 

n — 1 by direct differentiation, will contain -^-^ only in the first 

degree; if this condition be not satisfied, the equation is not exact. 

Let the equation be written in the form F= 0, and integrate 

Vdx as if , ^^ were the only variable occurring in F and -r-^ its 

differential coefl&cient; let the result be 17"^. Then Vdx — dU^ 
involves differential coefl&cients of y of the order w — 1 at the 
utmost; as it is an exact differential coefficient the highest differ- 
ential coefficient of y which occurs can enter only in the first 
degree. Repeating the process as often as necessary, we shall 
ultimately have 

Then a first integral of the given equation is 
Ex, 2. Solve 

Ex. 3. Shew that the equation 

^ . ^^ -n 
dx^'^ (y^+x^)^ 

becomes integrable on multiplication by the factor 2^-^-2a?y. Hence 
deduce a first integral and the primitive. 



LINEAR EQUATION OF 



[57. 



£x.4 



Int«^at« tlie equation 

^4. 



v.-=0 



having pven that there is nn integrating factnr of the form X, ^ + J^y. 

(Evilcr 



r^^ 



Linear Equation of Oie Second Order. 

58. We Bhall here prove some of the leading properties of the 
linear equation of the second order ; but the present investigation 
will not for the moat part anticipate the discussion of the general 
linear equation, for the properties here established belong solely 
to the e<iiiation of the second order. 

The general form of the equation i,s 

in which P, Q and II are functions of x they may be merely 
constant quantities. 

Substitute in the equation for y a value vw, where v and w are 
both functions of a; ; as yet the only limitation on them is that 
their product must be equal to y, We then have 

As we may choose a relation arbitrarily between v and w or 
make either of them satisfy some condition, we will suppose it 
possible to determine w so that the coefificient of v may vanish, 
tfaatia, 

(/*■■ dx 

which, it will be noticed, is the same as the original equation with 
the right-hand side equated to zero. The quantity iv being now 
considered known, the modified equation becomes 



d'v /, diu n \dv fd'w 
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SO that 

and therefore 

It therefore follows that, if any solution whatever of the .original 
equation with the right-hand side equated to zero can he found, the 
complete j^mitive of the original equation in its general form can 
also he found. The problem of deducing this complete primitive 
is therefore resolved into that of finding some single solution of 
the simpler equation. This, in the most general case of P and Q 
unrestricted to particular functions of x, has not yet been eflfected; 
but in special instances it is possible to determine such a solution 
as is desired, sometimes by inspection, sometimes by means of a 
converging series, sometimes by means of a definite integral; but 
in the two latter cases (which are usually closely connected) the 
explicit evaluation of the form obtained for v is diflScult or impos- 
sible, though this form (§ 5) still remains the solution. 

Ex, 1. Solve 

A particular solution of 
is evidently ^=x ; hence writing y=:;rv in the original equation we get 

I 



or 

Hence 



^x^e-^''=A+jaf^^h'^'^dx, 



and therefore 



If 971=0, this can be simplified. 



LINEAR EQUATION OF 



59, If however a eolutiou of the equation when R has been 
put zero cannot be obtained, then it is sometimes useful to remove 

from the transformed differential equation the term involving -t- . 

That this may be the case to must satisfy 



from which we find 



--^■Pw = 0, 



u = e-UPix. 



there is no necessity for adding a constant in the integration us it 1 
will aftcrwanis disappear. Insert this value of w in the equation 
and V 



i = Q-l,^ 



-iP"; 



then the equation becomes 



d^ 



+ Iv = Rei!P^. 



In Borne particular cases tbis equation admits of immediate 
solution, but these cases occur much less frequently than those to 
which the preceding method applies; and the advantage of this 
form, vrhich will be indicated shortly, lies in an altogether, different 
direction, ^^w we know that if a solution of this eqtBLjn with 
the right-hand side equated to zero can be obtained, theljl'^'^^^ 
of the general equation is obtainable; and we may thert't 
our equation in the form 



Ex. 1. Solve 
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Also 7=11? + JL + i.. J__i_^_? 



80 that the equation giving v is 



— -— -0 



The solution of this is 

V'=sAa^^ — : 

X 

and therefore the general integral of the first equation is 
Ex, 2. Solve 

60. The advantage of using the form 

instead of 

as typical of the linear differential equation of the second order, lies 
in the fact that for all substitutions such as zf{x) for y in the latter 
equation / is a function of P and Q of such a form that, when the 
new equation 

has its second term removed by the substitution 



it takes the form 

cPw 
da? 



+ Iiv = 0. 



Thus / is exactly the same function of P^ and Q^ as it is of P 
and Q ; and we may therefore call / an invariant of the coefficients 



90 NORMAL FORM [GO. 

of the differential equation*. The equation so reduced may be 
said to be in its 'normal form*; and any two linear equations such 
as the equations in y and z can be transformed into one another, if 
the normal form of each be the same. 

If it be known that two given equations are so transformable and the equa- 
tion of substitution between the dependent variables be desired, this can easily 
be obtained hj using the normal form as an intermediate transformed equa- 
tion. Thus in the general example the equation in y becomes transformed to 
that in v by writing 

ye*^^^=t;, 
and the equation in v passes into that in zhj writing 

and therefore the relation which transforms directly the y-equation into the 
;-oquation is 

Ex, 1. Prove that the equations 

and (i_^g+2|+(^+l)f=0, 

can be transformed into one another; and find the relation between «, f 
and X. 

Ex, 2. Find the value of Q which is such that the equation 

may be transformed by a substitution y^^zfix) into 

Obtain the value oif{x). 
61. Let y^ and y, be two particular integrals of the equation 

and Vj and v, the corresponding particular integrals of 

• Cf. Malet, Phil. Tram, (1882), p. 751. 
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then 

Vj = y^e^^i'^te and t;, = y,e*^^*'*, 

and therefore 

— a, 

SO that 8 is the quotient of two different solutions of either diffe- 
rential equation. We now proceed to find the equation which is 
satisfied by s ; since each of the quantities y (or v) may consist of two 
terms each containing an arbitrary constant factor, the quotient of 
one by the other may contain three arbitrary constants (not four, 
since without altering the value or generality of such a quotient any 
constant may be made unity) ; therefore the differential equation 
satisfied by s, a function involving three arbitrary constants, must 
be of the third order. 

Indicating differentiation with regard to x by dashes, we may 
write 

Taking logarithms of 






and differentiating it, we have 

8 V^ Vj ' 

which on being differentiated gives 

8 \8j Vj \VJ V, \vj 

But 

80 that the equation is 



i-e)=-(y^© 



SCHWARZIAN 



DifTereatiatiDg tliis again, we have 

and the transposition of the last term gives 

This is the differential equation satisfied by a; and it is of the 
third order, as was indicated. 

The function of the differential coefficients of s with regard to a*, 
which occurs on the left-band side of the equation, has been called 
by Cayley the Scliwarzian Derivative* and is denoted by bim by 
{*, x] ; it is so called because its properties are discussed and it is 
of fundamental importance in a memoir by Schwarz in Crelle's 
Journal (t. lxxv), though the function is not originally due to him-^. 

62, If now any solution of this equation can be obtained, then 
a solution of the original differential equation can be immediately 
deduced. For let such a solution of the new equation be denoted 
by a; then since 

we have, on integrating this, 



where G is arbitrary. This is one solution ; another is 

• CbjIbj, Caml. Phil. Traiu. (1880). vol. liii. p. 6. 

t It oocara impliciti; in Jocobi's Fundamtnta Kara, nnd explicit!}' (or tliii first 
time in Kommet'B neiuoir on the hjpsrgeonietric aeries in Cnlle, t. iv., which i» 
.ntemd to in Chapter rt. ; tee kIso Cn.Tlp<r. '. r-. 
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and from these the corresponding solutions of the equation in y 
are derived by inserting the exponential factor. When any one 
solution of a linear equation of the second order is known, we can 
obtain the general solution; and hence any particular value of s 
satisfying its differential equation will lead to the complete solution 
of the first of the differential equations. 

This theorem holds in regard to the general linear equation of 
the second order; but its chief application arises when the linear 
equation is that satisfied by the hypergeometric series ; this will 
be discussed in Chapter vi. 

Ex, 1. Proye that, if 

«(flur+6)=s<u?+c?, 

the Schwarzian derivative of s vanishes. 

Ex. 2. Find the general value of s when 

st^{By x) +a=0, 
where a is a constant 

Ex, 3. Prove that 

(i) {«>^}=-f^) {^»«}; 

(ui) {s,x}^(^\{B,y)-{x,y}]', 

(Caylej.) 

63. Another method which is sometimes effective is that of 
changing the independent variable. 

Take z as the new independent variable ; then 

dy _ dy dz 
dx dz dx ' 

da^'d^Kda;) '^dzda?' 
and tbe original equation becomes 
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As yet z is quite arbitrary and it may therefore be chosen to 
satisfy any assignable condition. Thus we may choose to make 

the coefficient of -^ vanish so that 

az 

and therefore z is given in terms of x by the equation 

The eliminant of this relation between z and x and the trans- 
formed equation may furnish a differential equation which proves 
integrable. 

One integrable case occurs when the value oF ^ is such as to 
satisfy the relation 

where /x is a constant ; and then the equation takes the form 

of which the integral is 

y = A:^-^Bz^, 
a and /3 beiug the roots of 

m (m — l) + /x = 0; 

and it is not difficult to prove that the relation which must exist 
between P and Q in order that this may be the case is 

Another integrable case would be furnished by 



"©=«• 



and so for other cases; and it will be noticed that in each case the 
equation is reduced to what may be called a known form, that is, 
one of which the primitive can be obtained. 
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Ex, 1. Solve 

Here P{l''a^)^-Xy 

r xdx 

80 that ^=e-/'<to=eJi-«' 

ax 

and 2=arc8in;r. 



When the independent variable is changed to Zy the equation becomes 

dz'^ 
and therefore 



^=<^, 



J5r.2. (i) (*'-l)g+«g=cV; 

(ii) ^ + ^tan«+ycos«*=0; 



dy Sx+ldj, ( 6(^+1) l '_ 
,. . d^ 2 dv o' 

(V) (l+^)g-2a;J+2y=0. 



64. The property used iu § 60 to obtain the relations between 
the dependent variables in two equations, which are mutually trans- 
formable into one another — viz. that the equations have the same 
normal form — can be used to obtain the relations between the 
dependent variables in two equations, the independent variables in 
which are different, on the hypothesis that the equations ultimately 
determine the same function; the process adopted will be similar 
to the former one, as both equations will be reduced to their normal 
forms in the same variable and these, being assumed identical, will 
give the conditions necessary for the justification of the hypothesis. 

Let the two equations, which are to be thus transformable into 
one another by changing both the dependent and the independent 
variables, be 
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^^^h'^y-o «• 

"^ £ + 2Bg + «, = (u), 

in ivhich P and Q are functions of x, and R and 8 functions of z. 
Writing in (i) 

and /=:Q_^_i«, 



we have 

and writing in (ii), 



dx 

^'+^y. = o (iii); 



da* 



vef^^ = v^, 



and j=8-^-JP, 

az 

we have -j-* +«^yi = (iv). 

In (iii) changing the independent variable from x to z^ we 
obtain 



d^ \dx) "*" dzdx''^^^'"^' 



in which dashes indicate differentiation with regard to x. To 
reduce this to its normal form we write 

or, on the evaluation of the integral in the exponent, 
the equation then becomes 

^+G'y. = 0... (V), 
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>vbere 






and [Zf x] is the Schwarzian derivative of z. 

If, then, the equations be mutually transformable into one 
another, the normal forms will be the same when expressed in 
terms of the same independent variable; hence comparing (iv) and 
(v), which are the normal forms, we have 

and 0=^J, 

Substituting for O in the last equation we have 

/- i {z, x] = Ji", 

H-i-(£)'(«-f-«")-(«-£-^)-. 



or 



and substituting their vahies for y, and v^ in the former equations 
we have 

^dz\^ 



yr£\ e^PdX^^^Sndz^ 



These two equations are the conditions that the differential 
equations (i) and (ii) should have the given property; the first of 
them gives the relation which must exist between the independent 
variables, and, when the first is satisfied, the second gives the 
relation which must exist between the dependent variables. 

The foregoing equations enable us to obtain the general form 
of all differential equations into which (i) is transformable, and 
also to obtain the connexion between two given related equations. 
Thus, for instance, the equation in a given independent variable 
z equivalent to (i) would have as its normal form 

F. 7 
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where v^=:y(-J-j e^^^, 

and J^^.^lfA. 

z z 

and since z and / are known in terms of x, J is also known in 
terms of x and can therefore be expressed in terms of z. Every 
differential equation, which is equivalent to (i) and has z for its 
independent variable, must have the foregoing equation in v^ for 
its normal form. 

Ex. 1. Prove that the equations 

(l-.*)g-2rJ+«(« + l).=0 

and (i_i^)_ + _^^ = |l+S_^/-|„ 

are transformable into one another by the relation 

and find the relation between z and v, 

(G. H. Stuart) 

Ex, 2. Prove that the equations 

are transformable into one another by the relation 

x-l=xz; 
and find the relation between y and v. 



Method of Variation of Parameters. 
65. It was proved (§ 58) that if a solution of the equation 

could be obtained, the primitive of the equation 
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could be obtained ; but the following method is effective in giv- 
ing for this (and other linear equations) what was called in the 
last chapter the Particular Integral, and it can be applied where the 
methods formerly indicated cease to be applicable. 

Let y^ be a solution of the equation 
so that 

Eliminating Q we have 

y^da? ^da?^ V'dx y dx) "• 
and therefore 

y^dx y dx ^* 
of which the integral is 



dx -tPdx 



Let y, stand for the quantity of which A is the coeflScient, so 
that the primitive is 

and y^ is a particular solution of the differential equation. Then 
the preceding analysis shews that any two particular solutions y^ 
and y, are connected by the equation 






dx ^^ dx 

where the value of C is no longer arbitrary but depends on the 
forms of y^ and y,, the two particular solutions of the equation. 

66. Let us now take the above value of the primitive and 
substitute it in the equation 



g+pg+Q,=ie. 



da? dx 

7—2 
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on the supposition that A and B are no longer constants but " 
functions of x to be so chosen that the equation shall be sa 
Thus the form of y is the same for the two equations, but the 
constants which occur in the former case are changed in the latter 
into functions of the indepetident variable ; to this process is , 
applied the oame Variatwa of Parameters. 

We have now two unknown quantities A and B, in terms of 
which f/, a single unknown, is expressed ; and we are therefore at 
liberty to choose any relation between them that may be most 
convenient for our purpose. When we differentiate y we obtain 



provided 



we shall take this last equation as the relation between A and B. 

c -j'- , so that 

ax I 

—^ = B'^^i + A ^» + — '^^'^i^ ^' 
(te* (ic" rfX dx dx dx dx' 

and substitute these values in the original equation, then, since y, 
andy, are particular solutions of the equation when ii = 0, we have 
03 tlie result 



t- 


-£ 


^^'i^y 


dB 
7U- 




-s 


-'% 






J 


dB dA 


= 0; 





S£-^£- 


Thus 


dA dB 




dx dc R R 




"■ -"' :''!i-y^x "' 


and therefore 






A. K^lJRs.e' "■,!.. 




B^f-IJ «,.«"■■'• rf,, 
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where E and F are arbitrary constants and C is an absolute con- 
stant depending upon the forms of y^ and y,. 

If now in the diflferential equation we write <f> (a?) for P and 
•^ {x) for R ; /j (a?) for y^ and /, (a?) for y, ; then the general in- 
tegral of 

wiU be 

where f (x) andf^ (x) are particular integrals of 

and are therefore connected by the relation 

J'dx''^'di^^^ 

It may be noticed that we may make C unity without loss of 
generality; for if it be not unity we may substitute forj^(a;) the 

quantity j^f^ [x) which, while still a particular solution, will render 

the constant unity. 

Ex, 1. Solve 

Arranged in the ordinary form this is 

da^ x-\ dx x-\^ 

Particular solutions of the equation without the right-hand member are x 
and ^ ; hence, if we take 

we may proceed as above, and have as the primitive 

y=iAe^ + Bx, 

As in the general case A and B are connected by 

dA^dB ^ 
-e^+^x^O, 
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while j- e*4--T-=^-l. 

Thus -j-=:i?8~* and -f-=-1j 

Cte CM? 

and therefore A=E-\-\ (e~^d^ 

^E-e-'ix+l), 
and B=F-x, 

The general integral is therefore 

y=E^+Fx-{x^+x+l). 

Ex. 2. Integrate by this method the equation 

where Q and i2 are functions of x alone. 

JSIr. a Solve 

(i) ^4-n^=sec»M7; 

(ii) (l-^g-4^g-(l+:t«)yc=:r. 

67. The method of variation of parameters may be applied 
in a manner, different in regard to the terms neglected, to obtain 
a subsidiary integral, the constants in which are subsequently 
made variable parameters. Thus consider the equation 



g.(|)Vw-.^w=«. 



Neglect the term involving F(y) in order to obtain a subsidiary 
integral ; it will be that of 



S^(l)'/w-». 



dx 

Suppose now that C instead of being a constant is a function 
of X and let this be differentiated ; then 



§-/»©■} 



^ ~ dx' 
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dx 



Therefore 



dx ^^^ dx 



and 80 



,af/(y)dy 



C*^A-2JdyF<j/)e 
A first integral of the original equation therefore is 

gg//(y)dir = {4 - 2Jdy F{y) e*^>^'}*. 

This can be again integrated since the variables are separable. 
Ex. 1. Solve in this manner the equation 

S*|/<"*(l)'*<"-»- 

Shew also that the integral of this equation may be derived by the method 
of §54. 

By changing the independent variable in this example from ^ to ^ obtain 
the integral of the equation 

Ex, 2. Integrate the general equation 

Ursdy^ by neglecting the last term to obtain a subsidiary equation and then 
varying the parameters ; 

secondly^ by applying the same method to the integral derived firom neglecting 
the second term ; 

thirdly^ by multiplying by f -^] and then integrating each term. 
It thus appears from these examples that 

is integrable in the cases : — 

(a) when both P and Q are fimctions of x^ 
O) when both P and Q are functions of y, 
(y) when P is a function of x and Q a function of y. 



SPECIAL MKTJIODS FOR 



Two p'trticiilar meihoda. 



68. When in the equation jj + lv = the quantity / ia a 

ratioual algebraical fuoctioQ of a fractional form such that the 
denominator ia of a higher degree in the variable than the nume- 
rator, the following method ia sometimes of use. 
Let a quantity 



lie substituted for v; then the equation becomes 



where 



fP,j = 0, 



.dp. 



it^«' 



On integrating the equation as if the left-hand . 
.<iP,\ 



J MJT^f i Mi a lrBg i 'ta^ . we have 



(tc 



h2P,i 



./.(. 



' dx 



)dj:=^A. 



Since the quantities P, and P^ are connected as yet by only a 
single relation, wo may assign as a further condition to determine 
them 

' dx 

and this gives as the etjuation for P^ 

f'-p.-^i. 

lis ' 

while, if ant/ value of P, satisfying this be obtained, an integral of 
the original equation ia obtained in the shape 

It should be pointed out that the utility of this method depends 
on the form of the equation which gives P,; this would be lost by 
the substitution 



for then the equation giving P, becomes changed to the origiuul. 
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With the assumption which was made as to the form of /we 
may write 

say, where T, U and V are rational integral and algebraical func- 
tions of X, Then we may assume 

leaving the constants mf(x) as the quantities to be determined from 
the equation ; but in general there are not sufficient disposable 
constants arising in /to allow the equation to be satisfied. Hence 
this method, like the other methods which have been proposed for 
the solution of the linear equation of the second order, is not one 
of universal application, but is effective only in particular cases. 

Ex.l. Solve X {I - jp)^^=2v. 



da^ 



Here the equation for P^ is 

dPy^ 



-A^=- 



dw * x{\-xf 

9 

E F 

Let Pj = - 4- and substitute ; the equation will be satisfied by 

X X — «* 

E^F= - 1, and therefore a first integral is 

dz^ _ __2 _ 

dx x{l —x) "^ ' 

, , V [dx f dx 

where log-= _ J _ _ j j_ , 

or vx=:z(l-x). 

The primitive can easily be deduced, for the equation is linear of the first 
order. 



Ex. 2. Solve 



(i) {l-^y^+v^O; 

dh 
(ii) (2a;4-l)«(^+^+l)^ = 18i;; 
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If a term involving -^ should occur in the equation, this term 
should be removed before applying the above method. 

Ex, 3. Solve 

^^ dx^^ x{\-x) dx xil-x) ' 

(\\\ fl^ . ar.Ca+^ + llffl^ a»y _^. 

^^ dx^^ x{\'-x) dx" x{\-x) * 

Ex. 4. Shew that this method will apply to the equation 

dh) A'x^+^Rx-k-O 
dx^" {a^+^Ax+B)^'*^ 

provided there be a single relation between A\ B and Cf \ and find this 
relation. 

69. A certain class 'of linear differential equations can be 
solved by the resolution of the operator on y into the product of 
operators. Thus consider the equation 

in which u, v and w are functions of x ; then if the operator 

d»^ d^ 
dor ax 

be resoluble into the product 

(^i+5)('-i+'')' 

p, q, r and s being functions of x, then the equation can be 
integrated. For, if we write 

we have J^j~ + 3^ = 0, 

and therefore z = Ae ^p *, 
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and we must now integrate 

which is linear of the first order. In order that this resolution 
may take place, we have the three equations 

to determine four quantities p, q, r and 8 ; but we may consider 
p and r as known factors of u and treat the two remaining equa- 
tions to determine q and 8, 

But these cannot be solved in general, and thus the method will 
apply only in particular cases. 

Ex. 1. Solve 

(^+a;-2)g+ (^-^)g-(6a^+7a;)y=0. 

Here we may write p—x + 2 and r=x- 1. 

If 2'=^;r+/'and B=E'x+Fy we have 

E-^E'=\ \ EE'=:-e 

-E-\'F+2E' 



/i+/i =1 \ /i/i' = - e \ 

2E'+F'=-2y EF+EF+E'^: -7 [ , 

/'-2/"=2 J FF-{-2E'==0 ' 



which are satisfied by 

E=3; E'='-2; F=^; /"=!. 

Hence the equation may be written 

{(*+2) ^+ 3^+4} {(*- 1) ^-(2*- l)}y =0 
A first integral is 

and the primitive is 
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Kv, 2. Solve 

(i) arg+(3a + &r)^4-36y=0; 

(ii) (.r-l)(;i;-2)g-(Slp-3)g+2y=0; 

(iu) (2a;-l)g-(3:p-4)g + (^-3)y=0; 

(iv) (^4-3:P + 2)g+(5x24-^JF4-4)^+(6^4-V^+4)y=0; 

(V) (^-l)g-(3:«^+l)^-(^-^)y=0; 

(vi) ^(a-fear)g-2a?(a-64?)^4-2(3a-&p)y = 6a2. 

70. There is a particular form into which the ordinary linear 
differential equation of the second order may be changed ; multi- 
plying 

throughout by 6^^^, we may write it 

Let a new independent variable z be taken such that 
then the equation becomes 

Now Qe^^^^ is a definite function of x and therefore of z ; 
let it be denoted by jj, where IT is a function of z. Then the 
equation is 

which is the form referred to. 

Sir William Thomson has indicated a method of approximating 
to a solution of this equation by mechanical means *. 

♦ See Proc. Boy. Soc, Vol. xxiv. (1876), p. 269. 
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. vhere 



S,=C+C.v, ,5.^1= ("V-rfVV", 



Epreaaes the Holutiou of tlik in a series ue(^GHsluilJ' couvergent for all values 
tm, provided ft remains finite. 

Work out the case when u = jr". 



General Linear Ji'/tiation. 



71. The gcDcral linear equatii 
{he form 



I'it.h v.ariabic coefficienta is of 






+ X 



lit" 



+ -i'. 



+ J-.J=F....(i), 



'in which X^, X,, -Y, , Jt, and. F'are functiona of j; alone; the 

class in which the coefficienta of the differential coefficients of 
y are constants has been already considered. The coefficients 

A'„ X, X^ may be taken to be integral functions of x; if 

in any equation they were not actually so, the equation could be 
tranaformed so that its coefficients would be integral functions of 
J by multiplication throughout by the least common multiple of 

I'the denominators of such fi'actions as occurred in the given form. 

The BolutioQ of the differential equation consists, as before, 
f two parts: 

First. The Particular Integral which is any value of y (the 
■rnmpler the better) satisfying the equation ; 

Second. The Comptenientarj/ Function which is the complete 
■'integral of the equation without the second member, that is, of the 
I equation 



X.V. 



dw" 



■rfar"*' 



"'dj! 



+ A> = ().. 



.-("). 



The equation (ii), being of the «"' order, will have in its prinii- 
Ive n arbitrary constants — the necessary number for the complete 
jplutioD of (i) ; and the primitive is the sum of these two ])arts. 
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72. II' y, be a solution of (ii), then A^y^ is also a solution 

since the equation is linear; and therefore, if y^, y^, y^ be n 

different particular solutions of (ii), 

y = ■^li/.^--^^v, + +-^,y.. 

where A^, A,, , A^ are arbitrary constants, is also a solution. 

If now the solutions y,, y, y^ be independent of one another 

so that no one of ihem can be expressed by means of a linear 
function of all, or of any of, the others, then the foregoing value of 
y is a solution involving n arbitrary constants ; it is therefore the 
Complementary Function. In order that this may be the case 
there must be no equation of the form 

V. + '^^. + +^,^, = 

for any values whatever of the constants \„ X^ , \ other than 

zero for each of them. If all the constants X be not zero, we have 
the derived equations 

' oar ' * die" ' 



fX.V/ 



x& + x,^?,+ +x.'fe=o, 

' (W ' rfic " dx 

and, since the X's do not alt vanish, the determinant obtained 
by eliminating the X'a muBt vanish, that is, 





dry. 




daT" 


&■■ 




di' 


dr- 


in. 
■■• dx 



Hence the condition that the t/'s BhouM be independent or, 
in other words, that the foregoing value of y should be the Com- 
plementary Function is that A should not vanit^h. 
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Ill 



73. It is easily proved that^ if A be zero, then some equation 
of the form 

must exist. For otherwise let the value of the left-hand side be 
denoted by u; multiply the columns in A by X^, X^, ..., X^ respect- 
ively and add them together, replacing some one column — as the 
first — by their sum. Then we have 



= 0, 



dr'u 

doT" 


doT" 


d-^y. 


d"-*« 
daf-*' 


d^y. 

daf'^' 


d^y. 



u. 



y 



2» 



• > 



y. 



an equation of order n — 1 which determines u. Now this is satis- 
fied by i^ = yj, y,, ..., y„ that is, it has n particular solutions which 
are supposed independent But the number of independent par- 
ticular solutions which an equation can have is equal to its order, 
a property which is violated by the preceding result. The fore- 
going equation in u must therefore be an identity so that u is zero 
and therefore, on the supposition that A is zero, there is a relation 
between the n quantities y. 



74. The value of A when different from zero can be found as 
follows. Let the values y = y^, y,, ..., y« be substituted in (ii) and 
from the n resulting equations let the coefiicients X^y X,, ..., X^ 
be eliminated ; then we have 



-hZ,A = 0. 



<^y. 

dx' ' 


d-y. 

da^ ' 


<^y, 

••■• dx' 


dr*y, 
daf-* ' 


d'^y, 

dx'-* ' 


dr^y, 

•"' daf-* 


dr-^y^ 

dx'-*' 


dr-^y. 

dx'-' ' 


dT'y, 

•■•' dor* 


y.. 


y,. 


•■•> y. 




PARTHTLAR INTEGRAL 'tV 

The determinftnt which ia multiplied by .V„ is 
this equation is 

" rf.r ' 

which when integrated gives 



4 



Since A and lX^Xg'^dx are determinate functions of x, the 



constant C must be delermined by some other method; compari- 
son of particular terms is often effective. The value of C wil 
evidently change with a change in the set of fundamental integrals 



Es. I^t i/ihe a. particular integral of the eqiiatioi 



A-." 



+ -V 



+ X^ = 0; 



when we writ« yjaix for y, the equation detemiiuing « in (§ 76, potl) of order 
m - 1. Let j] be a particular integral of this, so that yjtjcfj' is a second parti- 
cular integral of the y-equation ; and let Zyjudx be subatitiitcii for t. Thus 
the equation in a is of order ni — 3. Iiet Vj lie a particular integral of this 
equation ; then y,li,ilxjii,dj! is a third particular integral of the origuial equa- 
tiou. Proceeding in thia way by ni ^ 1 successive substitutious we shall 
arrive at an equation of the form 



I be found ; and there wilt be, ii 



lit which an integral c 
integrals y. 

Prove that tbcso particular integrals ff ore independent of one another ; 
and shew tbikt for this set of particular integrals ■ 

i=(_l}l-(-lly,->,— „,--« ,,.,. ■ 

(VlwhH.) ^ 

73. Tiic Particular Integral may now be deduced by means of 
the method of the variation uf parameters; this is the most sym- 
metrical method, but another will be indicated in the next section. _ 
In the equation 

y = A^,+ A,y,+ + 

• Sooll'i- I}elfrmiwnil: p. 3(1. 
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let the ^'s be supposed functions of x instead of constants; then 
the value of -^ is given by 

^ = A ^+4 ^«+ +J ^ 

dx ^ dx * dx *cte 

dA. dA^ . , dA^ 

^y^s^^y^-di^ +y-^- 

Now as we have n functions -4, while the only condition as yet 
attached to them is that they are such as to make the preceding 
value of y satisfy the difiTerential equation (i), we may make them 
satisfy n — 1 other conditions assigned at pleasure, provided these 
are not inconsistent. Let us assume as one of these conditions 

dA. dA^ dA^ ^ 

and we then have 

^=j,^.+j.^.+ ^A^^y^. 

dx ^ dx ^ dx * cte 



• 



Differentiating this again we have 

dx^""^' daf ^ "^^ da?^ ^^"ifa* ' 

provided we assign as another condition 

dy^ dA,_^dy^dA^_^ ^ dy^dA^^^ 

dx dx dx dx dx dx 

Proceeding in this way and assuming that the A'a are such as 
to satisfy 

da? dx dx* dx dx* dx ' 

^y^dA^^lfUdA,^ +A«^^0 

da? dx da? dx "* da? dx ' 

dr\v,dA, d'-'y.dA rf-'.y. dA^ _ 

da;'-" rfa; ^ dx'^ dx "*" dx'-^ dx ' 

(which with the previous two make up the assignable n — 1 con- 
ditions, not inconsistent) we have 

F. 8 
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The last of theae, when differentiated, gives ^H 

^-^^.+ J^.+ ^A^ I 

^-^'d^+'^'d^-^ ^^-d^iT ■ 

d"''y, djl, d"''y, d-tJ, d°~'y. dj4, ■ 

dr""' diT dic""' d^ da:""' dx ' 

but, as all the conditions which were assignable have been used, the 
second part of the rij^t-band side does not vanish. If we multiply 
the differential coefficients of y thus expressed by the algebraical 
coefficients which are attached to them in the equation (i) of § 71 

and add the results, since y is a solution of (i), and y,, y,, y^ 

are solutions of (ii) of § 71, we shall have 

*\dx"~' dx tix''' dx da:""' dx J' 

Let A, be the minor of , ,?/ in A for the values r= 1,2 n; 

then the rt equations giving the values of ~r-' , r-*, , -^-" 

have as their solution the equation 

ax 
for all the values of f, Hence 

dA, ^ T'A, 

<fe ~ X.A ' 
and therefore 

where C, ia an arbitrary coDstant. The value of y is therefore 
tbe Particular Integral being 

fVA,, IVA,. iy\j 
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Ex. I. Shew that, if/,(a'),/,{4t),/,(jt> bo throe particular aolutiona of the 
equation 

in which Q and S are functions of x only, then the oompleto iut^grol of 



J-Ci/, W+c./«+c./,W+ 



r*(f)/*""" '2'-^' Si) *(« 



I 



vhere {?,, £*,, Cg are arbitrary constants aud n 
£v. S. Solve the equatiotta 



/,({), /.(t). /,(£) 
/,(»), /,W, /.W 

determinate conntant. 



-^{\+x)"£+2{\+x)^^x 



(ii) (.»;' + 2) 



■ir^ 



? + (r» + 2)^-2.(y = j^ + a. 



76, When we know one or several particular integrals of the 
equation (ii) of § 71, the order of the equation can be depressed by a 
number equal to the number of particular integrals known. Thus 
suppose we know that y, is a particular integral of the equation ; 
when we change the variable from ij to y,« the equation becomes 






■' dx 



or, what is the s 



9 thing. 



.x..,|.+x^,) = o. 



^X'.. 



'rfil 



= 0, 



which Xj', Xj', i-^'.-i are functions of Xj, J,, i^f.t ^^^ 

differential coefficients of »/,. If now for -v- we substitute «, the 
"^ ax 

resulting equation is of order n - 1 and the original equation has 

therefore had its order depressed by unity. 
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If y, be another particular integral of (ii), thou yjt/, is a value J 

of «, and therefore j-, ( I is a aolution of the equation in «; and ] 

this can therefore have its order depressed by unity and the order J 
of the new equation will be less by two than that of (li). It will 
be seen to be possible by proceeding in this way to diminish the 
order of an equation by m when m particular integrals are known. 
Each depressed equation remains linear. 

77. When Ji — 1 particular integrals of an equation of the n* 
order are known, the equation can be depressed so as to be a linear 
equation of the first order, ajid as the latter can be solved, it 
follows that we can obtain the general solution of an equation of the 
n* order when n—\ particular integrals are known. The following i 
method of obtaining the general integral avoids the process of 1 
successive depressions of the differential equation. I 

Let the n — 1 particular integrals of the equation (ii) be repre- I 

sented by y,,y, ?■-]! f^^ 1^' ^f ^i > '^■-i be n — 1 I 

functions of a: such that 1 

y= 0^,+ c^v, + + C'.-i?.-, I 

is a solution of (ii) ; as this is the only relation between the » — 1 1 

functions, we may assign at pleasure n — 2 other relations, provided ] 

they are not inconsistent. I^et these be I 

da dC, dC , ^ J 

dj,dC,^Ay^dO,^ +^-.-.^A^ = I 

da dx da: dx die dx ' I 

J-'y. rig. ^ d'-*y,dC^ ^ +^y^.'^^.-. = 0- I 

ric*"* dx dic""' dm dx"^ dx ' I 

then the values of the successive differential coefficients of y are 1 
given by J 

^.o,^s,+c.^+ + c,fi.-'. I 

OJS dx ' da: " ' ax ■ 

%C,^i+C,'^; + + C..,%'. I 

dx ' dJ! * fit; " ' djc" ■ 

^i?=f'^?' + p^^ + + c ^"'yy, 1 

dar* ' dj""' ' duf'' ""' dx" ■ 
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d«^ 



cte" 



eic" 



daf 






daf 



dor 



dor 



r I dx daf'* ' 

+ c ^^^^ 



The substitution of these values in the equation (ii) gives 
since y,, y,, y,_j are particular solutions. 



Let A denote the determinant 



die*-*' das"-"' 



dsT*' did"*' 









».-) 



and let the minor of , f,* " in this be denoted by A, for the values 
r — 1,2, ,n—l. Then we have 



do, dG, 
dx dx 



dC 



»-l 



dx 



'»-i 



= -2^ say, 



and therefore for these values of r 



dC_, 
dx 



= ^A.. 



Hence 



3i d^d^^""" ^r:7-i^i-'^x;' 



r=l 



da?* 



da; 
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and 



Also 



and 



so that 



r«i ax CM?" ' r=l wC^ 



da? dx '' dx 

r-^'^ dA, dr^Y _ ^ 

r^i dx dx*'* ' 

^t' ^ Q^r = ^ "f " ' A Q^' = A ^ • 

r^i da? dx*'* dx ^-i ""dx*'* dx* 



the transformed equation therefore is 

Dividing by X^A we have 

c& /2 dA ZA 

the integral of which is 

The correspoadiDg value of (7, is derivable from 

flte ' A* 

and therefore 

c2^ 



a=^.+^/^;e"^^-* 



for the values r = 1, 2, , n — 1. Hence we have n arbitrary 

constants, viz. -4, -4^, -4,, ... »-4»-i> «^iid the primitive of (ii) 

is thus 

r«ii-l r=i»-l r^ . f ^» ^ 

y= 2 A,y,-\-A 2 ^r aJ^ ^'' dx. 

r«l r=l y ^ 

Kt. Solve completely 
where F and <? are any functions of x. 
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Geometrical Application : Trajectories. 

78. It has already boeu noticed that a differential equation is 
the appropriate analytical expression of any property of a curve 
which ia connected with its direction and its curvature ; and it there- 
fore follows that the investigation of many geometrical qucistions 
ultimately depends upon the solution of a differential equation. 
In the higher parts of mathematics differential equations are of 
almost universal occurrence ; but iu other subjects it is less pos- 
sible than it is in geometry to give examples, as there is no necea- 
earily general method of arriving at the differential equation, 
while its deduction in geometrical problems ia obtained almost 
immediately by the use of the formulie of the differential calculus. 
There will be no attempt to give here any complete classification 
of applicjitions to geometry ; there will be only a single general 
problem discussed, that of Trajectories. 

A Trajectory ia defined to be a lino which, at its points of 
intersection with the members of a family of curves espressed by 
one equation, cuts them according to some given law. 

79. Afl the most geueral form possible, let 

denote a family of curves of which a is the parameter ; through 
any point on one curve a trajectory will pass and there will thus 
be a second system of curves representing these trajectories. Let 
f and ij be the current coordinates of this second system ; and 
suppose the analytical expression of the law which holds at each 
point of intersection be 

„ f dy d'y ^ di) d^ri 1 



1 



In this equBtion at a point of intersection f and rj are respectively 
the same as x and y, being the coordinates of that point; but 

??. are not the same aa ^^ for tliey indicate the 

rff dx 

direction and the curvature of the two interaeciiug curves. 



i 
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Wc proceed as follows. 
From the equation 

/(-<■, :/,«) = o 

we obtain the values of all the clitTerentiol coefficients of y, which 
occur in the relation ^=0, as functions of x, y and a; and in 
each of these expressions we substitute the value of a as a function 
of X and y derived from the equation of the curve. This will be 
equivalent to eliminating a between y= and the equation giving 
each differential coefficient Let these values of the differential 
coefficients of y be substituted in ^"=0; it then bccotnea an 
equation which involves x, y, f, t} and differential coefficients of -q 
with respect to f. But we have seen that x and y are the same as 
f and Tj, since both sets are the coordinates of the same point ; 
therefore F== becomes a differential equation in j; and f only. 

80. The most frequent example of trajectories is that in 
which a system of curves is to be obtained cutting a given system 
at a constant angle. If this angle be a right angle, the trajectory 
is called ortliogoniil ; if other than a right angle, the trajectory is 
called oblique. 

In the case of orthogonal trajectories the tangents at a common 
point are to be perpendicular, and therefore 

dx df 



which is for this case 
of curves wc have 


the form of f = 


0, For the giver 






/(*,y.o) = o. 








dx^dy dx ' 




from which wc eliminat' 


e a and obtain a 


relation between 



', 1/ and 
,-, which is really the dilfcroutial Lqualiou of thi.s system of 



curves; kt liii.s relation be 



+ 



•k] 
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Now for the trajectory we have 

f = a?, y = i7, 

dx 3^' 
and therefore the dififerential equation of the trajectory is 




The elimination of the parameter is immediate when the equa- 
tion of the given family of curves occurs in the form 

4>(x,y) = a. 
For we then have 

dx dy dx ' 

which at once gives -^ independent of a, and is the form of '^ = 
for this case. 

81. When the equation of the curve is given in polar co- 
ordinates the same method may be applied. For we then have 

X(r,^,c) = 

as the equation of the family of curves ; if ^ be the angle between 

the radius vector and the part of the tangent to the curve drawn 

from the point back towards the line from which is measured, 

we have 

dd 
tan0 = r^; 

while, if ^ be the same quantity for the trajectory, and 12 and B 
be the polar coordinates of a point on it, 

tan Q = ic -TO . 

Since the tangents arc at right angles, 

^-0 = ^, 
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and therefore 

where 12 and r, B and (but not their derivatives) are the 
same. 



Now 






eliminating c between this equation and the equation of the 
curve, we find a relation of the form 



*('.*. g)=»- 



For the trajectory 



R = r, S^d. luid ^ = -— ^ = --^--; 

the differential equation of the trajectory is therefore 

1 dR 



*(«.»-i.^)=«- 



This, when integrated, gives the equation of the system of 
curves possessing the required property. 

£x, 1. Find the orthogonal trajectory of the seKieB of straight lines 

We have ^~*'*» 

and therefore the difliBrential equation of these lines b 

Hence, by our rule, the differential equation of the system of orthogonal 
tnyectories is 

which on integration gives 

A series of concentric circles having for common centre the common point of 
the lines. 
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Ex, 2. Find the orthogonal trajectory of 

f«sBa**Binn^. 

Taking logarithms and differentiating, we have 

«cfo]__ ooBn^ 
rdO" sinn^' 

which is the differential equation of the fsunily of curves. For the trajectory 
we have 

rde" dR' 
and therefore the differential equation of the trajectory is 

The variables may be separated and 

dR sin Tie j_ 

R cosne 

so that iJ*=ii*co8 ne, 

the family required. 

JSr. 3. Prove that whatever be the value of n the orthogonal tr%jectory 
of the curves included in 

y«=ca5 
is a family of conies. 

Ex, 4. Shew that the orthogonal trajectory of a system of oonfocal 
ellipses is a system of hyperbolas confocal with the ellipses. 

Ex, 5. Obtain the orthogonal trajectory of the system of curves 

(i) f* sin n^=a"; 

(ii) r* =» a* log (c tan 6)^ c being arbitrary. 

Ex, 6. Shew that, i{f{x-\-ty) be denoted by u+tVy where u and v are real, 
then the families of curves 

i«s const., v=a const, 

are the orthogonal trajectories of each other. 

In particular shew that, if i;, so obtained, be homogeneous of order n, then 
the value of u is 

dv dv 

How may the value of u be found when n is zero ? 

Ex, 7. Find a system of curves cutting at a constant angle other than 
right a system of concentric circles. 
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82. If one of tlie variables be given as an explicit function of 
the other and the parameter, the equation will be ©f the form 

instead of eliminating a we may proceed as follows. Let the 
equation of the orthogonal trajectory be 

where in the last o is to be considered an unknown function of f 
to be determined ho that the curve may be the orthogonal trajec- 
tory. We now have 

da d-x ' 

di) _ 3(^ dtf> da 



dcf>fd^ d^ da: 



\d^ da d^J 



are to take place, we may 



Now, as no further differentiati 

This ia an equation between two variables a and f ; when 
integrated it will determine tLe value of a, which, when substi- 
tuted in 

1 = 1^(5, a). 

gives the orthogonal trajectory. 



£t. 


Obtaiii the 


#=«(!- 


oftho 


ellipeciS repreaeuteJ 


Uere 






-er' 





out! the Di|uatiuu Jutcrmiuiug a 
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which gives 

This on integration leads to the equation 

a«(l-^=.l-^+log{«; 
therefore the orthogonal trajectory required is 

178=^1 -^+logf«. 

MISCELLANEOUS EXAMPLES. 

1. Solve the equations : 

(vii) ^+2ncot»wr^+ (»n«-n«)y=0; 

(viii) ^(^+y)g+ (*-y) 2+* (^)*-y=o ; 

<"> (iy-»g="{®*-(S)T^ 

W 8in2;r^=2y; 

2. Assuming that the integral of 

S*('-l)-» 

is of the form y=w + -, prove that the general primitive is given by 

w=il8in(a;+a), v=2?cos (^+a). 
Obtain the complete primitive of 



da?' 



(i-|),=^. 



and hence solve the equation. 



5. Integrate 



. o d^ du 

sitir J^jTh-k- Bin xooex -J- i 

CLX^ fix 



If v=t) when opsO and «« 1 when ^— ot then tf> 
Also solve the difierential equation 

g*,-*(.-"-iiS). 

determming tho arbitrary constants by the conditi 
when ^«0. 

6. The equatioBs 

have a solution in common ; find the complete s< 
necessary relation between P^ F^ Q, ^ supposed to I 

7. Prove that the equation 
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8. Solve the equation 

where a^b, k are constants, by assuming 

and obtain the general integral 
Solve similarly the equation 

also ^. 1 in § 68. 

9. Prove that, if (4?) be a particular int^;ral of the equation 

then 470 [ - ] is a particular integral of the equati 



ion 



Hence solve the equation 



^^=^*- 



10. Prove that if «=0 (a*) be a solution of 

cPz 

then {={cx-^d) ^ ( , J is a solution of 

the constants a^h^c^d being connected by the relation 

ad-hc=\. 

Hence solve the first equation in question 8. 

11. Shew how to solve the equation 

d^ A^ d^hf A^ d^'hf A^ _y 

da^^ a-\-bxdar--^'^ {a+bxfdar--'*'^ '" "^(a+&F)»~ ' 

where X is a function of 4; only and il^, ..., il,^ are constants. 

12. Integrate the equation 

X being any function of x. 
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13. Shew that, if a particular solution of the equation 

be known, Xi and X^ being functions of ;r, the solution can be completed. 
Hence solve the equation 



14. The primitive of 



rfy , 5 . - sm^ 



S+^J+«^=^ 



being y=Ay^-\-By^, 

shew that the differential equation which has for its primitive 



IS 



+ m|i(m-l)^ + i(m-l)p^+m^/'(x)|«=0, 

where ^(^)=yiy2- 

(Spitzer.) 

15. Prove that, if y^ and y^ be two particular integrals of the equation 

the roots of y^^O and ^2"=^ separate each othor so long as both of these 

integrals remain continuous. 

(Sturm.) 

16. Solve the differential equations : 

(i) sin«^-^+sin^cosd-^-y=d-8ind; 

(iii) (l+«M;»)g+<«:J=«V; 

(iv) 4r»(.r»+a)g+x(2x» + a)^=nV; 

(vi) (a«-^)g-8^J^-12y=0; 

(vii) (3 - .r) f^^^ - (9 - 4.r) -g f (6 - ir ) .y = 0. 
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17. Solve the equation 

where Q and R satisfy the relation 

When this relation is not satisfied, can the equation be solved by the intro- 
duction of a factor fi so chosen that the new coefficients satisfy the relation ? 

18. Solve the equation 

(Stokes.) 

19. Find the form of ^ such that, if .r=0 («) be substituted in the equa- 
tion 

it will become 

and thence solve the former equation. 

20. Prove that the equation 

can be transformed into 

when the relation between z and a; is given by 
and * (z) is given by 

Hence reduce the equation 
to the form 



'a+/.*+8,.o 



S-iSK'-p>-»- 



21. Solve the equation 

where A and B are constants. 

F. ^ 



. „ /I B\ dv A ^ 
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Verify that the equation 

is transformable into the foregoing equation by the substitution 

J7= sin (arc tan «*), 
provided ^=45«-4il+;i; 

and find the relation between y and v. Hence solve the second equation. 

22. By transforming the dependent variable from y to «• solve the 
equation 

-- cPv dP dy ^rm 

Hence solve the equation 

£....r-i.KliO"-^aS)*»<°"'-^''-'S}- 

(Sparre.) 

23. Prove that the complete integral of the equation 

where cr is the Schwarzian derivative of y with regard to ^, is 

24. The arc of a plane curve measured from a fixed point il up to a point 
P whose rectangular co-ordinates are x and y is denoted by s ; obtain the 
general Cartesian equations of the curves for which the following equations 
respectively hold : 

(i) *=(^+/)*; 



(ii) *=carctanf^) ; 
,.... /du\^ dx 



dxd^x 
~d^' 



(iv) ,=ag; 

, . ds ^ d^» ^ 
^""^ ^■*"^^^«^'^' 

(vi) *=(a:«+2ar)*; 

(vii) *=(y' + ?na;2)*, 

25. Find the general differential equation of all parabolas touching the 
axes and having their chord of contact of constant length. Solve the equa- 
tion obtained. 

Obtain also the differential equation of all parabolas touching the axes. 
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S. Integrate completely the equation of the curve in which the nulias 
of curvature is proportional to the ore meaaiireJ from n fixed point. 

27. Find the curve in which the product of the perpend iotdara from two 
filed points on the tangent is constant 

iS. Find the curve which has nn evoluto similar to itself. 

29. Find a differential equation of the first order of the curve, whose 
radius of curvature is equal to n times the normal ; and shew that it is always 
integrable when n is an integer. 

In particular shew that when n='2 the curve is a cycloid, when n = !l a 
circle, when n= - 1 a catenary. 

30. Obtain a ayatem of curves cutting at a constant angle other than 
right a system of cunfocal elli[isea. (Itlainardi.) 

»31. Obtain the orthogonal trajectories of the curves 
(i) ^+y^=cx: 
(ii) x>+y' + c'=\+2dty: 
(iii) Ji^+^ = 3ei.vff; 
(iv) r^ = ^: 
in the laat r and r' are the distances from two fised points. 

32. The curve for which the ordinate and the abscissft of the centre of 
gravity of the area included between the ordJnatos x=a and x^x are in the 
same ratio as the bounding ordinate y Jind the abscissa x ia given by the 
equaion a^_>^_, 

X' ys-'- 

33. The curve whose )X)lar equation is r" cos ni5=c 
straight line. Asstiming that straight line to be the oils i 
locus of the curve described by the pole in the roiling c 
its equation 



' rolli 



shew that the 
will have for 



-H(r-f'* 



" In particular shew that, when 2»i=l, the described 
when m=9 the dBSoribed curve is an elaatica. 



34. Shew that, when a first integral of the equatic 
n the form -^=-^(:c,y, c), then the primitive la 



is a catenary ; 
(Frenet.) 



,^^. 



A first integral of ^=y (1+2 tan**: 
determine the primitive, j 



(Jacobi.) 
a of the form J.= W{^) + ef(x): 



CHAPTER V. 
Integration ik Series. 



83. It may Imppeo that a differential equation, tlie solution of | 
whicli is required, comes under nouc of the preceding classes which f 
are all of some particular form, and therefore that the methods J 
applicable to these fail ; recourse is then had to approximation to J 
obtain the value of the dependent variable. The form of approxi- ' 
mation which is most frequently adopted is that derived from 
converging series ; by retaining a large number of terms the error 
can be made small, and the series may be considered to be the 
value of the variable. That thi.t method is <) piiari justifiable 
may be seen as follows. 

The given equation is a rehition between the successive diffe- I 
rential coefficients of y ^ud may be considered as giving the c 
of highest order in terms of those of lower orders ; thus if it were i 

of the second order it would give -tK in terms of -^ and y. When J 

differentiated ouce it would give -f^, in terms of t^, -p and Vi j 

that is, in terms of -^ and y, since j-^ is expressible in terras I 
nf these two, and so for each of the differential coefficients ofl 
higher order, which can thus be expressed in terms of ~ and y;.i 
but the differential equation will not give any relation between I 



where —^r stands for the value of —K\— when a is written 
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-T- and ^, which are thus independent of one another. Suppose 

now that a value a be assigned to x and that for this value of x we 

make y = A and -r- = B, which constants ore, in general, arbitrary ; 

then the equations derived by successive differentiation furnish the 
values for 3; = a of the differential coeEBcients of y of aucceasive 
orders. Let these be denoted by G, D, E,.... Now if the value 
of y be ^ (x), which we assume is a function expansible by Taylor's 
theorem in a converging series of ascending powers of ic — a, we 
have 

<l>{,x) = <t>[a+(x-a)] 

. ^^'f> stands for the value of ^^ 1" 

for 3! after differentiatioD. Inserting now for the various coefficients 
their values, we obtain 

y = ^{^r) = A + B[x-a) + C~,^^ + D^^^^+ , 

and this, if a converging series, is a solution of the given equation. 

It shoidd be remarked that for some particular value of x the 
ditforential equation may determine not the coefficient of highest 
order but one of lower order ; thus the equation 
iPii '2n dij , 

^ould for values of x other than zero determine -t4> but for .c = 

would give -j^ = 0, if we consider infinite values of any coefficient 

excluded. 

The foregoing method and another, which is in practice substi- 
tuted for it and which will be explained in the next article, is 
almost impracticable in the case of equations which neither are 
linear nor can be transformed so as to become Huear; for such 
equations the determination of more than tlic first few terms of 
the expansion would entail groat labour. 
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Ex, 1. Let us apply the foregoing method to the equation 

When dififerentiated n times the equation gives 

and therefore when x=^Q 

Now the given equation leaves y arbitrary, say = J, and ^ arbitrary, say s=^, 
when^=0; ^u*2^2=^- 
Uenoe we have 

-(-l)P8p(3p-3)...6.3^J 

=0; 
similarly 

5S=(-l)'(3/'-l)(3i'-4)--5-2f; 

«( - l)i> (3p- 1) (3p -4)... . 5 . 2 . i? ; 

and ^=(-l)^(3p-2)(3p-6)... .4.1.yo 

= (-l)P(3p-2)(3p-5)....4. 1 .il. 
The expansion of y is, by Maclaurin's theorem, 

dy a^ d^y a^ cPy x^ d*y 



dx. ^ 2! dxJ ^ 3! c^„» 4! (ilr, 



= ^[l-^!''+y^-^^+"] 



j.n fi 2 .^2.5. 2^.8,^ "1 



This is the sum of two converging series and contains two arbitrary constants, 
and is thus the primitive of the equation. 

Ex. 2. Solve 

(ii) ^+ax*i/=0. 



sal 

&: 3. OUtiiin ii 



IK SERIES, 



iiiUigral c)f the equutiun 
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84. The preceding investigation shews that, by means of tbe 
differential equation and the expansion of a function in terms of 
the independent variable as given in Taylor's or Maclaurin's 
tlieorem, an expression in the form of a, series can be obtained for 
the dependent variable; but, instead of working through what is 
sometimes a troublesome process, it is convenient to accept tlie 
principle that a series can be obtained and bo to assume for y 
some series arranged according to powers of a: with indeterminate 
coefficients and indices. This seriea is then to be substituted for 
the dependent variable in the differential equation, and as it is a 
Bolntion of that ecjiiatiou it must make the equation an identity ; 
the comparison of the indices of the independent variable will 
shew the law of their progression, and the comparison of the 
coefScieuts of the different terms involving the same powers of 
the variable will give the required relations between the coefficients 
in tbe expression assumed. The latter will then for such values of 
the independent variable as leave the series converging be a 
solution. 
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85. As the method just indicated is really equivalent to the 
earlier one, it is not better suited to the solution of non-linear 
equations; but much labour is saved by it when the differential 
equation to be solved is linear. One of the most important forms 
to which it is specially applicable is that which may be written 

d\ 



H'lhlH'lh^^- 



'here i^ and ^}f are rational algebraical integral functions. To 
solve this, assume 



where n 
tude; si 



. are exponents in ascending order of r 
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"£■ 



1«"-*W^-, 



the equation, with the value of y SLibntituted iu it, gives 

+ ^,-f (wi,)a;"'"' + jl,i^{m,)a:"""'+ ... =0. 

In this )», — 1 ia the lowest exponent and it occurs in only a 
single term; as the left-hand side of the equation juat written 
down ia to vanish identically, this term must disappear, and therefore 

vl,<(r<m,) = 0; 
or, since .^, is a coefficient of a term actually occurring and so ia 
not zero, we must have 

A comparison of the indices of the remaining terms shews that 
ui, = ni, — 1 and therefore m, = m, + 1, 
ni, = m, - 1 „ „ m*. = i», + 2, 

and so on; while a comparison of the coefiGcienta of terms involv- 
ing the same indices gives 

.d,^(m,)-l- vl,i^ («!„)= 0, 

and so on. Take now any value of wi, as given by the equation 
■^ (to,) = 0, say Ml, = a ; then as A^ is quite arbitrary denote it by 
A. The remaining coefficients tire given by 



M« + l), 



and so for tho higher coefficients; the corre 
thus 



.»M »(a-H) 
+ (» + l)t(o + 2)'^' 

iponding valuo c 



+ (o + r)t(a + 2) + (a+3)-' 



85.] IK SERIES. 187 

The expressions connected with the other roots may be simi- 
larly obtained ; and as the equation is linear the sum of all these 
values of y is a solution. 

Of this general form the most important example is that equa- 
tion which has for a solution the series known as the hypergeome- 
tric series; it is discussed in full detail in the next chapter. 

Ex. I. Prove that the primitive of the equation 

(Py 2ndi/ _ 
dx^ X dx ^~ 
is given by 

__ r ma^ w^o:* "1 

^" L 2(2^+l)^2.4(2w + l)(2n+3)""J 

L 2(3-2w)^2.4(3-2«)(5-2n) -J* 

Ex, 2. In the case when 27i=I, the separate parts involving the arbitrary 
constants in Ex. I become the same, each being 

^""22"^ 2*. ""4*"*"* 

If this be denoted by v^ and y — uv=^w^ where u and w are to be determined, 
we have on substituting, since t; is a solution of the original equation, 



dho . 1 dw 



H r- + raw-\- 



dx^ xdx 



\da^ xdx) dxdx" 



As we have two arbitrary quantities u and ir, we may assign any one condition 
we please ; let this be 

d^u 1 du_ 

dx^ xdx 

The value of u hence derived is ^ +^ log or, and thus 

dho Idw 2Bdv ^ 

or 

d^'^xdx'^'^'^^^^'^\2''¥Ti'^¥TW76''2K4Ke^.s'^'''f' 

The value of y is now 

v{A'^B\ogx)-\'Wy 

and therefore contains two arbitrary constants, the total number necessary to 
a complete integral ; hence we require only a particular integral of the equa- 
tion in w. To obtam this write 
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then 

Substituting and equating coefficients of different powers of Xy we have 
from, the 

coefficient otx'^ B^^^O ; 

afi mB'\-^^B^=^Bm\ 

ari 32i?8+mi?i=:0 ; 

x^-^ (2n+l)»^,^+i+m^^.i=0; 

^ 4«i?,+m2?,--|^; 

These equations give 

so that no terms involving odd powers of x occur in w. For the coefficients 
of even powers we have 



2.4» '4> 
= -'B2»T^(* + ^) + ^2r4«' 



Wl* .1 ,. «, »i* 



2 . 4« . 63 * 6« 

~ 2«. 4». 6*^*"^* ■*'^^" 2*742762* 
and generally 

m* /I 1 \ ^ . m* 

^•■""^ " ^^"^^2r4r627:(2^)2 Vn "^ ^7^1 + ••• +i^ 

Hence the value of y is 

(^+^loga;)|l-^+-,— ,-2j-^5P^,+ ...| 

^1 22^22.4* 22.42. 62^"J 

,fi t2*.42.62...(2n)^Vn^n-l+-^«^'-'^7r 

As /T is undetermined, there are apparently three arbitrary constants ; but 
it will be seen that the expression multiplied by /T is the same as that multi- 
plied by A and therefore these two constants coalesce into one new arbitrary 
constant A' which may replace A + B*, 
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3. Obtain the complfto integral of the ciiuatiui 



/ 3.r" Ux^ ilx* \ 



K-5^ 



i>.3' 1'. 2'. 3*"^ I*. 2". 3^.4" • •)^°&^- 
(Fourier.) 



JSr. 4. lotegrate in iieries, aud expresa in a tiuite form the integrab of, 
Hie fallowing equatiooB : — 

86. There are two special points which arise in the integration 
m some differential equations ; they owe their origin to the same 
r cause, but they require to be deaJt with separately. 

As an example of the one, let us recur to the series obtained as 
% solution of the equation 



H4>lH'ih"'' 



P which was 



-[ 



^ ^((t+l)""^^(<t + l)^(a-f 



[ the constant a being some root of the equation 
+ (m)-0. 

This equation will usually have more than one root; let some 
I other root be denoted by b. Then, in the case when 6 is greater 
% by some integer k, the solution in the fonu above adopted 
k«eases to be available; for in the denominator of the cocfGcient of 
U'Sf within the bracket there occurs the factor yjf (a + k) or -^ (6) 
^'Which is zero, so that, unless there be a zero factor in the numera- 
rtor, the coefGcient apparently becomes infinite. 

In the case when such a zero factor does not occur in the 
[ftnmerator we must have recourse to the fundamental equations 
pom which the series was derivol, and these are 
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A,<f> (a + 1) + A^yfr {a + 2) = 0, 

A,4.{a + k~l) + A^,yir(a + k)=0. 

Now since i/r (a + k) vanishes and ^„, ia not infinite, being a 
coefficient in a series supposed converging, it follows that either 
A, or ipia + k — l) ia zero. Rejecting the latter on account 
of the hypothesis that no zero factor occurs in the numerator 
we have A^ = 0, and thence from the preceding equations we 
find that the coefficients A^, A^, ..., A^^ are all zero. Hence the 
part of the series which precedes the term .c" inside the bracket is, 
on account of its coefficients, evanescent, and the series actually 
must begin with the term CW*', that is, with Cr"; and this will be 
the aeries derived from the root b of the equation i^ {vi) = 0. One 
of the particular integrals has tlius disappeared, but to obtain one 
in its place we may proceed as in Ex. 2 in § 85. Denoting by v 
the one which remains and baa absorbed the other, we may write 

y = uv + tv, 
and, after substitution, assign some one relation which shall serve 
to determine u and w and render the differential equation easier 
to solve; this relation will usually be det^^ined by the special 
form of the equation, 

£r. 1. Coiwider the dilfereutinl e(|natioD 

Substituting ji=J(^+ J,s"-"+,(lii:-*»+... 

(this is easily seen to be the ueoeasoiy form), we flud na the equation duter- 
iogm 

mim-l)-4m+A=0, 

Henoe a= 1 and 6 = 4, so tbat the roots differ by an integer. It will be found 
that, ou taking the root m— 1, the eqtiAtion is of thu form diHcu.-«icd and that 
the terma up to, but eiduaive of, x* disappear; while the sorioa derived fruni 
theirootni=4i8.1jV. 
Contpkte the solution. 



Ex.% Solve 



■r(l+^-)2+(ar-lJ.v = 
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87. We now proceed to coLsiilur the other special point. 
Hitherto it has been assumed that no vanishing factor occurred in 
the numerator; and the result of the necessary alternative was 
indicated. But a vanishing factor may occur in the numerator of 
some of the coefficients of the terms within the bracket, either in 
that term in which there was a vanishing factor in the denomina- 
tor or in an earlier term. In the latter case all the terms which 
do not have a vanishing factor in the denominators of the respective 
coefficients disappear; and if such a factor never occurs in a later 
term the aeries will end at the term next before the first which 
contains that vanishing factor in the numerator, and the solution 
will thus be expressed Jn a finite form. But some vanishing 
factor may appear in the denominator of a later term and the co- 
efficient of this term will then take the indeterminate form 0/0, 
while the intervening terms will disappear; and all the terms after 
this will contain this indeterminate coefficient The series will 
then be of the form 



A^' + fix' 



(/^ 



■■), 



■where -t-li 



3 than /. This may bo written 



I 

^^^H'where A is arbitrary and B/A, ..., FjA are determinate; M, being 

^P^^ equal io Kv. 0/0, is arbitrary (on account of the indeterminateness 

of 0/0) and LjK, ... are determinate. This series is a solution 

of the corresponding differential etiuation and therefore will be a 

solution when a particular value is substituted for the arbitrary 



f2*"*') + Jf(x"* 



_ constant: hence 



B 






I obtained by writing M= 0, is a solution. In uuch a case there is 
therefore a solution o/tiie eqmttion expressible in a finite fmin,. 



Er. 1. Coiisirlcr a 



ail exniiiple 
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When wo write i/=.1x"+Cj*"*' + ..., 

the equation to determine i» is 

and therefore iit = - 3 or + 3. 

For the root - 3 it is not difficult to obtain the werics 

Ax-'\ l + g*+g^3^ + temi3iii j^. j:*, .r^ which vanish 
. 4^-.r -2--1.0-1-8-3 . -a.-1.0 .1.a.3.4 ., -1 

Write 3f instend nf 

-2.-1.Q.1.2.3 
-5.-8.-9,-8.-5.0 ' 
and then the series is 

y . r 4 4. 5 4.fi. g 1 

L 7'^"^(4'-3^)(5'-3")-'^ (4i-3")(.V-3PK6^^*) ■'■'■■J' 
thus verifying the theorem that one solution nf the eqtiatiou is expreaaible in 
a finite form. 

Si: 2. Verify the general theorem in the case of the equation 
Ex. 3. Solve the equation 

S+(,-,.,*.(,..-^-|,),.o. 

88. Further illnstratioDs of these special points will occur later 
and they need not therefore now be coDBidered in greater detail ; 
various other points arise which will be discussed in connexion with 
special equations. Thus it has not been stated that a series must 
always proceed in ascending or in descending powers of the inde- 
pendent variable, but the comparison of the terras in the differential 
equation after the expression for the dependent variable has been 
therein substituted will indicate the nature of the series. In the 
case when one of the solutions becomes evanescent one method has 
been pointed out, which will be useful for supplying the deficiency 
thus caused; another will be indicated below. In fact the difficul- 
ties that arise are usually connected with f^pccial equations and not 
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with the genera! equatioo; and therefore some special equations 
will be considered. Of equations of a particular form there are 
four which are more important than the others included in the class 
soluble in series; these are 

First, the differential equation of the hypergeometric series 
which will be discussed separately in the next chapter; 

Second, Legendre's equation ; 

Third, BeBsel's equation; 

Fourth, Kiccati's equation ; 
the last three of these will now be discussed in order. It must 
of course be understood that what is carried out here is merely the 
complete solution of the differential equations and that there is no 
attempt at an exhaustive investigation of the properties of the 
F respective functions determined by the dependent variables. 



Legendre'3 Equation. 

89. This differentia! equation is 



', what is the same equation, 

in which the quantity ft is a constant. The equation is one which 
frequently occurs in investigations connected with questions in 
most of the branches of applied matheraatica ; in these cases n is 
usually, but not always, a positive integer. The equation is one 
of the second order and has therefore two independent particular 
integrals, and every other particular integral can be expressed in 
terms of these two; but it will be found that the form of these 
fundamental particular integrals is different in the two cases when 
« is, and when « is not, a positive integer. 

We proceed to obtain these integrals. In accordance with the 
^neral method of integration by series we write 
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and substitute; then we have 

n (n + 1) (A^x"^^ + A^x"^* + A^x"^* + ...) 

= ^ {(x" - 1) {m^A^arr' + ni,J,a;"r» + m^A^TTr' + ...)} 

= iiij (m^ + 1) Jjaj**» - m^ (m^ — 1) A^aT^"^ 



and this must be an identity. An inspection of the equation shews 
that, so far as powers of x are concerned, we have 

?n, = »f J — 2, 

m, = w, — 2, 



or the series must be one in descending powers of x; we there- 
fore now assume that m^, m,, m,, ... are arranged in descending 
order of magnitude, their common difference being 2. The com- 
parison of coefficients of the same powers of x gives, for those of a;**', 

K(m,+ l)-n(n + l)}il, = 0, 
or (»f J — n) {m^ +n-hl) A^ = 0. 

Now A^ is not zero, being the coefficient of the highest term in 
y; hence either 

or wij = — (n + 1). 

The relation between the coefficients of consecutive terms arises 
from equating the coefficients of a^*"*^ on the two sides; it is, for 
values of r greater than unity, 

n (n + 1 ) ^, = (7»i - 2r + 2) {m^ - 2r + 3) A^ 

- (m, - 2r + 4) {m, - 2r + 3) J^„ 
and this gives 

(w - 7w, + 2r - 2) (n + m^ - 2r + 3) il^ 

-= - (rw, - 2r + 4) (m^ - 2r + 3) A^^. 

90. Consider first the solution corresponding to 

7Wj = n. 
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The highest term is then A^\ and the relation between the suc- 
cessive -4's is 

(2r-2)(2n-2r + 3)il, = -(n-2r + 4)(n-2r + 3)^^.„ 

so that 



A (y^ - 2r + 4) (n - 2r + 3 ) . 

•■" "2(r-l)(2w-2r + 3) •-* 

_/ .xr-i n(ri--l)( 7i-2)... (n- 2 r+4)(n--2r+3) . 

-K a; 2'^M.2.3...(r-l)(2w-l)(2n-3)...(2n-2r + 3) •»' 

and therefore the series becomes 

J L- »("-!) ;.»-^ n(n-l) (n-2)(n-3) ^ ) 
^»r 2(2n-l)* ^ 2.4{2n-l){2n-3) ^ "j- 

Let the series within the bracket be denoted by y,, which is 
therefore a particular solution. When n is a positive integer, the 
aeries is finite; the last term is, when n is even, 

..to w(n-l)(w-2) 2.1 

^ ' 2.4...(n-2)n(2n-l)(2n-3)...(n + l)' 

or, what is the same thing, 

. ,Nin w!n!n ! 
^ '' in!i7i!2n!' 

while, when n is uneven, the last term is 

/ ,x*(»-i) ra(«-l)(w-2) 3.2 

^ ^ 2.4...(n-3)(n-l)(2n-l)(2n-3)...{n + 4)(n + 2) ' 

or, what is the same thing, 

/_ 1 .Kn-i) n\n\{n-\)\ 

^ '■' i(n-l)li(»-l)l(2n-l)! ' 

the numbers of terms in the two cases are respectively |n + 1 and 
Hn + 1). 

When n is an integer, 2n is an even integer, and therefore a 
zero factor can never enter into the denominator m this case; thus 
the series considered will never come under the class considered in 
§ 87 which yields two integrals. 

F. \^ 
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The series y,, multiplied by 



n being a positive integer, is usually denoted by P„ ; this function 
is an extremely important one in physical applications. 

£i. 1. Verify that 

aiid thftt P, is the coefficient of i" iu the expansioii in aaceiidit^ (lOwers of t 
Hence shew that ii = (l-2i; + r')~' is a, solution of the equatioi 



[90. 

4 

rtion 

4 

oft 

I 



Ex. 2. Prove that the roote of the equation ^[=0 are all real and numeri- 
cally leas than unity. 



£x. 3. Prove that the HUtu of thu coeffiuieutu in P^ with Uteir proper 
signs is unity. 



Ej: 4. Ohtuin the oquatinus 

(ii) (.i^-l)^=Hj;/\-nP„... 



I 



Id the case when u is not a positive integer the series y, pro- 
ceeds to infinity; and for convergence it is necessary that x should 
be greater than unity. But in particular when 2n is equal to some 
positive odd integer, say 2r — 1, then the coefficient of j-'"" has a 
zero factor in the ilenomiaator, and no zero factor occurs in the 
numerator either of that term or of any subsequent term; hence 
(by § 86) the terms whose indices are higher than n — 2r do not 
exist in this solution of the differential equation, which will there- 
fore begin with .t""^ multiplied by some new arbitrary constant. 
But since 2ii = 2r — 1, therefore n - 2r = - (n + 1 ), or the integral 
is an infinite aeries of descending powers of x beginning with a;"'***; ^ 
To the consideration of this integral we shall now proceed, 



91. We take now the second solution of the equation deter- 
mining the value of jh,; this is — (jt+ 1), so that the term with 
highest index may bo taken to be jlja;""*". The relation between 
the successive coefficients is 

for values of r greater than unity, and therefore 

(«+l)(n + 2) (n+2r-2) 



5). ..(2, 



' 2^' . 1 . 2 . 3 ... (r - 1) (2h + 3) (2k -+ 

so that the series is 

(» + l)(. + 2)(. + 3)(. + *) ) 

2.1(2n + 3)C2i. + 5) "^■■'J' 

Let the series within the bracket be denoted by y,, which is a par- 
ticular solution; the series y, multiplied by 



(2« + l)l 

(n being a positive integer), is usually denoted by Q„; for con- 
vergence it is necessary that x should be greater than unity. This 
series y,, or the equivalent function Q^, is also of great importance 
in physical investigations. 



^^he 



When n is a positive integer, the s 



8 proceeds to infinity. 



When n is a negative integer, y, ia a finite series; if n = — 2p, 
16 series begins with x"'' and proceeds for^ terms ; if n = — (2p -|- 1 ), 
the series begins with a?' and proceeds for p -f- 1 terms. 

When 2»i is equal to an odd negative integer other than — 1, 
say -(2»-+l), then the coefficient of j--'-«^'' has a zero factor in 
the denominator, and no zero factor occurs in the numerator of any 
term in the series; hence as before the preceding terms do not 
exist and the aeries begins with d;"*"*"^" multiplied by some 
new arbitrary constant. But since 2ft = — (2r-l- 1), therefore 
— (n-l-2j' + l) = n, or the integral y, becomes an infinite series of 
descending powers of a- beginning with x", i.e. y, beeome.i i/^. 

10—8 



148 LECENDBES 

92. We thus have the following results, 

I, When ?i. is a positive integer, there are two iudepcndeutfl 
solutions of the differential equation; (1) y,, a finite series, (2) j 
an infinite series; and the primitive is 
y = Ji/, + By,. 

n. When n is a negative integer, there are two independent"! 
solutions; (1) y,, an infinite series, (2) y, a finite series; and the j 
primitive is 

III. When a is not integral and in is not equal to some odd I 
positive or negative integer, there are two independent solutions j j 
(1) y,, an infinite series, (2) y,, an infinite series; and the primi-T 



IV, When 2h is equal to a positive odd integer, there is only J 
one solution of the differential equation, for g^ becomes y,, thiaJ 
solution being an infinite series; the primitive is thus not eapressi^ 
ble in terms of y, and y, alone. 

V. When 2n is equal to a negative odd integer, there is onlyl 
one solution of the differential equation, for y, becomes 1/^, tbufJ 
solution being an infinite series; the primitive again Is not express 
ble in terms of y, and y, alone. 

93. It therefore remains to obtain the complete integral i 
the last two cases. Let v denote the single particular integral ob-l 
tfiined, so that v stands for y, in IV, and for y, in V.; and let 

y=v.v- w, 
where u and w are, as jet, indeterminate. When this is sub-'| 
stituted in the differential equation, we have 



-[i\ 



da\ 



(1-^) 



+ n (« 
dv 






(1-^)5 



(i-x-)"-:+„(„+i) 



.]=« 



But since v is a solution the lost term disappears; and as t 
only condition imposed on u and iv is that y must satisfy the equ 
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tion, we may arbitrarily assign another, which will be so chosen 
that the coeflScient of v may vanish; hence 

SO that (a;' — 1) T- = constant. 

As we are seeking a second particular solution it will be con- 
venient to make it as simple as possible; hence we may give a 
definite value to this constant and write 

and therefore a suitable value of u is given by 

'x + V 



u 



-i'»«(m)- 



u 



If the constant had been made — -4, the value of u would in 
its most general form have been 

The equation to determine w now becomes 

^|<i-.o£}^»(..+i)»=2|, 

of which we want the Particular Integral. Hitherto the equations 
have been quite general ; the two cases must now be considered 
separately. 

94. Consider first the case of 2n equal to a positive odd inte- 
ger; then 

"" ^ + 2.(2n + 3) ^ 



and therefore 



(yi-H)(n + 2)(n + 3)(n + 4) ,,,,, 
^ 2.4.(2n + 3)(2n + 5) "" '^'"' 



d f .- -. dw] . - V 



=-2(,.i)r.-+&±||^).-^...]. 



160 
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Let w = B^x '''*^' - 

then aubstituting and equatiug the coeEScienta of corresponding | 
terms in a; we have from the terms involving a;"'""^' 

-B, [n (« + 1) - (« + 1) (" + 2)] = - 2 (h + 1). 
90 that S, = 1 ; 

while from the terms involving- x'^'"*^ we have 
B,{n(n + l)-(n + 2r){« + 2r-l)I + (7i + 2r-2)(n + 2)--l)B„. 

(« + l) (« +2) (n + 2r-l) 

2.4...{2r-2)(2;» + 3){2n+5)...(2n+2r-l)' 

or, what is the same thing, 

B,(2r-l)2CH+r) = (n + 2r-2)Cn + 2r-l)i?^, 

.9 _(»jh.i) <"+2) ■!• C"_+i''-i)_ 

" 2 .i...t2"r - 2) (2m + 3) (2n + 5) ... (2ji+ 2r - 1) ' 

The general value of B,, deducible from this, is complicated^ 

the values of the earlier coeiScients are 



(ft + 2)fa + 3)(3« + 4) 

3 (2n + 3) (2n + 4) ' 

_ (it + 2)(n + 3)(» + 4 )(,. 



+ 5)(30n* + I10» + 92) 



3 . 4 . 5 (2ft + 3) C2n + 4) (2*1 + 5) (2n + 6 



and 80 on ; but there is no advantage in writing down more of the 1 
coefficients, as the expression will soon be put into a different form. I 
Let the value of w with thesu coefficients substituted be denoted 1 
by w, ; then the new solution of the original differential equation I 
in the case when 2n is equal tu an odd positive integer is 

and the primitive of Legeudre's equation is 

y = Ay^^ Bu-^ + JB./, log (^J) . 

95. Consider now the CEise of 2i( equal to an odd negative 1 
integer; then 

« = ^-_,!L^LrLl) ..,, «(n- l)(n-2)(«-3) 
2(2n-l)'^ ^ 2.4(2n-lJ(2n-3) 
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and the equation determining w is 

Let w = C^a:"-* + (?,«•"• + C^a^"* + ...; 

then substituting and equating the coefficients of the highest 
term, we have 

Cj {n (n + 1 ) - n (n - 1 ) } = 2n, 

or (7, = 1; 

and equating the coefficients of the terms involving a;""*^ we have 
(7,{n(n + l)-(w-2r + l)(n-2r+2)}+(w-2r + 3)(n-2r-t-2)C; 



r-l 
-w (n ^^\ in — 9^ /» — 9^ a. 9^ 

= (-lp2 



_i ^ n (n - 1) (n - 2) ... (n - 2r + 2) 



2. 4 ... (2r - 2) (2n- 1) ... (2n - 2r + 3) * 

As in the preceding case, the coefficients soon become compli- 
cated ; a different form will be given to the solution, but the 
values of the earlier coefficients are 

(«-l)(ra-2)(3n-l) 
» 3 (2n - 1) (2n - 2) ' 

(w - 1 ) (n - 2) (ra - 3) (n - 4) (3Qw* - 50» + 12) 
»~ 3.4.5(2n-l)(2n-2)(2»-3)(2n-4) ' 

and so on. Let the value of w with these coefficients be denoted 
by w,; then the new solution of the original differential equation 
in the case when 2n is equal to an odd negative integer is 



i3'.iog(|^)+«'.; 



and the primitive of Legendre's equation is 



y=Ay^+Bw^-hiBy, log (^^) • 



Ex, Prove that the Particular Integral of the equation 



i^-^):r:^+nin+l)w = 



cLc^ ^ ' dx 

is XP«. 1 where X is a constant ; and that the Particular Integral of the equation 

is X'Qnn where X' is a constant. 



RELATION BETWEEN PARTICULAR 



Relation between the paa^cular solutions. 

96. We have now obtained the complete integral of Legendre's 
equation in all casca when ji is a real constant, by deducing two 
integrals which are linearly independent (§ 72) of one another. 
But we know (§ 65) that when one integral of a differential equa^ 
tion of the second order has "been found, the primitive can be 
expressed in terms of it and, if necessary, of other functions, and 
therefore any other integral ia so expressible; we proceed to 
obtain this relation for the cases — viz. I., II., HI. above — in which 
it has not been obtained. The first form in which it may be 
given is derived by means of § 65. We may define P„ and Q, by 
the generalised equations 

'■(—1)^ 

2(2ii-l) 

2-nwnM ( „„ (.. + 1) (« + 2) ,..„ ) 

nc2n+i) r "2C2«+3r *-i- 

■whether n be integral or not; H (it) is Gauss's 11 function and is 

r(n + I), and in the case of n integral is nl fsecnext chapter, §125); 
and P_ and Q, are still integrals of the Legendre's equation, since 
they are respectively constant naultiples of y^ and y,. We there- 
fore have 



J=.-o-.rt^' 



njpi) _ I , 
2-n(,)nwr" 



-+■■■ 



and Q.-- 



(1- 



' da? 



dx 



H)-P.-o. 



multiplying the former by Q, and subtracting the latter multiplied 
by P,, we have 






''<?.\ 




where 4 is a constant, which is definite and not arbitrary since Q^ 
and P^ are definite functions. To fiud A we consider the tenna | 
containing the highest powers of x; these are 

8-nwnw 
n(2ii+i) 
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since II (2n + 1) = (2n + 1) 11 (2n) ; and therefore 






"da? * cZa; as* — 1 * 



This gives 



or, its equivalent 



i(S\. 



(t) 



<&VQ./ (<^-i)Q, 



8 > 






(io? 



and therefore 

no constant being needed, as may be seen by comparing the coeffi- 
cients of the highest powers of a? in the expansion of the two sides 
in descending powers of x. 

97. This result may be written in a different form ; but it is first neces- 
sary to prove two relations between the functions given by Legendre's equation 
for different values of n. 

From the expressions given in the preceding article we find that the 
coefficient otaf"*^-^ in Pn^i-J^n-i ^ 

^ ^ 2*-in(n-l)n(w-l)2.4...2r(2;i + l)(2n-l)...(2n-2r+l) 

the last factor is easily simplified into 

(27i+l)«(2n-l), 

and therefore the coefficient is 

n (2n) n(n^l)(n-2)...(n-2r-H2) 

^ ^ 2*n(n)n(n) 2.4...2r(2n-l)(2n-3)...(2»-2r+3)(2n-2r+l)'^ ^' 

Hence the coefficient of o:*'^'' in 

dPn^i _ dPn-i 
dx dx 

in ( ly renin ^(^^) n(n-l)...(n-2r-f2)(;i-2r-H) 

18 ^ i; ^^^rA;2»n(n)n(n)2.4...2r(2n-l)(2n-3)...(2n-2r+l)' 
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that is, is the coefficient of the same power in (2n + 1) Pf^, These two ex- 
pressions are thus equal term by term ; and therefore 

In the case when n is a positive integer this leads to a finite series for 

dP 

^=(2n-l)P,.i + (2n-5)/>^.3+(2n-9) />,., + ... 

the last term of the series (n + 1) P^ or nP^ (i.e. n), according as n is even 
or odd. 

If n be not a positive integer, the series will proceed to infinity and will 

dP 

still be the value of --t^ , provided x be greater than imity. 



98. Now by § 95 we see that 



w 



is a solution of the differential equation, if t(; be determined as the 
Particular Integral of 



i{(i-'^)£h"("+^^«'=2 



dP, 



dx 
= 2K2n-l)P^. + (2«-5)P,.. + ...}. 

by the formula just obtained. To obtain this Particular Integral 
we write 

and substitute; since 

the left-hand side has, as the coeflScient of d^^JP^.^r^v 

n (w + 1) - (n - 2r + 1) (n - 2r + 2) 

= 2(2r-l)(n-r + l); 

and therefore 

a^.,{2r-l)(n-r+l) = 2n-4r + 3. 
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The value of w ia therefore now definite ; and the correspond- 
ing solution of Legendre's equation is 



* " ®V^-1/ (l.n "-* 3(n-l) "-' 



+ 2"-9p + 

^6(n-2) "-'^ 



]• 



the last term being 

? P 

(n-l)(in + l)^^' 

when n is even, and 

1 p . 1 

(n - 1) i (n + 1) ^«' '•^•' (n - 1) Hri+ 1) ' 

when n is odd. 

99. We have now to compare this solution with Q^. Let it 
be supposed expanded in a series of descending powers of a; ; it 
must then be of the form 

where A and B are constants. Now in the series the term in- 
volving a?* does not occur, since 



, , /^+1\ 1.1 1 . 



and therefore A must be zero; hence the coefficients of the powers 
between x^ and a?"^"**^ exclusive of the latter disappear; this is 
easily verified for the first few. The above solution is therefore 
a constant multiple of Q«, and thus 

Jn-9_ 1 

where Z^ stands for the series which, when n is integral, is a func- 
tion of degree n — 1. Hence 

P. * ^a-1 P' 
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and therefore 



legendre's eqoation. 



[99. 



^m 



_J7 
P." 



where E7 is an integral function of x of degree not higher than 
2n — 2. When we substitute on the left-hand side irom § 96, it 



B 
B = PJ- 



^i- 



(«'-l)i7. 



where the right-hand side ia a finite integral function of x, Thia 
is true for all values of a: ; writing a: = 1 we have B = value of P* 
when a: is unity. Now in Ex. 1 of § 90, P„ was indicated as the 
coefiScient of z' in the expansion of (1 —2.vz + s')'* in ascending 
powers of z ; and therefore the value of P, when a; = 1 is the 
coefficient of z' in the expansion of (1 — 2z +z')~*, i.e., of {1 —■*)"'. 
This coefficient is unity ; so that P_ when a; = 1 ia unity; and thua 
B=l and the equation becomes 



<i.-iPJog(^-^^)-Z.. 



Ex. 1. The following properties, analogous to those of/*,, hold for Q^ : 
<f*'(?, _ (-3)-n(») . 



(0 
(ii) 

(iii) n 






jGt. 2. Obtain the properties of the integrals Q correapondiug to those of 
the integrals F given in Ei. 3, § dt\ 

The further development of the properties of the functions which are the 
particular aolutiona of Logendre's equationa does not depend merely u]ion the 
differential equation ; the student will find most ample investigation of their 
aDaljticid properties and tbeir applications to mathematical physics in the 
excellent treatise by Heine — liandlnich der KageifunctioiKn. The treatisea I 
by Todhiinter, The functioitM of Laplace., and by Ferrers, Spherkal Harmonist, ' 
\rilt prove uaeful. 
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Bessel's Eqimtion. 
100. This differential equation is 

or^ what is the same thing, 

in which n is a constant; it will be assumed that n is real. 
This equation, like Legendre's, occurs in investigations in applied 
mathematics and there n is usually an integer ; but, as in the case 
of the preceding differential equation, this limitation will not be 
imposed on the value of n. 

To solve the equation we write 

y = A^x^'-\-A^x'^' + A^x'^+ 

and substitute ; we then have 

+ 4,0?'*^^' + 4^'^^'+ =0, 

which must be identically satisfied. Hence, from a comparison of 
the indices, we have 

m, = m^ + 2, 

or the series is one in ascending powers of a, the common difference 
of the indices of the powers being 2 ; and thus m,. = m^ + 2 (r — 1). 
Taking the term in a with the lowest index we have 

since -4, is not zero ; and therefore 

m^ = + n, or m^ = — n. 

The coeflScient of x^^^^ on the left-hand side must be zero, 
and therefore 

{K + 2r)«-n»}J^, + ^,= 0, 
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or, since 



poo. 



101, Consider first the solution corresponding to 



The coefficients A are then given by 

Ar 



9 that 



''=(-ir\- 



(r-l)!2"'-"(n + l)(n + 2)...(tH-r-l) 

for values of r greater than unity; and the series, vrhich is a 
solution of the differential equation, becomes 



A«- 1- 



2'(»+l)^2l2'(»+l)(» + 2) 



3!2'{» + l)(» + 2)(»+3)^-J' 

where A^ ia an arbitrary constant. When to A^ ia assigned the 

particular value „. -. , ^ , where 11 in] is Gauss's function 11 and is 
2 H (n) 

the same aa r(rt + 1), then the expression is denoted by J^, so 

that 



1-Ti 



a-nwL" 2-(»+i)"^2i2'(«-( 
_-•• (-1)- i^f 



)(«+2) "'J 



which is usually called the Bessel's function of order «. When » 
ia positive, whether integral or not, the series proceeds to infinity 
, for finite values of the variable, is obviously converging. 
Thus AJ^, where A is an arbitrary constant, is one solution of the 
diSerential equation. Before considering the form of J,, when n 
is a negative integer, it is convenient to obtain the solution j 
corresponding to the c 
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The work is the s 
and the solution is 
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as before with the change of sign of jt, 



a°(-«+l) 2!2*(- 



-1)(- 



1 + 2 



....], 



sia-c-n + ix-n + sx- 

Is an arbitrary constant. To iJ, assign the value 
then the resulting expression is exactly the same 



where B, 
1 

"2-"n(-«)' 

function of — h aa J^ is of + n and may therefore be denoted by 
(/_,, so that 



■2-"n(- 



= E 



(-!)■ 



2'C-» + l) 2! 2"(- » + !)(-» + 2) 



;on(-ii + r)n(r) 



(r 



If now n he negative, whether integral or not, or be positive 
but not integral, this series proceeds to infinity and, for finite 
vahiea of the variable, is converging ; in this case BJ_^ is another 
solution of the differential equation. 

If n be not an integer, then, whether it be a positive or negative 
quantity, J^ and J_^ are two independent and determinate par- 
ticular solutions of the differential equation and the primitive is 
|_ w = ^ J 4- BJ_,. 



1 102. If n be an integer other than zero, two cases arise. First, 
if n 6c a negative integer and equal to —p, a zero factor occurs in 
the coefficient of all terms after x"'' inclusive within the bracket; 
and therefore by § 86 the terms which precede this disappear, and 
J^ becomes 

', what i-s the same thing, 



.r, n(.)n(.+p) W 




[102. 

since n+p = 0. Now thia laat expression is {— IjV,, that is, is 
(— 1)'''J_, ; so tiiat in the case when n is a negative integer one of ', 
the particular solutions, J., is, in its modified form, only a < 
stant multiple of the other, J_^. 

Similarly it may be provedj or it may be at once deduced froni 
the foregoing, that when n is a positive integer one of the par- 
ticular solutions, J^, is only a constant multiple of the other, J,. 

When n is zero, the two solutions coincide. Hence in every I 
case when n is integral whether positive, zero, or negative, we may 
write 

but that this equation may be valid it must be remembered that J 
it refers to the respective lijHitiiiff forms of the particular solution 
of the differential equation when the superfluous terms of the 
latter for the special value of n have been removed from the [ 
expression in the general case ; and the relation merely gives this 
liviiting forvi. It however shews that when n is integral it is | 
BuflScient to take the positive square root of n' and to consider, aa 1 
the corresponding particular solution, the function associated with I 
that square root. 

It thus remains to find a. second particular solution in two | 
cases in order to have the primitive ; and these two cases are 

First, when n is zero : 

I Second, when n is an integer which (from the above explanation) J 
may be considered positive. 
103, 
have so 
Itn 



To obtain these particular solutions it is convenient to I 
have some fundamental properties proved. 

It may be at once verified "that 



(i) 



(ii) 



(iii) 



(j:V.) = jV._, 



-jj=-a;-v„.,: 
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aud from the last two we have . 

oT* -,-^ — no?"*"* «/- = — x'^J., . 

Dividing the first of these throughout by a;*"* and the second 
by «?■*"* and subtracting the latter from the former we have 



Similarly 



2 
2 



Now it is evident from the general value of J that e/» = ; 
hence the preceding equations give 

«^^i = -{^«^«-(^ + 2)J^^2 + (^ + *)e^»^--adinf.); 

this series is converging. 

Ex, Prove that 

dJ 2 

-^* = -{inJ;-(n+2)./^^2+(n+4)j;+4- ... ad inf.}. 

104. To obtain the desired particular solution in the case 
when n is zero we substitute 

in the dififerential equation 



ft + l^+y = 0. 



da? X dx 
and the result is 

d^w 1 dtu __ y. /d^u 1 du\ ^ ^ du dJ^ 
da? X dx "" ^ \dx* x dx) dx dx ' 

To make the coeflScient of Jl vanish we have 

• 

d'u 1 du _^ 
dx* X dx * 

F. 11 
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which is satisfied by 

u = log X ; 

the equation determining w is now 

(Pw 1 dw _ 2 dJ^ 
5a?* X dx X dx 

- '-A 

X * 

Now from the equation 

d^ '^xdx ■^*'-~^^' 
it follows that 

is the Particular Integral of 



n 



do? X dx ^ of *' 



The general term in the right-hand side of the equation 
determining w is 

we have therefore for this term 

^ ^ n 
Hence 

w=2{J,~iJ, + ^J,-{J, + iJ,,- }; 

and therefore a solution of the original equation is 

J,loga; + 2{/,-i/,4-J/e-i'^B + Kio- }• 

Let this be denoted by F^; then the primitive of the equation 

daf X dx *^ 

is 2/^AJ,+ BY,. 

where A and B are arbitrary constants. 
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105. To obtain the second particular solution in the case when 
n is an integer we write 

y =^ J^log X - w, 
so that 

cPw 1 dw /, n'\ 2 dJ_ 



Idw /-, _ ^'N __ 2 
dx* X dx \ of I X dx 



2n 4 



Now 



\ being a constant; and therefore a value of w satisfying 

is «, = (_ 1)' 4±|!1 r 

^ r(n+r) *^*^ 

Let Wj be a quantity satisfying 

d^w 



^ + 



djf 
then a suitable value of w will be 



1 dw, /- n"\ 2n ^ 



W — W.+Zi— 1) —7 ; V J^^. 



The right-hand side of the equation giving w^ must be transformed. By 
the general relation between three successive Bessel's functions we have 

hence 2 gj J,- 2 (?yo-«^i-2 gy,-^,^./, ; 

hence also 

2.3(?)V,-2.3(?)V,-3(|)y,-/,=2?/,-/,=^,; 
also 

11—2 
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and so on ; and the general equation is 

„ / IN /2V-1 J „f . n/2V" t n (n - 1) /2\»-5 J n(w-i) /ay-* . 

n(H-l )2 7 _ r 

or, what is the same equation, 



2/1 






Also, by actual substitution we have 



~"ar"*L X dx x^ 'J' 

80 that, on writing m=n-p, 

Xdjfi^xdx^ x^j^^a^^ af^-p ^''\x~dx ^ x^ ')' 
Xp being a constant. If p be not zero, the right-hand side is 

^-p + 1 'Vi»-i > 

while if j9 be zero, the right-hand side is 

2ii - 

If now we substitute in the equation for Wj the value 

p=n-l J 

p-o -^ 
a comparison of the two sides of the equation gives 

9»-p + 1 
-2(M-;?)X^=-inW ~^^ 

if /? be not zero, and gives 

2nXo=in(/i)2* + i 

if jo be zero ; and therefore, whatever/? may be, 

X ^2«^^1_ ^(7^) 
" n-pn{p) 2 • 

Hence the value of w, is 



ITT/ /^v"' 1 /"^V *^P 



105.] EQUATION. 165 

and therefore the second particular solution ofBesseVs equation in 
the case when nis a positive integer other than zetv is 

if no ^^^ \ ^ r{n-\-r) ""^ 

^ p=o w-p\a;/ II (p) 

Let the right-hand side be denoted by Y^\ then the primitive 
is given by 

y = AJ, + BY,. 

Ex, 1. Another method of obtainiug a second particular solution is em- 
ployed by Hankel as follows. Any linear function of the particular solutions is 
also a particular solution ; hence in the general case such a solution is given by 



2irc 



niri«^«COS7Ur-./_« 



sin2n9r 



which is then perfectly determinate ; while in the particular case of n an 
integer it takes the form 0/0 since ( - 1)**!/^ =«/_,». Prove that when evaluated 
this assumes the form 

W p=o U\p) \y 

where ^ (^) = — log n {z) ; 

and identify this with the solution alre^y obtained. 

{Math, Ann, l. p. 469.) 

Ex, 2. The series for J^ is always a converging series ; but, when z is 
large, the convergence is slow and it is convenient to have a series proceeding 
in descending powers of z. Prove that 

T /"^V/i (l2-4n«)(3«-4»i2) \ ( V „\ 
•^-^Wr 2! (8^)^ -'+-j^(^-4-^2J 

^ W l~~8i 3! (82)3 +...|sm^^« ^ n-j, 

80 that the series terminates, if 2n be equal to an odd integer. 

(Lommel.) 

106. The relation between the two linearly independent in- 
tegrals J^ and J_^ may be found as in § 96. We have 



d^J 1 A/ 
d^ X dx 



(l-^)/. = 
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and therefore 

which gives 

dd? '* dx ^ X 

where -4 is a constant which, however, is not arbitrary since J^ 
and J^ are definite functions. To obtain the value of jI it is 
su£Scient to consider the highest terms only in the left-hand side; 
when these are substituted, we find that 

2n 



n (n) n (- n) 

2 

n (n - 1) n (- n) 

2 sin WTT 



TT 

and therefore 



-j-^ J ^ J- e/ = sin WTT, 

ax "*• ax " trx 



or, what is the same thing, 

d (J^\ _ 2 sin nir 
dx \Jj '^^^n 

Ex. Obtain the correflponding equation when n is an integer. 

EeUUion between the equations of Legendre and BesseL 

107. It is possible to derive Bessel's equation from that of 
Legendre. For, diflferentiating tlie equation 

m times, and writing 

doT' 
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we have 

(l-(c')g-(2m + 2)a;g + |«(n + l)-m(m + l)|y = 0. 

Let the dependent variable be changed to f where 

f = (l-rc^)»-^; 
the equation now becomes 

Let the independent variable be changed from a: to ^ where 

^' = n' (1 - a;*) ; 
then after slight reductions the equation becomes 

When we make n infinite, we have 






which is Bessel's differential equation. 

When all these operations are combined, we have, as the result, 
that the limit of 

when n is infinite, is BesseUs function of order m, ^ being the 
independent variable. 

It would appear from the foregoing process that ^ is infinite ; 
this however is avoided by making x approach indefinitely closely 
to the value unity. The geometrical analogue of this relation be- 
tween <f} and X is that whereby any very small portion of a spherical 
(or other) surface in the neighbourhood of a point is studied by 
assuming it ultimately to coincide with the tangent plane of the 
surface at that point and to be magnified in that plane. 

Ex. Verify that the above expression becomes, in the limit, a multiple 
of «/m- 

In this connexion the student may consult Heine, Theorie der Kugd' 
functioTien, 2nd edition, vol. i. p. 182 ; Lord Rayleigh, Proc Land, Math, Soc 
vol. IX. p. 61. 
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The com[)let« iittogntl of Bessel's difiereati^ equutioii haa Iieoii obtained J 
for every caso ; the further tleveioptneiit of the properties of the functions I 
which occur in that integral cannot be giren here. The atudeut will find T 
the functiona fully treated by Lommel in hia Stadien. aher die Be»»^»eh» I 
Faiutioneti and in several juipers hy the same writer in the MaiMmatitdt* I 
AawiUn, vols, ii. ni. rv. ix. siv. X.VI. ; in partiailar the paper in vol. xrv. 
deals with differential equittiniiH nliich are integrable by Beesel's funotiuna, I 
Reference should also be made to Neumann's Tlieorie der Bee»eP$ehen Fttno- I 
lione7t and to Heine's Tlieorie der Kugelfuiwtitmen, 2nd edition, where (voL I. ' 
p. 189) a liet of memoirs referring to the functiona is given ; TodhunteT^ | 
FuTiction* of Laptiicf, Lara^ mul BesMl. contains many of the properties. 

For B general proiwrty of all linear differential equations similar to those 
which have just been discusseil and which give rise to functions depending 
upon a constant parameter the student may consult, in addition to the fore- 
going, Sturm, LiuiieiUe, vol. l ; and Eouth, Proc. Land. Af<Ulu Sue. voL x 



RicCATl's Equation, 
108. Riccati'K differentia] equation ia 

It it is convenient to consider first tlie more general form J 



- o_y + ty = 



If in the latter the independent variable lie changed from .: 
z, where B=3f, and the dependent be changed from y to m, where j 
y = uz, the equation becomes 

(Iz u a 

wliich is Riccati'a form. 

109. Consider now the more general form. 

Firstly, it can he integrated infinite terms when n = 2a. 

For assuming y = ujf we find on substitution 

T- + oj; u = ex , 



J that 



4> 



In tije case wlien n = 2« tliia becomes 



109.] EQUATION. 169 

the variables are separable and u is expressible in terms of ex- 
ponential, or circular, functions according as b and c have, or have 
not, like signs. 

Secondly, it can he integrated in finite terms when (n ± 2a)/2n is 
a positive integer. 

Let the dependent variable be changed from y to y^, where 

A -\ — = V and -4 is a constant the value of which has yet to be 

determined. When substitution takes place and the terms are 
rearranged, the equation becomes 

-aA-hbA'-h{n-a + 2bA)-+b-,''^^ = car. 

We choose A so that the constant term vanishes, and thus -4 =0 
or a/b. 

Taking the value a/b for A and substituting in this new form 
we have, after a slight change. 



a? -^ - (a + n) y^+cy^^bx^ 



dx 

Now this equation is of the same form as that with which we 
began ; and the changes, that have taken place, are in the coeffi- 
cients — the original a has changed to a + w, and 6 and c have 
changed places. In this last equation we write 

a-\-n . af 
the foregoing analysis then shews that the equation in y, will be 

And the result of i successive transformations will be to reduce the 
given equation either to 



or to 



a'^'-(a+^'^)y, + cy,» = 6x- 



according as i is odd or even. 



170 RICCATl'S [109. 

Now, by the case first considered, this equation is integrable in 
finite terms, if 

w = 2 (a 4- in), 

.,...- n - 2a 

that IS, if -2JJ- 

is a positive integer. 

Taking next the value zero for A we can easily transform the 
equation into 

an equation which diflTers from the former in y^ only so far as 
regards the sign of a. Adopting now for this the preceding series 
of transformations we write 



n — a X* 



and the equation in y, is 



'^'—"■v.' 



Hence after i - 1 transformations of this series (and therefore after 
t transformations in all) the given equation is reduced either to 

^'dx" ^^^ " ^) 2/« + cy«" = &«* 
or to X ,- — (in — a) y, 4- 6y,' = ex*. 

In either case the equation is integrable in finite terms, if 

n = 2 (in — a), 

. , . . .^ n + 2a 

that IS, II — ^ — 

is a positive integer. 

Combining then these two results we have : the equation 

is integrable in finite terms when (n ± 2a)/2n is a positive integer. 

In each case the integral is given in the form of a finite 
continued fraction, the last denominator of which involves either 
exponential or circular functions. 
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110. We can dow obtain conditions that Riccati's equation 
shall be integi-able in finite terms. From § 108 it follows that 

ax 
is transformed by the substitution w = ylx into 

where m = n — 2. Now the latter equation is so integrable when 

n ± 2 = 2/21, 

where i is a positive integer ; and therefore Riccati's equation is 
integrable in finite terms if 

m + 2±2 = 2i(m + 2). 

Taking the negative sign we have 

^ = -2i^r 

while the positive sign gives 

-4(t-l) 
2i-l ' 

or what is the same thing in the case of the latter 

by merely changing the integer i. 

Hence Riccatts equation is integrable infinite terms, if 

— 4i 
"^ = 2^1' 
i being zero or a positive integer, 

Ex. Prove that the equation 



du 
ax 



is integrable in finite terms, if 



7?i+l -2t-4-l -2i-l 

it+1 ~ 2t + l ^^ 2t-l * 
i being an integer. 

Relation between the equations of Bessel and Riccati. 

111. The equations of § 108 in the form in which they have 
been discussed are of the first order, but are not linear ; there are 
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[111. 

some important transformations which render them linear of the 
Becond order. 

In Kiccati's equation let the dependent variable be changed 
from M to V where 



hu = 



vdx' 



so that if « is expressible in finite terras, v will be so also; the 
eqiiatioa then iMtcomes 

■, ■; — bCVX =0, 

ax 

which might be taken as a standard form, equivalent to Riccati'a 
equation. 

If b and c have the same sign (in which case exponential func- 
tions occur in u) this equation may be written 

rfa;* 



x'aTv = ; 



while if their signs be unlike (in which case circular functions 
occur in u) the equation is 

Both of these are integrable in a finite form for the same value of 
Mi that renders Riccati's equation integrable. 

Change the independent variable from x to s, where 

, 1 

and <{ = im + 1 = - say ; 

the equation then becomes 

d'v n-lde J 

-j J, --—bcv = 0. 

air z as 

This therefore is integrable in a finite fonn if 



= j„. + l = l_^.^=_ 




»±1' 



whence it follows that n must be equal to an odd integer; and so \ 
if the equation be written 

5-i - ^ -J- - OCT = 0, 
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the condition of integrability in a finite form is that p should be 
an integer. 

This is reducible to its normal form by the substitution 
and the equation for w is 



dJ'w 



— hew = '^-^li — w, 



which is integrable in a finite form \{p be an integer. 
Lastly, let w = z^t be substituted; the equation for t is 

the primitive of which is 

t = AJp^ J [z (- hcf"] + BJ.^ + J) [z (- hc)\ 

If p + J be an integer, this ceases to be the primitive ; we then 
have for the primitive 

t = AJ^^^ [z (- hc)^] + ^Fp+j {z (- hc)\ 

Hence the solution ofRiccatHa equation can he expressed in terms 
of BesseVs functions; and, in particular, the solution of 



is given hy 



^ = ^.J [^e7_l_ {z\^) + BJ_ _x__ {z\^)\ 



[_ «+2 m+2 

or x^\^J 1 {z\^)-\-BY 1 {z\^)\ 

L w+2 m+2 J 

according as m-\-2is not, or is, the reciprocal of an integer. 

This is immediately derivable from a combination of the 
preceding transformations. 

The only case of failure is that in which m + 2 is zero, that is, 
when 771 is — 2; the equation is then 

a;' 33 + Xt; = 0, 
aar 

which can be solved by the method of § 47. 
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Fur furtber itiforuiation upon thia equiition a memoir bj J. W, h. 
Glaisher in tha J'AS. Traiu. 1881, yp. 769—828, ehould be consulted, where 
full references to authorities will be found ; and the connexion between 
Riccati's equation nnd Befisel's will be found fully discussed in the book and 
papers of Lommel to which reference has already (p. 168) been made. 

Some examples of the sohitiou expresiied b; aeries will be fouod in the 
Miscellaneous Examples. 

Symbolical Solutions. 
112. lu CEises H'heu the solutioQ of a differeutial equation ia 
series consists of a function in a finite form or when it coDsista of 
a terminating series together with some function or functions in a 
finite form, it ia sometimes possible to obtain a solution of a 
symbolical nature which will, when the operations therein indicated 
are performed, prove equivalent to the solution otherwise obtained. 
As an example, consider the differentia! equation 
d^ , _mim + 1) 
dx" "^~ x" ^' 
the solution of which has been proved to be expressible in a finite 
form when m ia an integer. When the dependent variable is 
transformed from y to u by means of the relation 

the equation becomes 

Consider now the differential equation 

dj;'"" 
the general integral of which is 

i; = Ae" + Be-"' 

and change the independent variable from x to z, where s stands 
for Ja*; the equation becomes 



= 0, 



1z 



^v dv _ 
dz' de 



Let this he differentiated m + \ times with regard to » and 
1 1 denote -T-an', then we have 



r. + (2"' + 3)3;-"*'" 
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Let now the independent variable be changed from z back to x\ 
the equation then becomes 

ax X dx 

Hence we have 

u=t 

1 dY^' 



= S^) (^«"H-^0; 



the primitive of the original equation in y therefore is 
A slightly diflferent form may be given to this, for 

OS CLX 



•na 



X 

A'e"" + Be 



X 

on changing the arbitrary constants ; and the primitive may be 
written in the form 

1 d y fA'e"** + B'e 



^-•■a£)"(^i=^)- 



Since the diflFerential equation remains unaltered, when for m 
is substituted — {m + 1), the primitive may be expressed in the 
additional forms 

*°^ y^'' kn) ( — X — J- 

Ex. 1. From the foregoing it can be at once deduced that the primi- 
tive of 

(an equation arising in investigations connected with the Figure of the Earth) 
is expressible in the form 
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Ex, 2. Prove that the primitive of the differential equation 

can, in the case when q is the reciprocal of an odd integer 2i+l> be exhibited 
in the forms 






!i*» -5».s 



'-'{'-"'' izj{'-'{^'^ +^«'' )}' 



-^ --»«N 



"= ('■*'"5)"'"f '(^o' +^*"' )}• 



Ex, 3. Prove that the primitive of the equation 



(Glabher.) 



is given by 






where r is to be put equal to a^ after the performance of the differentiations. 

(Gaskin.) 

In all these cases when the solution of the equation is thus given symboli- 
cally, it is not difficult to identify the solution in this form with that obtained 
in any other form, such as one in series by the earlier methods of this chapter, 
or as one by means of definite integrals as indicated in chapter viL 
The student who wishes for fuller information on the subject of these sym- 
bolical solutions and their connexion with solutions in other forms will find a 
full discussion in the memoir (Section vi.) by J. W. L. Glaisher already 
(p. 174) quoted. 



MISCELLANEOUS EXAMPLES. 

1. Integrate in series, and express in a finite form the integrals of^ the 
equations 

(i) *ig-cV=0; 
(ii) x^^-<?!,=0. 
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2, Verify that a root of the equation 
satisfies 



(Spitaer.) 



3. Obtain the primitive of the equation 

da^ ^ dx a^ 



in the form 

4. Solve the equations 

(iii) (jpa+^^)^+{(a + 3)ja:S + (6^c+l)^}^+{(a + l)^^-Hy'==0- 

5. Transform the equation 

bj assuming 

and ni+a?+wa=£(-n)* 

mto _^=f^+pf. 

and integrate the last equation in series. 

6. Integrate in series the differential equation 

^a-4^)S+{(4p-6)4;-;>+l}g-(;,-l)tt=0; 

and express the integral in the finite form 

. ^{I-(l-4a?)V+5{l + (l-4jr)*j'. 

(Glaisher.) 

7. Obtain the general integral of the equation 
in the form 

(Leolie Ellis.) 
K. 12 
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8. Prove that the coefficient of oF in the expansion in aaoendiqg powers 

of a of 

(l-2aX+o«)-* 

is the solution of 

^ |(1 -**f+»^}+m(m+2«) (1 -*»)»-»y=0. 

9. Prove that, with the notation nsed for the solntion of Legendre's equa- 
tion, {P« (cos £f)}^ is a solution of the differential equation 

^^sin^Y^+4n(n+l)sin^^^sin^W=0. 

10. Prove that, with the notation of §§ 90, 91, 

(Trinity Fellowship Examination, 1884.) 

1 1. Prove that the primitive of the equation 

(l-««)^-2(*»+l)*^+ (n+m + l)(n-«)y=0 
is given by 

provided m be not greater than n. 

What is the primitive when m is greater than n ? 

(Hmne.) 

12. Shew that the solution of the equation 
where i& is an integer, may be expressed in the f(Mnn 

where y^ is the solution of Legendre's equation. 

13. Obtain the primitive of the equation 

(l-jF«)^+2(m-l)a7^+(n-m + l)(«+m)y»0. 

(Heine;} 

14. Prove that the equation 

has, in the case when n is an integer, for its primitive 

(Lommel.) 
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15. Obtain the primitive of the equation 

in the form 

where /i*w' = J (n - 1)* - 6. 

({lommel.) 

16. Verify that the primitive of 






_,»»''="'"* 



J>-0 

where og, oi,..., a^-i are the roots of the equation a**=l ; and that of 

■■m+><^*'y_„ 

paQ 

where ooj aj,... , oj^, are the roots of a*» "••*=» -i. 



(Lommel.) 



17. The primitive of the equation 



is y=M(«')+^i^o(«'); 

and that of ^^^^'y^^ 

is ysaxfJJoW + ^^oW}* (Lommel.) 

(See, for connexion between these two equations, Ex. 10, p. 127.) 

18. Prove that, with the notation of § 101, 

2 

n not being an integer, and that 

(Lommel.) 

19. The differential equation 

is integrable in finite terms, whatever function of x is denoted by Q, provided 
9w be an integer. 

12—2 
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20. The equation 

is integrable in finite terms, if 

"^^^^ 2t+l 
where t is a positive integer or zero. 



(Mahnsten.) 



21. Prove that the coefficient of h^^^ in the expansion of c*"^*^"*"'*^ 
satisfies the differential equation 






22. Shew that, if y = X be the solution of the equation 

(X* being a constant), then the solution of 

is given by 

^ \x^-^dxj a^'^' 

Hence solve the equation 

23. The equation 

is integrable in finite terms in the following cases : 

1. when - is an odd integer ; 

2. when ](l--) +**~f isan odd integer ; 

3. when -±•{(1--) +4-1' is an even integer. 

24. Prove that the equation 

admits of finite solution, 



(Glaisher.) 



(LesHe Ellis.) 
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1. when any one of the four quantities a -0 is an even integer, 

2. when any two of the quantities 

are odd integers ; 

where ai, a, and 0i, fi^ ^^^ ^^^ roots of the respective quadratic equations 

i6»(a-2)(?ia-2n-2)+i«7i(a-2)+^=0> 

and Jan^(np-2)+ic7i/3+/=0. 

(Pfoff.) 

25. Prove that the three expressions 

^(. 1 o»ar* 1 a*ar* 1 cfiafi \ 



e 



-ose-r-J 



are all particular integrals of the equation 

or* or 

and shew that, when p is not an integer, these three expressions are equal to 
one another. Obtain, in this case, a second and independent particular 
integral. 

26. Prove that the solution of 

may be written in either of the forms 

y^x'9'^ {^ ~Y {:r-?P + i(Je« + ^e-«)}, 

(Boole.) 

Prove that the integral of the same equation may also be written in the 
form 

(Donldn.) 
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27. The solution of the equation 

a?^+{i»+n+(o + ^)*}^+(iii^+na+a/3j?)y-0 



can be expressed in the form 



y^^'^^i (x-^x-")} +£«-'*»*_ {^-«.^-.)j. 



Obtain that of 
in the form 

(Spitzer.) 

28. The orthogonal trajectory of the system of surfaces of revolution 
given hj P^=^cf^^\ where P^ is the solution of Legendre's equation and ita 
argument x is the cosine of the vectorial angle of any point, is given by the 
equation 



CHAPTER VI. 



Htpehgeometric Series. 



113. The series 



a(a + l)j3C8 + l) 
1.2.7(7 + 1) 



fl(a + l)(« + 2)g03 + l)(g + 2) 
^ 1.2.3.7(7 + l)(7 + 2) 



«" + .. 



18 colled the hypergeometrtc series and is usually denoted by 
Fipi, yS, 7, x); the four quantities a, /3, 7, 3; are called its elements 
and dF these x alone is variable. The elements a and ^ uiay be 
interchanged without affecting the value of F; if either of them 
be a negative integer the series will consist of a finite number of 
terms, otherwise it will proceed to infinity. It will be assumed 
that 7 is not a negative integer, so that infinite terms may be 
excluded. 

If X be less than 1, the series is converging, but if a; be greater 
than 1, the series is divei^ing. If x be unity, the series is con- 
veiging if 7— a — /9 be positive, and diverging if 7— a — ^ be zero 
or negative. 

The series is one of very great generality and includes as 
particular examples very many of the series which occur in 
analysis. The following esamples admit of easy verification : 

I. {i + .)-.F(-«,AA-«). 

II. (1 + «)■ + (1 - «i)- . 2f (- Jn, - i« + 1, i, «■). 

III. log(l+a)»if(l, 1,2. -.!■). 





DIFFERENTIAL EQUATION OF THE 


IV. 


l0Bj4-^=2xF(i,l,S,^). 


V. 


e-=F(l,Al,|). 


VI. 


coah.= F(,,fti,4). 


VII. 


coan» = F(ln,-J», i, 8inV). 



[115.1 



A>. 1. Prove tLat nil the (iiffBTential coefScieuts of the series will be J 
diverging for the value x= I if the eeries itaelf be diverging for that value ; 1 
und that all the differential coefficients from and after one of some order will 
be diverging for the value ^ = 1 though the series be converging for that value. 

Ex. 2. Express aa hypergeometric aeriea 

(i) sin I, the variable element in the se: 

(ii) BJnnf, the variable element in the s 

(iii) cos tU, the variable element in the a 

Others are given by Gauss at the beginning of hia earlier memoir (referred 1 
to in § 134). 

114. Let the coefficient of of be written J,; then the relation' ] 
CLiQiiecting consecutive A'a is 

(l+r)(7 + r)^,., = (=.+r)09 + r) 
Consider the difTereutial eq^iation 



a being I* ; 
ies being siu'f ; 
ies being — tan' t. 



(a + »)P+«-la(a 



a+7-i)l 



) y=o- 



..(i) 



in which S stands for the operator i" -r ■ A solution of this equ»- I 
tiou can be obtained in a series : let this series be given by 

y = By + B,aJ'*^+By**+ 

Substitute this value in the differential equation, which musti 
be identically satisfied ; each separate power of x must thereforo I 
disappear in virtue of the quantity multiplying it being zero 
Thus for the lowest power we have 

-/xO + 7-l)B„ = 0; 
and from the vanishing of the coefficients of the higher powers the J 
relation between the successive quantities B is given by 
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We shall assume that J9, is not zero as the relatiou £„= would 
make all tlie B'a zero ; and thus the former equation is satisfied 
by either 

/*=0 

115. Take first the value /i= 0; then the relation connecting 
the quantities B becomes 

(l+r)(7 + 7-)S„,= (a + r)(^+r)fi,. ' 

Nowwhen B^=1 = A^, the relation just proved, compared with 
that which connects the A'a, shews that B^= A^ ; and therefore the 
aeries assumed for 7 becomes the hjpergeometric series. Thus 
one solution of the differential equation (i) is F{% ff, 7, x). 

Let the operating factors in (i) be expanded and terms of the 
same order collected ; then the equation may be written 



[But 



a' = a:" 






d 



with these values inserted the above equation, after rearrange- 
ment and division by a^{l —x), becomes 

iTy , 7-(a + g + l)a; d.y _ 

tie*"*" 



-(I). 



which is the differential equation satisfied by F(a, ^, 7, x). 

Take next the value fi.= l—y, the relation connecting the 
quantities B becomes 

(H-r)(2-7 + r)S,„ = (3+l-7 + j-)0+l-7 + r)fi^ 

Let Bg= 1 ; this equation shews that the quantities B are the 
successive coefficients in a hypergeometric series whose constant 
elements are respectively a + 1 — 7, /3 + 1 — 7, 2 — 7. The series 
assumed for y begins with x^"' ; hence this value of y is 

aj'^Tf fa+1 —y^ ^ + l_y^ 2-7, a;) 
and this also is a solution of the differential equation (1). 



I 



NOKMAL FORM OF THE EQUATION. 

We have thus two particular iotegraU of this differential 
equation ; and therefore any other particular integral which is 
finite for vahies of x les3 than unity may be represented by 

AF^a, ,9, 7, x) + Bx^-"" ¥{% + 1 - 7, ^ 4 1 - -y, 2 - 7, a:), 
in which A and B are constants, the values of which may be 
determined by comparing powers of x. If in tbia expression A 
and B denote arbitrary constants, it furnishes the primitive of (1). 

116. To reduce (1) to its normal form we must compare it 
with the general linear equation of the second order. We then 
have 

p, 7-(g+ff-H)'g _7 I 7-a-/3-l 



^ x{\-xy 

and therefore the invariant I, being 

becomes, after some reductions, 

X' - j;i* + K* - 1 



i- 



- + i 



(^-1)" 



+ i- 



r(.r-l) 



x'=(i-7)'; M' = (a-/3)'; i'' = (7-«-/3)\ 

Let this invariant be denoted either by / or -^{x) ; the I 
form will be convenient when the independent variable 00m 
be changed. 

Thus equation (I), by the substttation 
becomes 

S+'-f-W"" <*)• 

ia which -^ {x) denotes the foregoing function of x. 
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SET OF PARTICULAR INTEGRALS. 



Set o/24 particular integrals. 

117. We now proceed to find some further particular integrals 
of this differential equation. It follows from the investigation 
of § 64 that the conditions, which must be satisfied in order that 
tbe equations 



de' 



vytr{x) = 



^^.(0=0- 



^^^H should be transformable into one another are firstly, 
^^^B and secondly, 

i 



..(3), 



.(4). 



Hence, if we consider ^, (t) as a given function of (, the latter 
equation will give the value of t in terms of x; and when this 
value is found the former will furnish the relation between 
and 2. 



Now assume that the function ^}r^ {t) is such as to make 
equation (3) the normal form of the equation satisiied by 
a bj-pergeometric series with constant elements a', ^', y' ; and 
suppose that we can obtain from (4) a value of t in terms of x. 
Then, since the value of u will be at once derivable from that of (, 
ve have a solution of (2) iu tbe form 

I T»hich is distinct from the value of v, which we have ulready bad. 

118. The general solution of (4) will give ( as a function of 
a, fi, 7, a', ^. y' ; let us select those forms of this function which 
I- make t dependent on x alone, and independent of the two sets of 
Koonstant elements. We may, to obtain these, write 



i<. 



^. <-)(£) 



: f (.,•), 
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The former of these on multiplication by t'"^ is directly inte- 
grable in the form 

and proceeding with the integration, we have 

4 
^ " ^ " C (Cx + C) 

cx-\-d 

on changing the constants. This is the general value of t which 
makes the function [t^ x] vanish; but the conditions require that 



{ad — 5c)' , (ax + b" 



(ad — 6c)' , /ax + d\ , , . 

and this will not be satisfied for arbitrary values of these constants, 
which must therefore be determined. Now 

where A = l —fji,*, 

and we may write 

f^ it) = i — ^-(i^r^jF- . 

Hence the constants a, h, c, d must be such as to satisfy 

Aa^ + Ba^+ C 
a^{l-xy 

.^A' (ax + by + B' (ax + b)(cx + d) + C' (cx + d^ 



^iad" bey 



(ax + by (cx -^ dy [{c - a) x+ d - b\* 



The quantities a, fi, y (and therefore A, B, C which are functions 
of them) are arbitrary and thus the numerator and denominator 
of the left-hand fraction can have no common factor except a 
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constant and similarly for the right-hand side. Hence we may 
write 

= (ad - bey [A' {ax +&)» + £' {ax + &) (cx + cQ + C {ex + df], 

mx* (1 - a;)*= (aa?+ 6)* {cx-\-df {(c - a)a; + d- 6}', 

in which m is constant. The latter of these equations will deter- 
mine the values of a, 5, c, d which are admissible ; the former will 
then serve to indicate the relations of a , /8', 7' to a, )8, 7 in order 
that the expression at the end of § 117 may be a solution of (1). 

119. Comparing now the coeflBcients of the different powers 
of X on the two sides of the latter equation, we find that the 
following sets of values for the constants will make the equation 
identically satisfied: 

(i) c = = 5 =a — d;m = a**; 

(ii) c = = d — 5 = a + 5 ; m^a^] 

(iii) a = = d =c— &; m=5*; 

(iv) a = = d— 6 = c + d; m = 6*; 

(v) 5 = 0=c — a = c + rf; m = a*; 

(vi) d = = c— a = a + J;m = 6'. 

These values substituted in the expression for t in terms of 
X give: 

(i) t^x\ (ii) f=l-^a7; (iii) f=-; 

(-) «=i^; (V) «=^; (vi) «=^. 

respectively; and these form the complete system of values of t 
required. 

120. We now transform the first of the two equations by 
means of each of these in turn and obtain the necessary relations 
between a', j8', 7' and a, )8, 7. Consider first the set of values (i). 
We have 

80 that 

A^A\ B^B^, C^C; 
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PARTI CUIAIt 



tiwxl 



OF, what is an equivalent set of equations. 



When expressed in terms of the constant elements, these 
relations are 

(1-7? = (1-7)'. 
(a'-/S')"=(a-^)'. 
(y-a'-^)' = (7-a-;Sj'; 
and (remembering that an interchange of the first and second con- 
stant elements makes no change in a hypergeometric series), we 
find that these are satisfied by 

(1) ■'•-« ff'-ff 

(2) a'-7-ii /3'-7-/9 

(3) «' = «-T + l ff-.ff-i + l.. 

(4) c'-l-a ,3'=l-,8 



■7 -7: 
..7-2-7; 
.7=2-7. 



dt . 



Since i = ic, -V- is unity and therefore w is unity for thia value 

of t ; and the particular integrals of the v equation, which COI^ 
respond to these four sets of values, are respectively 



" (!-«)•'■ 



"F(y-a, 7 -A 7, i). 



»->»(l-i)'"—»"li'{l-a, 1-ft 



■7. «). 



Now these are integrals of equation (2) ; in order to obtain the 
corresponding integrals of equation (1) we must multiply each of 

them by 

and therefore four particular integrals of equation (1) are 

(I) y.i'(a,A7,«)i 

(II) j-(l-»)'— 'i'(7-a,7-ft7,«-); 

(III) jl-«'-',f(.-7+l./3-7 + l,2-7,»); 

(IV) y-<i;'-''(l-,)»— "/-(l-a, l-«. 2-7. »:). 
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Treating now the relation ( = 1 — a; in the same way we find 
other four particular integrals in the forms 

CV) y = F(a,Aa + /3-7+l,l-*); 

(VI) y = fl!'"^^(a-7+l, ^-7 + l,fl + ;l3-7 + l, 1-a;); 

(VII) y = (l-a,)^-''.F(7-»,7-^,7-a-^+l, 1-^); 

(VIII) y = a:'"''(l-a;)^"'"^f(l-a, l-^,7-a-j3+l, l-a'). 

And from the relation /= - we have as one particular integral 

121. All the particular integrals for the diflferent values off 
can be found in the above manner. Each value of ( leads to four 
particular integrals so that there are in all 24 of these. But this 
laborious method of obtaining the remainder need not now be 
adopted ; it is possible to write down, from the nine foregoing, the 
following fifteen to complete the set. 



(X) 



,j = ,-'FlS,ll-y+-l./i-'+i,-j; 



I 



(XI) y-^-^{l-xy—'F(l-„,y-„,S-l' + hl); 

(XII) y-a/'-'(l-i)'— •J'(l-ft7-Aa-^ + l,i); 
(Xm) y-(l-»)-ir(.,7-A(,-/3+I.j^)i 

(XIV) ,-(l-i)-'J'(A7-<.,a-.+ l,j4^); 

(XV) j-a;'-' (1 -»)'--' r((i-7+l, 1-/3,(1-/9+1, j^) 

(XVI) s, = .'-' (1 -»)'-•-' J?(^-7+l.l-»,/9-a+l,j^) 

(XVII) g=(\-^)-rU'y-0,rz^.); 



102 RELATIONS BE-nVEEN THE H^^^ 

(XVIII) , . (1 - x) -» F (ft 7 - », ,. ~) ; 

(XIX) j.^'Cl-rr)'— 'F(a-7 + l, l-ft2-7,^); 

(XX) j_^>-' (I -:,)'-«- Ji-^^-, + 1,1 -,.2-7.-^^); 

(XXI) ji = «^*f(«, a-7 + 1, a+/3-7 + I, -^V 

(XXII) ,j = !,-'F(/3,:3-y+l,ii + l3-y + l,^y. 

(XXIV) y-x*-' (1-,)'—' F (l-ft 7 -ft 7-»-^ + l, '-~J) ■ 



Relations between the particular iiitetfrals. 
1 22. Let all tliosc integrals be denoted by 



y..y.- 



the suffixes and the numbers of the foregoing equations correspond- 
ing to one another; these quantities y are not independent, for, by 1 
the ordinary property of a linear differential equation of the second l 
order (of which they all are solutions), there is between any three -I 
of them y». tf^, y, a relation of the form 

,Va = Aj/^ + By.. 

and we must find these relations for the different oomhinations of ] 
the integrals. But certain cases will arise in which either .^ or .S I 
will be zero and therefore the corresponding integrals will differ I 
from one another only by a constant factor ; and these can be ■] 
reeogniaed by the application of the following lemma. 

If there he two solvtioi\s of the differential equation (1) developed j 
in the same ascending powers of x and both series be converging, then j 
they differ from ove another only by a constant factor. 
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For the sake of simplicity suppose one of the soiutiona to be 
F (a, jS, 7, a:) and the other when developed in ascending powers 
of a; to be given by 

y=.A-\-Bx-\-Cx'-^ 

Substituting this value of y in the differential equation we should, 
by a process similar to that in § 114, find y = AF{a,0, 7, a:), which 
proves the lemma, 

123. Let us apply this lemma to obtain the particular in- 
tegrals which are equal to y, ; this we shall suppose to be a cou- 
verging series so that x<l. Then _y, is also a converging series 
proceeding in the same ascending powers of x as y^; the first term 
in each is unity ; the constant factor of the lemma is therefore 
1 and we have 

!/, = !/r 
The next one in the list which, expanded in ascending powere of x, 
begins with a:" is y, ; if we select from 

f{a,^.a + j9-7 + l.l-^) 
the coefficient of x", we shall find it to be 

I ,y ^(« + ^) {■^ + n~l)^(3 + -i) (ff + »-l) 

^ ^ 1-2 «.(a + ^-7-H)(a + ^-7+2j (<, + 0-r,+nj 

ii'(a + »i,^ + H,a + /3-7+« + l, 1). 
But in this coefficient F is converging (and so has a finite valuii) 
only if 

a + /3-7 + H+l- (a + n)-(;3+».) 
be positive (see § 113), that is, if 1 —7 — ?! be positive. Hence 
from and after some definite term the coefficients of the powers 
of a; will be diverging series; and we cannot then consider the 
series F{a, ^, a+ ^ — y+l, 1 — a;) to be converging though ex- 
pansible in ascending powers of x. Hence y^ is not equal to y,. 

Dealing with i/,, y^^, y„, y„, y^^ in the same way it will be 
found that the la^^t two alone are converging series at the same 

I time as F (2, 6, 7, x) ; and hence we have 
I y.=y,=y,7=.y„ W- 

Again y, and y,, y^ and y,, y,, and y„, y„ and y„ are derived 
from each other by exactly similar transformations of elementa ; 
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thus to pass from y^ to y, the former is amltipUed by ir'"*, the nenfl 
first and secood elements being obtained by Bubtracting the oUfl 
third from the old first and second and adding unity to each reeiillffl 
and the new third element b^* subtracting the old third elemenM 
from 2. This process wilt be seen to be the same lor all ana 
therefore ■ 

y,=y^ = yi,=.v„ (")■ I 

Ex. Prove thiit I 

}>!. =yt =ifi,=S« (i'i). I 

1/7 =S» =y»=J'M (»*■). I 

!/t=yu=lfii=2fu ('■). I 

yio=3'n=J'M=^w t")- I 

124. It thus appears that the 24 integralH can be divided iut^B 
six classes ; and the equal members of these classes we may denoten 
respectively by Y,, K,, F,, 1',, 1'^, F, corresponding to the abovafl 
sets of quantities in oi-der. It remains to find such relations a^fl 
there may be between these owing to the fact that they are sola-J 
tione of the differential equation. ■ 

Now F, and F, are converging for those values of ic which arn 
less than 1, while Y, and F, are converging for those values of dl 
which are greater than 1 ; as the former therefore are conTergin^ra 
while the latter are diverging and vice versa, there can evidently-l 
be no equations connecting F, and F, with Fj and I",. We there-fl 
fore must find the equations between any three of the satM 
F,, Y„ r„ F^; and any three of the set F„ F,, F., F,; anditwjlM 
be sufficient to have those equations into which F, enters, as, by ■ 
changes of the elements and division by a factor throughout, any 
one of the quantities F could be transfurmed into F,. Thus 
the equations required will be those connecting the following tax. j 
groups : — 

F„ F„ F,; F„ F„ F,; F„ F., F,; F,, F,, F.; F,. F,. F,; 

r,, F„ F,. 

Let the equation for the first of these groups be 

y^=AlY, + XY,. 
or y, = --V^, + AVi- 

To determine M and N the substitution of any two particula 
values of a- will be sufficient ; Jet then a; = 1 and x = Q and supp< 
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1 —7 a positive quantity so that 0^"* is zero when a; = ; we have 
for these two cases 

i^(a,)8,%l)=^J^(a-7 + l,/3-7 + l, 2-7,1) + -N; 

l=iVi?'(a,/3,a + /8-7+l,l). 

To evaluate M and N we must obtain the relations between the 
series for argument unity, to which we now proceed. 



Introduction of Gauss's IT function. 
125. The coefficient of a;"* in 



IS 



a(a+l) (a + m-l)/3(i8+l) (/3 + m-l) L ^ 7 + m-l ] 

1.2 w. 7(7+1) (7 + m-l) ( 7-1 I 

a/3 (a + l)(a + 2) (a + m- 1) (y8 + 1)...(/S +m-l) 



7(7-1) ' 1 .2.3 (m-1). (7+l)...(7 + w-l) 

= coefficient of a?** in ^ . F(a +1, /8 + 1, 7 + 1, x); 

7 (7 - 1; 

and the term on the left-hand side independent of a vanishes 
so that 



afix 
7(7-1) 



^(a + 1, /3 + 1, 7 + 1, x) 



-r-F{a, A 7. «)• 



7 — 1 da? 

But from the differential equation satisfied by jP(a, ^8, 7, x) we 
have 

g* {y « (a + y9 + 1) a;] = a/SF- a; (1 - ^) ^. 

Let the value of F (a, fi, 7, x) when x is made unity be denoted 

(PF 
by JF'j (a, /8, 7) ; the value of -^-^ when a? is made unity is finite and 

therefore 

13—2 
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=-(^_i)(/_^«_^_i)^.(«.^''y) 

_( y-l-a)(y-l-/3) 

- (y_l)(Y^a_/3- 1)^»^"' '*' ^^' 

or, changing 7 into 7+ 1, we have 
Similarly 

.■.(..fl.^i)- <^^;-;Hi;t',:g i-.(.,ft.^i); 

and therefore 

F(« R ,A- (y-<')('y+i-«)('y-^)('y+i-/S) p(^„ /9«,4.9\ 

^.(«.^.7)-^(^+l)(^_„_^)(^^l_„_^)i^.(«.A7 + 2) 

^ (7-a)(7+l-tt)...(7+fc-l-a)(7-j8)(7+l-;8)...(yt-fc-l-/3) 
7(7 + l)-(7 + ^-l)(7-a-/3)(7 + l-a-/3)...(7 + *-l-«-/9) 

if, (or, A 7 + *). 



126. Let 

1 .2.3 k 



4" be denoted by 11 (le, z) ; 



(z+l)(z + 2) {z + k) 

then 

ff-^^ /? .A_ n(A;,7-l)n(A;,7-a-^-l) ^,_ « ^ . .x 

Since 
1.2. 3...&.(& + l)...(A; + ^) = 1.2.3...-8r.(«+l)(« + 2)...(ir + it), 

we have 

1.2.3...&.A:'(l + l)(l + f)...(l + |) 

-= 1 . 2. 3...* .(a+ 1)(^ + 2)...(ir + jfc); 
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and so 

^^ ^*' '^ = (« + l)(z + 2)...(« + ifc) *^ 

X . £i . «5 <2^ 



on the supposition that z is an integer. From this transformation 
and from the original definition alike we have 

1+^ 



lHJc,z + l)^Tl{k,z) 



\-¥ z' 
1 + 



k 

These equations shew that for a given value of z the function 
IT {k, z) tends towards a limiting value as k approaches infinity, 
and that this limiting value is finite. As then 11 (oo , ^r) is a function 
of z alone, let it be denoted by 11 {z) ; the last equation shews that 

n(^ + l) = (ir+l)n(^) 

and the former shews that, if ^r be an integer 

n(^) = ^!, 

while in any case we have 

n(^) = r(^+i), 

where F (2: + 1) is the Gamma Function of Euler. 

In the equation giving -F^ let k become infinite; then every 
term of the series JF\ (a, y8, 7 + 00 ) is zero except the first, which is 
unity. If we substitute for 11 (00 , 7 — 1) and the other functions 
the values 11 (7— 1), then we have 

^.(«.A7)-n(^_a_l)n(7-/3-l)- 

Ex, 1. From the expansion of ^ in a series of ascending powers of sin t^ 
prove that 

n(i)=i7r*. 

Ex, 2. Prove that 

n(-«)n(z- l)=9rcoseGi^« 

Ex, Z. Obtain the relations 

(i) /\(a,/3,y)/\(-a,fty-«) = l; 
(ii) /\(a,fty)/\(a, -fty-/3)-l. 



198 RELATIONS BETWEEN THE [126, 

Ex. 4. Prove that 

««-»n(.)n(.-l)n(.-?) n(,-!^^).(2,)«-«n(«). 

(Qauas.) 



Determination of constants in the relations qf% 124. 

127. The equations of § 124 now become 

1 



JV = 



j;(a,/3,a + /S-7 + l) 

no-7)n(a-7) . 

"=n(a+/8-7)U(-7)' 
and therefore 

., n(l-7)n(7-a-/3-l) n(i8-7)n(a-7) 

n(-a)n(-/3) ■^n(a+/s-7)n(-7) 

_ n(7-l)n(7-a-/8-l) 
n(7-a-l)n(7-/9-l)' 

from which with the use of Example 2 in the preceding set it is 
not difiScult to deduce that 

n( 7-i)n(a-7)n(;8-7) 
n(l-7)n(a-i)n(/8-i)- 

These then are the values of the constants in the equation 

(i) F.=ifr,+ivr.. 

Similarly, if we write 

(ii) i; = M, 7, + i\r. 1\. 

m 

we should find that the values of M^ and N^ are 

M = "( y -i)n(- a) n (-/3) 

« n(l-7)n(7-a-l)n(7-/3-l)' 



• n(v-a-i3)n(-'y)' 



(7-a-/3)n(-7) 

It is easy to shew that the following are the four equations 
corresponding to the other four groups in order : 

(iii) F. = jjf.r,+iyr,F.. 
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where M = n (7- 1) H (y-a -^- 1 ) 
wnere ^^- 0(7-2 - 1) D (7-)8- 1)' 

n(Y-l)n(a + /3-Y+l) 
n(a-l)n(/9-l) ' 

(iv) r.=ii/,F, + i\r.F., 

where M - n (7- l)n (« -y) n (-/3) 
wnere ""«- n(l -7) n (a- 1) n (7-/S- 1) ' 

^' n(a-/9)n(-7)' 

(v) Y, = iiX + NJ,. 

where if - n (7-l)n(ff-7m(-«) 
wnere -*^4-n (i _^)n08-l) H (7-0-!)' 

y_ n(-a)n o-7) 
^*« n(/9-a)n(-"7)- 

(vi) Y, = MJ, + NJ„ 
Where ^''."n (^-1) n (7-«-l) ' 

n(7-i)n(a-)8-i) 

» U (a- 1)11 (7-^-1)- 

It should be remarked that the labour of deducing these con- 
stants need not be repeated for each equation ; each equation with 
its constants can be deduced from the first equation and its con- 
stants. 

128. We now pass to a diflferent set of equations which connect 
any two of the particular integrals and their differential coefficients. 

It has been proved that, if Y^ and T^ be two particular integrals 
of the equation 

then r^^.-F,^» = (7.-^^^ 

where C has a constant value which depends upon the pair of 
particular integrals selected. In the case when the equation ia 
that satisfied by the hypergeometric series we have 
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x{i-x) X 1-a? ' 

and therefore 

The value of C in any equation may be determined either by a 
comparison of coefficients of the same power of x on the two sides 
or by the substitution of a particular value of x. 

Example 1. Let 

Let each side be expanded in ascending powers of x ; the term 
involving the lowest power of x in 



' dx 



.•- 0^.-1— 



09 J*C 

is — a? ^"^ ; the term involving the lowest power of x in 

_ Y ''^« 

^'dx • 

is — (1 — 7)a;"*; hence equating the coefficients of the lowest 
powers we have 

C=-(l-7)=7-l. 
and therefore 

Example 2. Let 

i\ = y, = F{a,^,a + ^-y + l,l-x)i 

F. = y.=f(a,/8.7,x). 
We proved before that 

in which J/ and ^are definite constants. This gives on differen- 
tiation 

dx ax ax 
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and therefore 

V* dx y* dx) ■" y^ dx y^dx)' 



or 



^•'^-y.t-f<'-')«-'P-')'--'. 



from the result of the last example. Now from the values of M 
and N we have 

jf_ n(7-i)n(-7)n(g+ / 3-7) 
N n(i-7)n(a-i)nos-i) * 

But n(l-7) = (l-7)n(-7)=-(7-l)n(-7), 
and therefore 

^(^ .. n(7-l)n(a + ;9-7) 

^\f V- n(a-i)n(/8-i) ' 

and the equation becomes 

^»dx ^^rfo? ii(a-i)no9-i) ^ vi «; 

^0?. Prove that 

y%^y^^ n(a + /3-y)n(l-y) -y . _ •y-.-s-i 

and that 

129. In all the foregoing investigations the quantities a, 13, y 
have been supposed to be independent, and the series have con- 
sequently retained their most general form; but many important 
applications are made by assigning either one or two relations 
between the three constant elements, or by giving numerical 
values to one or more of them. Such applications (as for instance 
to elliptic integrals) cannot be discussed here; but the student 
who wishes for information on these points will find at the end of 
the chapter a list of the more important memoirs dealing with 
hypergeometric series. 



CASES OF SOLUTION 



[130.1 



Bpenal cases of integration in a finite/or 

130. We pass now to consider some special cases nbeD the | 
hjrpergeometric aeries can be expressed in a finite form. 

It has been proved (§ 01) that the quotient s of any two par- 1 

ticiilar integrals of the equation 



'. + 'J = 



satisfies the equation 



nly ; and i 



where / is a function of a: only; and it has been further shewn 
that, from any particular value of s which satisfies this equation, 
the value of the two particular solutions of the former equation 
can be obtained. In the case of the hypergeometric series the - 
value of / is 



[V 



1 -V 



«(*-!) J" 



..(A). 



{x — i)' X (x 

\, fi, V being definite functions of the constants a, j3 and 7 ; so that I 
for this series the differential equation which gives a may bel 
written 

If then a relation between s and x can be found which 
expressible in finite terras, then from the formulae of § 62 the ^ 
hypergeometric series will be expressible in finite terms. This 
cannot be expected to occur in the case when the parameters are 
general ; and from the few instances given it will be seen that the 
values of X, /*, v are definite numerical constants. 

There are in all fifteen separate cases, and no more ; for tbsi 
proof of this reference should be made in the first place to th*| 
memoirs of Sehwarz (see § 134) to whom the investigation, in 
completely difierent form, is originally due. 

It is convenient to recapitulate here tlie general fonnuliB of tranefbrmatioa 
of the function \*, x] for the cLaugea of the variablea ; tbe special esunplM 
given in Ex 3, § 62 are particular cases of the general ntlationa wbicb ore 




I 
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»•»•» ' (Srl'^'"^ ("^- 

As additional examples we may take 

^''''^" iyx+by r r^+«J ^ ^' 

V+rf' y^+a|-(aa-/3y)2^''^^ w. 

Another formida, which will prove useful, is that which arises by sup- 
posing f^sor ; then we have 



n 



so that 



s n 



l-i 



therefore 



9 IS \* n 



and 



»© 



,1 1^ 



so that {«,x}=_-., 

which may be written in either of the forms 



1- 



{^, x) = 



;? 



{«, «-}= 






(V). 



131. Case I. 

By writing -y=a; in (i) in the formulse just enumerated 
we have 

by a series of proper substitutions we may pass from this equation 
to the corresponding equation for the hypergeometric series. 



204 
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Firstly, let 



-S = 



<r-l ^ j"-l . 



then 

while by (iii) 



{*.-}=f^.-i+(fyf.^;}; 



», 



<r-l ' 
«• + !. 



= i («■ + ir {». «'}. 



But <r = «* ; therefore 



(*, a) = 



1-s 



and thus 



o--ll_l-^(<r+l)« 



{••^:i- 



4a- 



Secondly, let 



T^S'^l-x, 



so that the relation between a and x is 



then 



\da?/ 1 — a? * 



Again using (i), we have 

{S, x] = {r, x] + (gy (S. Tj ; 



but in this 



so that we have 



dT__ 
dx~ ' 

[T, x] = {l-x. x] = 0, 
{8. T} = {S, 8']='^; 



^^' "^ '^ ^ (Tloy • 



[131. 
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Also, since 

'cr - 1\* 



C-^)— '. 



we have a? = 



(o- + ly • 



and therefore 



f7Ti} = ('-^)|- 



When these substitutions are made in the original equation 
which gave {s, x], it becomes 

1- 






This is of the same form as the equation (A) in the general 
case, and is identical with it when we write 

and then the relation between s and x is 



(Jti/=^"^' 



4^' 
or a; = 



(«'' + l)'' 



NowX" = (l-7)', Ai• = (a-^)^l;'=(7-a-y8)•; then remem- 
bering that 7 — a — /8 must be positive in order that the series 
may converge and assuming that a is greater than jS (which 
is permissible), we find 

27* 2n n 

If it be desired to have fi positive, we can change the sign of n; 
and then the elements of the h3rpergeometric series are 
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and the relation between s and x is 



The latter gives 



= ==(1 — a?r. 

1 + s* ^ ^ 



i+(i-^)*' 



and therefore 



X 
8= 



8 I 



while «'-i = (1 - x)*x^'^{l H- (1 - »)*}". 

Now the two particular solutions, when the equation is in its 
normal form, are 

C/-* and C/\ 

and the relation between the dependent variable v in this case and 
the dependent variable in the ordinary differential equation is 

(§ 116) 

y = t;a;-ir(l-ir)-*(«+^+l-'y), 

which becomes 

y = VX' ^'^in) (1 — a;)"* 

in the special case. 

Hence the primitive of the differential equation 

is y = C/'^ {1+ (1 ~ xf]' + C^ {1 + (1 . ccf]'K 

Moreover on comparing these two particular solutions 

{!+(!- xjp and a?*" {1 + (1 - ^)Y" 

with the set of particular solutions, we find that they correspond 
to I. and III. respectively ; in fact, the relations are 
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^{i+r»' i' i+i,4=2Mi+(i-.)V^- (I.) 

"^^ ^{l-L -L' 1-^. -)=2'-{i+(i-<^)? (11.) 

the common factor x n having been removed from the latter. 
These two relations are of course equivalent to one another. 

132. Case II. From what has been proved in the last case 
it follows that, when we assign the particular value 2 to n, we have 
the relation 

^ (<T* + 1)' 

as a solution of 

Firstly, let f (f , + 1) = 1 5 

then («r.f.} = {<r, ^} = rKf) 

_a r(r-?+i) 

and e. = ^4^^- 

Secondly, let f j = f," ; 

then {<^.W-(§J[{<r,f.)-{f^e.l]; 

and (f.. f.l - (f., f.'} . L|i = ^, . 

Hence ^ f.i «f f '[f^J.-l.] 
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a 



•-1 



and the relation is f , = — ^ — . 

Thirdly, by writing f, = n/S?,* 
we at once have {c, f,} = 3 [o-, fj = -| /| + 3f «)* 

Fourthly, let <r = «* ; then 

3 

Now {«, a\ = {«, 8*1 = g^ ; 

and ^^^^—^rff,' 

1 /day _ 12ff^ _ __3_ 
8° ^'^^ a" [d^J ~ (<r» + 1)» " 1 + 3f; 

Hence {,, f.} = n -^f^Z^ 

and the relation is f , = .- . 

Fifthly, let f» = |*^r 

4 
then {«, f j = .fc _ ^y {s, f ,1 



s 



s » 



27 4f, (g«-l)* 



- (f, - 1)«- 8 (f,-!)*- 16 (?; + ?, + !)• 

27 f^ 

- 8 (f /-!")•' 

and the relation is f^ = «_» . /o_i " 

Sixthly, let f, = f/ ; 

then {«.f,}-(g|y[{».f.l-{l..f.}]- 
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and {f,,f^} = _=_*. 

Hence Kf.} = ^^. + |. 

- i ,. 4 . S 



and the relation is f . = ^-r 

'• L«'- 28*^3 -ij 



(f.-i)*"f.' f.(l-f.)• 
«*+2A/3-lT 

28*^3 
It therefore follows that a solution of 

in the case when \ = j = ^, '^ = i» 

. . , /«*+2«V3-lV 

isgivenby . = (-___-j. 

From this relation the value of 8 can be found (it is a some- 
what complicated function of x) and thence s'; and this will lead 
to the solution of the equation 



X 



(•-')^l^(|-B-)Sn-8^-»- 



133. Case III. From the two preceding cases a new one 
can be constructed. 

For let, in Case II., 



then {., .r} = ^-^ _ ^^, 

by Case I. ; and so 

{«. ^) = [^) [{«. ^} - {^. a'l] 

\dzJ [*•* x(l-a:)J 

~ ? "^ z (/+ 1)' • 
F. 14 
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Now change z into — z, so that 

^z __ (8* + 2<V3 + 1 Y , 



then {», a^} = {«, - ^} = * + 



A 



a' ' a(l-«y 



-1+ A_ + _fl 



A comparison with the general formula shews that the last 
relation between z and « is a solution, provided 

^ = h ^ = h /^ = i'> 
and therefore a = — /9=J, 7 = §- 

Hence by means of the preceding relation we can obtain the 
primitive of 

in a finite form. 

Ex, 1. Shew that from Case ii. can be derived in a finite form the 
solution of 

x(l-x)g+(J-V^)J-:/ay=0. 

Ex, 2. Shew that from Case iii. can be derived in a finite form the 
solution of 

Further cases will be found in the Miscellaneous Examples at the end of 
the chapter. 

It may easily be verified tliat, for all the examples given, we have on 
taking |)ositive values ofXffijV that 

X+/Li + i/> 1; 

the case ofX + /Li + i/=l is integrable by the simpler method of § 68. See 
Ex. 7, p. 126. 

134. For further information on the subject of the hypergeometric series 
the following memoirs should be consulted : 

Gauss, ^ Disquisitiones generales circa seriem infinitam 

,+^,+-(-+iw+;.)^+ 

l.y 1.2.y(y+l) 

Ges. Werlce, i. iii. pp. 123—163. 

" Determinatio seriei nastnc |)er acquationem differentialem secuiidi 
onlinis,-' id, pp. 207—230. 
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KuMMER, ** Ueber die hypergeometrische Reihe," Crelle^ t xv. pp. 39 — 
83 and 127—172. 

ScHWARZ, " Ueber einige Abbildungsaufgaben," Crelle, t Lxx. pp. 105 — 
120; 

"Ueber diejenigen Falle in welchen die Oaussiache hypergeome- 
trische Reihe eine algebraische Function ihres vierten Ele- 
meutes darstellt," Crelle, t, Lxxv. pp. 292 — 335. 

Cayley, " On the Schwarzian derivative and the Polyhedral Functions," 
Camb, Phil, Trans, t xiii. ; 

in the last of which references will be found to fiirther memoirs. 

There is also a memoir by Goursat which may be consulted with great 
advantage — "Sur T^uation diff(^rentielle qui admet pour int^grale la s^rie 
hyperg^ometrique " {Annales de r^ole normale sup^rieure^ S^r. ii. t. x.) — in 
which by developing a method due originally to Jacobi he obtains the results 
of Kumnier and Schwarz. 



MISCELLANEOUS EXAMPLES. 

1. Prove that if 

(a*+^-2a^ cos <^)-» = Jo + 2-4i cos <^ + 2^2 c^2<^ + 2*13 cos 3<^+... 
then Af may be written in any of the forms 

... (« + r-l) 



K^) 


r!(n-l) ! 


(ii) 


(n+r-l)! 


r :(n-l) ! 


(iii) 


(n+r-1)! 


r!(»-l)! 


1\xt\ 


(n + r-1)! 



a-'^'^b^FU, w + r, r + 1, -^ ; 



a^'b^ 



—,F[n^-r, r+i 2r + l, -(^35;2J ' 



r!(n- 1)1 (a-6)2<" 

(Gauss.) 

2. Obtain a solution of the equation 

(J+i5^ + C;r«)^+(/> + ^.r)^|+/> = 0, 

as a hypergeometric series ; A, B^Cy D^ E, F are supposed to be constants. 

(G^uss.) 

3. A function is said to be contiguous to /^(a, 3, y, x) when it is derived 
from it by changing one and only one of the constant elements by unity. Let 

14—2 
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JF'(a+l,/3,y,^) be denoted by /*«+; F(a-l,p,y,a;)hj Fa^; and /"(a, Ay, jp) 
by F. Then prove the following relations : 

(i) O=03-a)/'+«F.+ -/3/'p+; 

(ii) 0=(y-a-l)^+a/;+-(y-l)/;.; 

(iii) = [y-2a-(fi-a)x}F+a(l^x)F,^-(y-a)F^.; 

(iv) 0=y{a-(y-/3)x}/'-ay(l-x)/;++(y-o)(y-)8)*/;+; 

(V) 0^{y-a-p)F+a{l-x)F^^-(y-?)F^_. 

(Gauss.) 

4. Prove that 

(1 -x) /'(a, /3, y, x) /-(l -a, 1 -ft 1 -y, .r) - 1 

=^''7^fe-*^(»» A y+1, X) F(l-a, 1 -ft 2-y, *). 

(Oauss.) 

5. Bj changing the independent variable in the differential equation verify 
the following equations : 

(i) (l+y)^i^(2a,2a+l-y,y,y) = /'(a,«+iy,^-j^,). 

(Qauss.) 

(ii) (l+y)^^(a, a + i-A /3 + i,y«) = /'(a, A 2/3, ^-^^ . 

(Gauss.) 

(iii) /^(a, 3, a+/3+i, 8in2 e) = F(2a, 2/3, a+/3 + i sin* |) . 

(Kummer.) 

Prove also that, by changing the variable from ;rto -8ir{l+(l -*)*}"', 

f(^ «-±I ?^+3 8m22^Vcos-2-^/'r? ?^i ?^i±^ .^48in«^ 
^\,2' 6 ' 3 »8"^^^;-^s «^(^2' 6 ' 3 ' C06*^ j* 

(Kummer.) 

6. Shew that the functions P^ and Q^ which are the independent solu- 
tions of Legendre's equation, may be expressed by hypergeometric series in the 
forms 

*?• (-)=^i"+ 1°--^ ^"^^^' "+'' "-^5' «^' 

the variable x of Legendre's equation being connected with ( by the relation 

(Heine.) 
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7. Shew that, if the independent variable in Legendre's equation be 
restricted to be less than unity, the primitive may be represented by 

where the series, if infinite, are convergent. 

(Heine.) 

8. Denoting the series 

by/^j( ^. '''jj^v, prove that F satisfies the differential equation 
<PF cPF 

(IF 
+ {^€ - 4? (a/3+i8y + ya + a+/3+y+ 1)} ^ -a/3yi^=0; 

and obtain two other particular solutions of the equation in the respective 
forms 

Express the first of these three solutions in terms of the other two (see 
§77). 

9. Verify that another solution of the differential equation in the last 
question is 



(i-xr^{(°+'-^^+;' >+"),:.}, 



where 3ft+l=2(^+c-a-3-y). 

Hence derive two other solutions from the results given in the last question. 

10. The equation 

-(l-)gH-(|-^)£-}y=0 

has a particular solution of the form ^ ; determine n and obtain the primitive. 
Hence express sin~^x as a hypergeomotric series. 



(Goursat.) 



11. Obtain in a finite form the primitive of 
also of 



(Goursat.) 
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12. Prove that the relatiou 

satisfies the equatiou 

/* r>> — * 1 3 2 1 28S 



a^" (1-^)* x{\-xy 
Hence obtain in a finite form the primitives of the equations 

(i) *(l-:r)g+(3-H^)^ + TMry=0; 

(ii) x(l-a)g+a-fjx)^-t3|y=0. 
13. Prove that the relation 

4z " 108<*(**-1)*' 
satisfies the equatiou 

\^') 2a^(l-z)2^«(l-f)- 

Hence obtain in a finite form the primitives of the equations 

(ii) x(i-x)2+(i-H*)Jf-Viy=o. 




135. The principal methods which lead to expressions for the 
dependent variable in terma of the independent variable by means 
of what are ordinarily called known functions have now been given; 
there is however another method which certainly leads to a solu- 
tion of some differential equations though the full evaluation by 
the operations indicated may not be carried out. This method 
consists in expressing as a defiuite integral the value of the de- 
pendent variable; its chief application in ordinary differential 
equations arises in the case of a, certain general class of linear 
equations which can otherwise be solved in series, though not in 
80 concise a form. The method ia however of primary importance 
in the solution of those linear partial differential equations of order 
higher than the first which arise in investigations in mathematical 
physics ; in fact, in some questions these solutions by means of 
definite integrals constitute the only solutions hitherto obtained. 
Here, however, we are concerned with the application to ordinary 
differential equations. 

136, The method applies with peculiar advantage to linear 
equations into the coefficients of which x enters only in the first 
degree and in which there is no term independent of y or of 
differential coefficients of y ; such an equation, in its most general 
form, is 



!(+ ^^'') 



dry 



+(", 



(rt... + ^..*)/+(". + M)y = 0, 
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where the as and b'a are constantu. This may be written 

where <j> and yjr are rational integral algebraical functions of the 1 
order n in general, though the order of either may diminish 
through the vanishing of some of the coefficients. To solve this | 
equation we assume 

r/^Je^ Tdt. 

where Tis & function of t but not of x ; the form of this function ' 
and the limits of integration (supposed independent of x) are to i 
be determined by substituting this proposed value of y in the i 
differential equation. Since 



the result of the substitution may be expressed in the forma 

fxe^ ^ (t)Tdt +/^ if- (() Tdt = 0, 
which must be identically satisfied. The former of the terras, on j 
being integrated by parts, is replaced by 



and therefore the identity becomes 

[«- 4. (0 T] - Se" [^ 1* (0 ri - + (!) t] A = 0, 

the first term being taken between the limits of the integral, 9a^ 
yet unknown. Now this will be satisfied, if we make 

|l*(()ri-f(i)r-o 

for all values of ( included within the range of integration, and 

at the limits. The former of these equations determines 7* as a 
function of ( ; the latter will determine the limits of this 
integral. 



n: 
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137. Ti> derive tbe value of T we write the first equation in 
tlie form 

and therefore 

vbere A is an arbitrary constant. Hence the value o/y is 

taken between limits of integration defined by the eq'iation 

the&e limits being independent ofx. 

138. We have now to determine the limits. Consider the 
equation 

Ae J**'* = fi^, 

where /*, is a constant. Let j8, be a value of ( independent of a: 
and satisfying the equation; let fi^, ... , /i, be other constants and 
0,,... , ^, be corresponding values of (, all independent of ;c. 
Then if the value 



t,r^'Tdt + A,re- 



'Tdt + ... 



^^^Dl 



be substituted in the equation aud if for each of these definite 
integrals (2* being assumed to have the value before obtmned) 
a single integration by parts be effected, as in the preceding 
lalysis, then that the equation may be satisfied we must have 



•""]>^-['" 






and when this is identically satisfied the foregoing value of ^ is 
a solution of the equation. This last identity will indicate such 
necessary relations as may subsist among the arbitrary constants A, 
and 30 will fix the number of independent constants; when thia 
number is the same as the order of the differential equation the 
foregoing value of g is the complete integral, but if it be less the 
necessary number of particular integrals to make up the complete 
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integral must be otherwise determined. Examples will be given 
hereafter. 

139. This is the most general method of obtaining the limits; 
it includes as a particular set the limits obtained by taking those 
roots of the equation 

which are independent of x ; they obviously make 

[rim-] = 0, 

and they are usually the simplest obtainable. When this equation 
indicates only two limits distinct from one another, these will 
give the only definite integral immediately derivable in such an 
example. If, however, more than two, say r+l, limits be indi- 
cated, then r particular integrals may be constructed; in fact, 
denoting these limits by a, /9j, /9j, ... , /3^, we obtain as the cor- 
responding solution 



y = T|^.JVr(ft|. 



Ejc. 1. To apply the foregoing to obtain the general integral of the 
equation 

Here we have with the above notation 

and therefore 

<»r, changing the sign of the arbitrary constant, this is 

while, in acconlance with the general rule, the equation determiiiing the 
limits is 

^^'n+l 1 

e = - - . M- 

Now this is satisfied by t = cc when fi is zero and by ^=0 when fi= - A^; 
hence we may tfike as the limits of the definite integral and go. The 
integral thus becomes 

fn+l 



-'■•jo '■ 
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It must be noticed that, just aa in the general cajse one of the definite 
integrals alone was not a solution of the differential equation, so this is not 
a solution of the equation since the terms outside the integral are 

•- -Jo 

instead of zero. This value of y is therefore the Particular Integral of the 
equation 

Now the quantity T does not change, if for t we write atj where o> is a 
root of the equation 

moreover the limits of the definite integral are unaltered since in the equa- 
tion determining those limits the term xt in the exponent has changed into 
x»t which, so far as this equation is concerned, is the same as changing x into 
Xtt, a change which has no effect on the limits since they are independent of 
X. Hence we have another definite integral in the form 



or, when the «> is moved outside the sign of integration, it is 

«J J e """^ dt. 



'■/:• "■""■ 



dt. 



Forming now these definite integrals for all the (w + 1)* roots of imity 
and adding them together we find as the expression for y, which has to be 
substituted, 

^e »^i dt + <,A,j^e "^1 dt+ + «-^Hf « *^' 

When this value is substituted, as in the general investigation, the terms 
which are under the integral sign vanish identically and that part of the 
expression taken between the limits, which is furnished by the integral in- 
volving Ary is Ar ; hence the resulting equation, when this value of y is sub- 
stituted in the differential equation, is 

^0 + ^1 + +-dn = 0. 

If then this single condition be satisfied among the n + 1 arbitrary con- 
stants, the above expression for y is the primitive of the differential equation 

di^--"^' 
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Ex. 2. Prove that the above expression for y is the primitive of the 
equation 

provided the constants A satisfy the condition 

Aq+ A^-^- A^-^- + ^^=a. 

Ex. 3. Prove that the primitive of the equation 
is, for positive values of a?, given by 

Obtain the corresponding primitive for negative values of x. 

(PetzvaL) 

Ex. 4. To solve 



where a and q are constants. Here 

<^(/!) = ^2-y2 and ^(^) = a<, 
80 that 

Hence the integral of the equation is 

taken between the limits given by 

To obtain the limits, write 

and suppose a positive ; then two roots of the equation are given by 

t— -^-q and ^= -q. 

If now X be restricted to positive values, a third root is given by 
while when x is negative a third root is given by 



eds, 
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As ill either case we have three vahies given by tlie limits equation we caii 
cotiHtruct two didtinct particular Bolutions, anil at) have the primitive. Thus 
when X is positive the primitive is 

while, when x ia negative, the primitive i« 

£r. 5. Vorifj that, wlien a li»B between zero and 2, the primitive of the 

unless a bo uiiity, in which case the primitive may be written 

^u=j e9'""*{d+fllog(r8in«d)|rfA 
(Boole.) 
Es. e. Obtain by means of definite integrals the primitive of Besscl's 
equation. 

140. The foregoing general linear differential equation is one 
with variable coefficients which are of the first degree in the 
independent variable; and the definite -integral solution was ob- 
tained by means of a linear differential equation of the first order 
determining the unknown function T. It is not, however, the 
only type of differential equation to which the assumed form of 
integral is applicable ; it is, in fact, a particular case of a more 
genera! process, indicated by the following proposition. 

The solution, by means of definite integrals, of the general linear 
differential equation of tite n"" order, whose coefficients are not con- 
stant but /unctions of the independent variable of degree not higher 
than m, can be made to depend upon tlie solution of a linear dif- 
ferential equation of order not higher than m, the coefficients of 
which are variable. 

This proposition we proceed to prove. Let the differential 

equation be denoted by 

^ -^ . .TT- + '^— 1 .i:j^\ + -^ ... jj.=i + + -1 1 .i :. + -* .iV = U, 
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where X^ (for all values of the suffix r) is a function of x only, of 
degree not higher than m, given by 

A"^ = a, 4- M + c,^ + + k^'^ 4- i^a;", 

while for some values of r some of the coefficients of the highest 
powers of x may vanish. Taking as the particular solution the 
same form as before, we write 



y = le"Tdt 



with the limits as yet undetermined, and T an unknown function 
of t Now this value of i/ gives 



2=h^''' 



and therefore the equation, when this expression for y is substi- 
tuted in it, becomes 

je"! [rx. + r-'A',., + + tX\ + XJ d< = 0, 

which must be identically satisfied. Rearranging the expression 

rx, + r-'x._,+ + «z.+z., 

so that it may proceed in powers of x, and writing 

«««" + «,.,<'''+ +a^t + a,=U„, 

fe,<" + ^-.<""'+ +b,t + b, = U„ 

we transform the above equation into 

j^T[U, + U^x-^U,j:'-^ + f^.-f^""' + ^.^y^ = 0. 

Now the left-hand side is the sum of m + 1 integrals of the 
form 

y-TUXdt ; 
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and each of these can be integrated by parts until the variable x 
ceases to occur except in the exponential. Thus we have 

+ (- ir ^. ^TuJ^] + (- ^r\^'i(-Tu:) dt. 

the part without the sign of integration being taken between the 
limits of the integral, as yet undetermined. Denoting the ex- 
pression 

x'-Ttr, - X'- 1 (TU;) + ...+(- 1)'- ^, (TIT,) 

by V^ for all values of r except zero (in which case no integration 
by parts is necessary) and applying the foregoing formula to each 
of the definite integrals on the left-hand side of the equation, we 
change the equation into 



dt = 0. 



This will be identically satisfied if the unknown function T be 
chosen so as to satisfy the equation 

TU,-}^(m + ^^iTU,)- H-ir§,iTUJ = 

for all values of t between the limits of integration. These limits 
must be determined by 



[/|V,]=o. 



Now this equation determining T is linear with variable co- 
efficients, and it is of the order m, but may degenerate to one of 
lower order; when it is solved, a definite-integral solution of the 
original equation is derivable. 

Hence the proposition follows as enunciated above. 

Since the equation which determines T is of order m, it will 
have m independent particular solutions ; these may be denoted 
by Tj, Tj, , T^, Corresponding to these there will be m 
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particular solutions of the original equation obtained by sub- 
stituting for T in 

je"Tdt 

these m values in turn. 

141. In the case when m = 2 the equation which determines 
T becomes 

OT, what is the same thing, 

The following are some of the special cases in which this 
equation can be integrated very simply. 

(1) When the coeflScients a, b, c are such that the equation 

is satisfied for all values of t ; in this case the value of T is easily 
proved to be 



f dt 
J'U' 



(2) On multiplying the equation throughout by V^, we can 
rewrite it in the form 

dt\ ' dt) ' *dt ^*\dt df ^o)^ "' 
the left-hand side of which is a perfect differential if 

dV ' *' Adt de ^V' 
that is, if 

' dt' ' dt +^«^.-"- 

If the values of a, b, c be such as to make this an identity, then 
the value of T is given by 

T^* " _ TT TJ T= A 

' dt ^t^t^--'^' 
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which leads to the result 

J ^2 

(3) When the equation in T is reduced to its normal form by 
the substitution 

the new equation is 

a = S-i@--,^(^;), 

An integral of this equation is at once obtainable when ^ 
vanishes, i.e. when 






Further, immediately integrable cases are furnished when ^ is 
a constant, or is of the form \ (e +ft)'\ or of the form \ (e -\-ft) "*. 

In any case, whatever be the relations among the constants in 
the functions i7, the solution of the equation determining T is of 
the form 

T = a. t; + c',7; ; 

while the equation giving the limits of the definite integral is 



[ 



^'[xU,T-^^{U,T) + U,T\ 



= 0, 



which is satisfied by the values of t, if any, common to 

r=0and^=O. 
at 

Ex. Integrate, by means of a definite integral, the c<iiiiiti()n 

where /x ia a constant. 

F. 1 •"> 
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142. Another set of equations to which the method of solution 
by definite integrals can be applied is the set derived from 

for different values of n. To solve this we assume 

where t denotes an unknown function of x alone and Pan unknown 
function of p alone, both of which functions, as well as the limits 
of the integral, have to be determined. Differentiating the value 
of y twice and substituting in the equation, we find 

Choose the unknown function t so that 

dt\* 



©--■^ 



and suppose that \ is positive and equal to c', so that the differential 
equation is 

Then the equation which determines t is 



and therefore 



j/i + 1 m 



if m denote \n + 1. Hence we have 

ldt_m , 1 d*^ _ m (m - 1) 
t dx X 1, dx* "" of' 

Let the equation involving the integrals be multiplied through- 
out by x^/mt ; it becomes, after a very slight reduction, 

m /e?-^' (it>* - 1) Ptdp - {m - 1) je''' Ppdp = 0. 



142.] DEFINITE INTEGRALS. 227 

Integrating the first term by parts, we have 

Now this will be identically satisfied if we make 

for all values of p included between the limits of integration 
defined by 

The former equation serves to determine P as a function of jp; it 
is of the first order and linear and its solution is 

m+l 



A being an arbitrary constant ; and the equation which gives the 
limits is 

m — 1 

The latter equation is satisfied by p == oo , and by p = ± 1 provided 
the exponent of |)' — 1 is positive ; this requires that m should 
either be positive and greater than unity, or be negative, and 
therefore that n should not lie between zero and — 2. Assuming 
that this condition is satisfied, we are in a position to construct two 
definite integrals ; these are 

e-^ (p' - 1) 2m e/p, 

"' -1 

and I e''^(p^-l) ^^ dp. 

The former of these is equal to 

e-^(p'-iy *"> dp + e-" (p' - 1) *» dp, 

JO J -\ 

n m+l /•! wt+1 

= e-^ (p" - I)' i« dp+ e" (p' - 1)" «'» rfp,, 

t»+l 



= (e^ + c-^) (;>•-!)■ ="- dp. 

J A 



J 

J5— 2 
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Hence the primitive may be represented by 

A'j (^ + e-^(p*-l) ^'»dp + Bj e-^(p' -!)'*» dp; 
substituting for t we have 

y = AJ (1 -p^)~^* cosh (J^^ «»»+») dp 



+ 51 «"*+"* (jp*-!) *"+*di). 



as the primitive of the equation 

for values of n not lying between and — 2. 

Ex. Prove that the i>rimitive of the same equation may, with the same 
conditions applying to n, be given in the form 

H 



y^A'xj\l -^)"^'*^^ cash (^^ ^'") ^^ 



,„ -.^^P,;,*. •• 



(Lol)atto.) 



Application to the Hypergeo^riietnc Senes. 

143. In order to obtain a definite integral which shall satisfy 
the diflferential equation of the hypergeometric series we assume 



y = j{l - v.rr Vdv, 



where V is an unknown function of v only and m is a constant ; 
the form of V, the value of ??i, and the limits of the integral have 
to be determined. From this value of y we at once have 



|J^ = -7/i[i;r(l-t;a.-r"Vr, 



/ 
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SO that, when these values are substituted in the equation 
a;(l-x)g+{7-(a + ^ + l)a:}g-a/3y = 0, 

it becomes 

r(l-t?a;)"*''[m(m-l)r*a?(l - x) -mvil - vx)[y -(a + fi -hi) oc] 

- 0^/3 (1 - vx)'] dv = 0. 

The coefficient of a^i^ within the brackets is of the second degree 
in m, which is as yet an undetermined constant; let m be so 
chosen that this coefficient vanishes, so that m is given by 

- m (m - 1 ) - m (a + /8 + 1 ) - a /8 = 0, 

or w' + m(a + ^)4-a/8 = 0, 

whence m may be taken equal to either — a or — /8. As the 
differential equation is unaltered when a and )8 are interchanged, 
either of these roots may be taken ; we shall take 

and then, substituting this value, we find that the equation 

"•"* [a(a + l)v^x + av {y-x(a + 13 + y + 1)} 

^afi(l''2vx)]dv=0 

must be identically satisfied. Rearranging the expression within 
the brackets under the sign of integration and dividing out by the 
factor a, we transform the equation into 



jr{l-vx) 



JV(1 - vx) 



-tt-2 



(a + l)t;(t;— l)xdv 



[ F (1 - va?) "-^ (t^y - iS) (1 - rar) rft? = 0. 



Integrating the first term by parts we have 

- Ft;(l - v) (1 - v^)"*"^ + /(1- w)"""^^ [v(l - v) V\dv, 
and therefore the equation becomes 

+ J(l - 1;^)— ^ [1^ {t; (1 - 1;) F} - 08 - vy) FJdi; = 0. 
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Now this will be identically satisfied, if we take as the equation 
to deteiinine V 

^{r(l-t>)F} = (/9-t^y)F. 

and assign, as the limits of the proposed integral, values of t; such 
that 

[Ft;(l-t;)(l-w)-"^] = 0. 
To solve the former equation, we have 



=•('-«) -f-^}- 



Hence i; (1 - v) F= ^t;^ (1 - 1;)>-^, 

where A is an arbitrary constant ; and the equation determining 
the limits is 

which, on the supposition that 13 is positive and 7 greater than 
)8, is satisfied by t? = and v = 1. It therefore follows that 
the equation of the hypergeometric series is satisfied by 

y = ^j^vP--' (1 - t;)>-^-' {l^xvy^dv, 

provided jS be positive and 7 greater than fi. 

It is easy to shew that, when (1 — a;r)~* is expanded and the 
coeflScients of different powers of x are evaluated, the resulting 
series is a constant multiple of the hypergeometric series, this 
constant factor being 






y 



144. If now we change the independent variable from x to 
1 - X, the corresponding form of the differential equation is 
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A solution of this equation (and therefore of the original 
equation) is, from the foregoing analysis, given by 

y = 5 fV-\l - vf''' (1 -xvY^dv, 

J 

provided /8 is positive and a + 1 greater than 7. If the conditions 
of limitation of the parameters be satisfied, the primitive of the 
differential equation of the hypergeometric series is- given by the 
sum of these two distinct solutions. 

Ex, 1 . Obtain in terms of definite iiltegrals the complete solution of the 
equation 

(see Ex, 2, p. 211). 

Ex, 2. Prove that, 

(i) if ^ be positive and a+ 1 greater than y, then a solution is 

y=|"" w^-^ {\-uy-^'^ (1 -xu^dw, 

(ii) if y be greater than fi and less than a+ 1» then a solution is 

y= r tfi-^{\-uf'^'^{\-xuydu,', 

(iii) if y be greater than fi and a less than unity, then a solution is 



1 

y= Pt*^-^ (1 -.t*)y"^"^(l-^)-*rfM. 



(JaoobL) 



Ex, 3. Obtain the complete integral of the equation 

wg + 4(*'-^)|-y=0 

(where d/+a?=l) in the form 

ir ir 

y=^ [*(l-jF8ina<^)"*rf<^ + J?f^(l-d/8in«<^)"*c^; 
and of the equation 

in the form 

y=^j?'r^ p8in«<^(l-a?8in«<^)"*cR^+5 [*sm«<^(l-y8in«<^)"*c^"l, 
a/ being the same as before. 
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Solve also 

(i) 4xyg + 4yg+y=0. 

(ii) 4xyg-4*g+y=0, 

(iv) 4*x'g+4(y-:r)^+3y=0. 
Ex. 4. Prove that, if n + 1 be positive, then 



(•»+«/■'«♦» (1 - 0*'»-« (i -^«) "*^"^"«ft 



is a solution of Legendre's equation ; while, if n be negative, a solution is given 
by 



x» f r *!"+« (1 - o-«»+*> (i - i A*" dt. 



145. This chapter contains only a slight sketch of the method of solution of 
differential equations by means of definite integrals ; the reader who wishes 
for fuller information on this part of the subject should consult two authorities 
in particular. By far the most important is Petzval, Integration der linearen 
Differentialgleichungen ; the parts dealing with this method are §§ 2 — 5 of 
Section ii. ; §§ 19—22 of Section in. ; §§ 10, 11 of Section v. The other au- 
thority is EuLER, Inst. Calc, Int., vol. ii., c. x. ; this work, however, labours 
imder the disadvantage of assuming the form of the solution first and then of 
finding the differential equation satisfied by it. There are two other memoirs 
which might also with advantage be consulted ; one by Lobatto, Crette, t. xviL, 
p. 363 ; and one by Jacobi, Crelle, t. Ivi., p. 149. 

A full discussion of the solution of linear differential equations by means 
of series and of definite integrals will be found, together with numerous 
examples, in a series of separately published memoirs by Spitzeb. 
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1. Integrate completely the equation 

2. Prove that the primitive of the equation 

nj.' ax ^ 
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is given by 

where the upper sign is to be taken if ^ be positive and the lower if or be nega- 
tive. 

(PetzvaL) 



3. Prove that the equation 






has an integral given by 

y=^B \ sin- «■"*** vrft;: 
and that an integral of 

is y=C I e vdv, 

Jo 

the minus or plus sign being taken according as ^ is positive or negative. 

Obtain the primitive of each equation. 

(Petzval.) 

4. Investigate the primitive of the equation 

d^ 
dx^ 



^^+in2c2^-2y=0 



in the form 

» 1 

y=^ / ^ cos(cj:*»sin^)cos ^<^d<^ 
Jo 



T 1 



+Bx 1^ cos {caf* sin ^) cos** ^ d<f>y 
Jo 

for values of m not included between - 1 and + 1. 

(Kummer, and Lobatto.) 

5. Shew that a particular solution of 

I ( t'2 - a*)" cos XV dv ; 



IS y = .V 



= i7» + i 
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and that a particular solution of 

/•CO 

is y=af^*^ j {a^+v^)~*'^ COS avdv, 

6. Shew that the equation 

is satisfied by 

s^-^e ^'^^^{zx)dzy 
where ^ {x) is given by 

Hence from the solution of 

d^y_ 

deduce that of 

dhf 



7. Verify that 



is a particular integral of 



-/: 



e'^"' ' dz 



**-0-*- 



-4w«a;2*-8y=le"-^ :»?-•. 

8. Shew that when the coefficients of the differential equation 

(«2+M^ + («i+M)^+(«o+V)y=0 
satisfy the condition afi^ — ajbi=h^j the solution will be 

where U^^h^u^-^h^u + h^y 

and log ( rtr.)=j '"''''+^"+"'> du, 

the limits being given by 



(Spitzer.) 
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9. Prove that equations of the form 

may be reduced to the form 

of § 136, by the substitutions sT^t and y = r*r ; and shew that h is determined 
by a quadratic equation. 

(PetzvaL) 

10. Prove that the particular integral of 

where ^ denotes a:^- , is 

y^WWW /(^i^« 6^) e^^^-U^^'^ e^^n'Ue^de^ de^, 

11. Prove that the definite integral 

is, when ^ > ^ > and c > y > 0, a solution of the differential equation 
(l-^)a;«g+{d+c+l-(a+^+y+3)^}^g 

Give in the form of definite integrals the primitive of this equation. 

12. The primitive of the equation 

^ 70(1*3 + A)* ;o(tt3 + A)* ;o(w3 + A)* ;-oo (w8 + X)* 

where a, ft y are the roots of 

w3+X=0, 

and the arbitrary constants are connected by the single relation 

(Petzval.) 
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13. Prove that the definite integral 



satisfies the equation 



-i^=w*6£"*~*y. 



(Poisson.) 



14. Prove that 

'^\\-xJ TT^ Wo (l-arsin«d)* 

P being Legendre's function. 

(G. H. Stuart) 

15. Obtain, by means of definite integrals, the primitive of the equation 

g-(l+«;»)g+ay(<x*«-«*-l)=0, 
where a and c are constants. 



CHAPTER VIII. 
Ordinary Equations with more than two variables. 

146. It has already appeared that in some cases^ though the 
integration of separate terms of a differential equation would in- 
troduce new transcendental functions, the solution of the equation 
as a whole can be expressed in terms of purely algebraical func- 
tions. Thus, for instance, the equation 

dx dy ^ Q 



(l-^»)4"^(l-y«)* 



can be integrated in terms of the transcendental functions arc sin a?, 
arc sin y ; but there is an integral of the form 

x{l-ff^y{l^a?f^C 

which is equivalent to the other. We are thus naturally led to 
enquire whether other cases exist in which such an algebraical 
relation between the variables of the integrals of functions can 
be obtained when the integrals themselves cannot be evaluated 
without the introduction of new functions. The case next in 
point of simplicity, which furnishes a similar example, is that 
usually known as Eulers equation, in which the object is to 
find the integral algebraical relation between x Jind y which corre- 
sponds to the equation 

X~^dx+Y~^dy = 0, 
where X=^a + bx -\-cx'^ -\- ex* i-/x\ 

and F= a-^-hy -\-cif + eif +fy\ 
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To integrate this we assume 

p = x + t/, 



and 



so that 



dx JC* 



(it y — X* 

dy_ r* 
di a? — y ' 



and therefore 



dt x — y * 
A second differentiation with regard to t gives 

d^p_ 1 fl dYdy 1 dXc/a?) Y^-X ^fdx dy\ 

df «? — y i2F* ^y ^^ 2Jf* ^ ^^J i^^yf v^^ ^^ 

^ {x-yYY dy * da? y-a? j 

= (^).{ft + c(^+y)+~^^ + y») + 2/(a:' + y^ 

- 6 - c (a; + y) - e (a^ + ajy + y*) -/(a^ + ^y + ^y* + y^[ , 

the last four terms inside the bracket being the value of . 

Rearranging and collecting terms, we have 

= Je +/(x + y) 
= he +fp- 

If we multiply by 2 -J^ and integrate, we obtain 

dp 



or substituting the value for 



dt 



i£_^J_ = C+ e (.r + y) +/{x + y)\ 
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an algebraical relation between x and y, though the separate 

integrals require for their expression elliptic functions. 

» 
Ex, 1. Prove that another integral of the equation 

^ + ^0 



IS 



{' ^^y-f^y =^-^i^'+^^(^+y)+^(^+y)'> 



and verify the theorem of § 12 in this case by shewing that the two primitives 
are not independent. 

Ex, 2. Prove that an integral of 

dx __ dy 

Ex, 3. Express in an integral form the relation between y and x given by 

dx dy _ 

Ex, 4. Shew that the primitive of 

dx dy 

{4;(1-*)(1-X:r)}» {y(l-y)(l-Xy)}»' 

may be exhibited in the form 

{x (1 - y) (1 - Xy)} » + {>(1 - ^) (1 _ Xx)} ♦ = ^ (1 - X:ry), 
where A is an arbitrary constant. 

147. There is another method of proceeding, due to Cauchy ; 
it is quite different from the former. 

Consider a general equation between the two variables of the 
second degree of the form 

where X^, Xj, X,, Y^, F^, F, are all of the second degree, the first 
three in x^ and the second three in y \ thus if 

X^ = a^x^ + 2a^x + a^, 
X, = b,x' + 2\x + 6„ 
X^ = c^x'' + 2c^x + c,, 
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we should have 

y, = «y + 26oy + c., 

r, = ay + 2bj/ + c,. 
Then the ratio oi dy idx is given by 

But g=2(F.x+7.) 

= 2(F.«-F.F^*, 
since « = F,a;* + 2 F,ar + F, = ; similarly 

| = 2(X^ + Z.) 

= 2 (X/ - X.ZJ* 
and therefore 

^ + dy ^Q 

(jc.'-x,x.)i (17- ni".)^ ' 

a differential equation the integral of which is m = 0. 

Now since Euler's differential equation is symmetrical with 
regard to x and y, it is necessary that its integral m = should 
be symmetrical with regard to x and y in order that the pre- 
ceding analysis may apply to the present case. In order that u 
may be symmetrical, we must have 

and X^ - X^ X^ is then the same function of x that Y^ — Y^ Y^ 
is of y. In order to obtain the integral of 

dx dy^_ 
X'^^Y^^^ 

where X= a-\-hx+ cx^ -\- ex^ +fx*f 

and Y is the same function of y, we must make A' and 
X^^ — X^X^ the same. The comparison of their coefficients will 
give four equations to determine the coefficients of u ; but iu 
u there are five independent constants (there were originally 



p. 
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eight aa any one can be made unity, but three equations necessary 
for symmetry are satisfied) and therefore one will remain undeter- 
mined and so arbitrary. These equations giving the coefficients are 

V-a,c, _ 46,6,-2 (a,e„+a,c ,) _ 4&,6 . - 2 (g.c, + a, c,) _ 6,* - a^c^ 
/ e b ~ a 

_ 4 (b' — a,c,) — (a,Ca + ffl,,c, — 26^6,) 
c ' 

when the values of the determined coefficients are substituted 
in u, the equation « = () contains one arbitrary constant and is 
thus the complete integral. 



£i:. 1. Prove that the primitive of 

'^ +- ^ -=0 

"o (^+y»)+26oaj+2&i (j;+j)+o,=0, 

V-"o* Vo-"i>6i _ V-'V^ 
^ ~A B 0~^- 

Ex. a. Verify that the primitive of 



(l+o^+o,^)' (1 + o,y»+OBp«)' 

where A^~a^= A^ -f Oj-ij . 

(Cauchy.) 

Chap. XIV. of Cayley'a "Elliptic Functions " maj be conaultod with 
advant^e. 

148. If instead of a single equation between two variables, 
the relation between which is expressible in an algebraical form, 
we have a system of n— 1 equations between n variables, we may 
without integration of each integrable expression represent in an 
integral form the dependence between the n variables in the 
shape of an algebraical equation ; and as this equation is obtained 
by an integration it must contain an arbitrary constant. The 
process made use of in order to derive it in the general case will 
be seen to differ materially from that adopted in the particular 
case of n = 2. 

16 
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Let the differential equations be 

-^^t'^ 



X} 



= 



x^dx^ x^dx^ xjx^ _ 







>> 



yT"^ Y\ ^ ^ lr*~- 

in which 

Xf^^A^^-A^Xf. + A^Xf!^^ ^A^^^Xf^^'^^-A^x^ 

for all the suflBxes /x in the system. Let 

and let /' (a?^) denote the value of •\^ when in it, after the in- 
dicated differentiation has taken place, x^, is substituted for x ; the 
value of /' (sc^) will therefore be 

the vanishing factor a?^ — a*^ being absent. Solving now the above 
system of equations in order to obtain the algebraical ratios of 
the quantities dx^, dx^, , dx^, we find 

Let the common value of these equal fractions be denoted by 
dt, so that we have 



dt-f{xy Tt'-fixy 



dx^__ X, 



and so on. 



The first of these gives 



d^r\'_ ^, 









dt ) {/(x,)}' • 
and therefore, after difTereutiatiou witli respect to t, 



dt de ~ dx^ UfixjYJ dt 






dx, L{/' (^.))"J dt + 
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But since 

/(«,) = (ar, - a;^ (ar, - a;^ (a, - ajj, 

1 d - 1 



we have 



f(x,)d:r,^^'<-''^^-^ 



^H. 



and therefore g| [^^^J = j^. -1- , 

provided /x be not unity. After substitution and division by the 
coefficient of -W on the left-hand side, the equation becomes 

rf** *9*l{/(^.)n /(^.)/(«.)^.-^. /(a'.)/(<»'J^.-^. 
Similarly 

«ra.,_ dv X, 1 x^x* 1 , x,*z,* 1 

+ + — * 



and so for the others, making n in all. Now let the n left-hand 
sides of these equations be added together ; the sum will be equal 
to that of the n right-hand sides. It will be seen that in the latter, 

X^X^ 1 
when in the r^ expression a term , *: * enters, then 

X^X^ 1 
in the ^ expression a term -rrr-'^/j^-^ will enter, and 

the sum of the two will therefore be zero. All the terms con- 
taining these fractions will for all values of a and r dis- 



r M 



appear ; and thus we have 

16—2 
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i^(.,+a;,+ .. 






*'3^.l 



We shall afterwards denote a;, + a;, + + a;, by p, so that the I 

left-hand side is 2 ~^ . 
far 



149. We can obtain another value for the expression ou the I 
right-hand side. Let X denote the same function of a; as A', of a;^, 
and let 

be expanded in partial fractions. Since X and (/(■«))* are both 1 
of the degree In, there will be a term independent of ir, which I 
will be A^ ; and so we may write 



,7f),-^--A^^-i/ 


-A 


+ (»-«,)• 'c.-.^"* 


-<^- 


Multiplying up by {x - ajj' we have 




^J^^=£^ = C.+B.(x~ ar.-l + terms n 


aultiplied by (x - 



~uw 

or dividing out by the common factors in the numerator and the J 
denominator on the left-hand side we have C, -\-B^(x- 
X 



multiplied by (a:-a;,)' = 



If X he put equal to x^, the left-hand side becomes C^ aud the I 

X 
right becomes ■- „, , ' ,., , so that 
* 1/ W) 



'"[/'('.)}■■ 

The right-hand side of the equation in the form last writ- 
ten does not involve x^, and its partial differential coefficientj 
with regard to x^ is therefore zero; since the two sides of thai 
equation are identically equal, zero must be the value of I 
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partial differential coefficient of the left-hand side with regard to 
ojj, and so we have 

^ — 5j + ( J? — x^ ^ + terms involving {x — x^ = 0. 
This is true for all values of x, and therefore 

Similarly 5.»g^^[-^.]. 

with corresponding expressions for the other quantities B. Hence 

Let the equation expressing the resolution into partial fractions 
of the expression considered be multiplied throughout by {/{x)Y ; 
and let the coefficients of a;'"" ^ on the two sides of 

be equated. None of the terms involving the quantities can 
furnish terms of so high a degree, since each begins with a^~* ; 
each of the terms involving the quantities B begins with a^"*, 
and the whole coefficient from this series of terms is therefore 

B, + B^+ +B^. 

Since 

f(x) = (a?- a?,) (x - a?,) (x -.a:J 

^af' — x^"^ {x^ + x^+ + ^n)+ lower powers of a? 

= af'^px*'^ + lower powers, 

the coefficient of aj^"* in A^ {f(pC!)Y is - 2A^p. That on the 
left-hand side is -4^.^; and therefore 

^.-l = -2^.-P + A + ^.+ +^n 
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Multiplying by -^ and integrating, we have 



(iy=^^*+^.-.i>+^. 



dx 



where ^ is an arbitrary constant. But 

dp dx^ dx, 

dt dt dt dt 

and therefore the integral becomes 

^. 1. Prove that an integral of the equations 

dx dy dz _ 

where 

and Y and ^ are similar functions of y and z is 

1 (;r-y)(y-^)(r-x) / =^(^+y+^)+«'(*+y+«) +<?. 

where C is an arbitrary constant. 

(Richelot) 

Ex, 2. Deduce a second integral of these equations in the form 
{y^2^(^-z)X^ + ^.v^ (« - :r) r * 4- ^y* {x - y) z\ ^ 



\ (ps-y)i^-z){z-x) J 



= C'a^yh^ + hxyz (xy -hyz + sa?) + a (xy +yz + «?)*. 

(Richelot.) 

The theory of these and icindred equations cannot here be carried out to 
the limits of its present development, as it soon ceases to belong exclusively to 
differential equations and merges into the general theory of transcendental 
functions. The reader who wishes for a fuller development on the lines of 
differential equations than can be given here will find a i)a^)er by Richslot, 



fl«.] 
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t CWfe, t. xxiii., pp. 3B4 — 369, very iMeftil ; and he would do well to consult the 
f following papers by Jaoobi, 

Crelle, t is., pp. 394—403; 
t. liii, pp. 55 — 78 J 
t. xiiv., pp. 28 — 35; 
t Msii., pp. 220—226, 
|i bII of which ore contained in the second volume of his oollected works. 

For the higher parts, chiefly in connection with the theory of tranacen- 
mtal functions, the memoin of Abel should be ooneulted. 



Total Differential EquaUons. 

150, The differential equations with which we have hitherto 

li'Iiad to (leal have been, except in ^ 14S and 149, such as include 

I'One dependent and one independent variable ; for the future we 

I.Bhall consider those which include more than two variables. These 

I- may be divided into two classes, one in which only one dependent 

I variable occurs, the other in which only one independent variable 

occurs. In equations of the former class we shall have the partial 

differential coefficients of the single dependent variable relatively 

to the independent variables; these are called partial differential 

equations and will afterwards be discussed. In equations of the 

L Jatter class we shall have the differential coefficients of the several 

t dependent variables with reference to the single independent 

■variable (which may be either expressed or implied) ; these are 

laually called total differential equations. 

Now if we have an integral equation 

*(i,y, .)=C, 

llvhere C is a constant, we may suppose that x, y, z undergo slight 
iations dx, dy, dz, which we know will be connected by the 
relation 



3* J 



J^, 



= 0. 



roT, if we assume that a 
^.then 

d^=^dt. 
at 



J are all functions of some variable t. 



L&d the foregoing equation becomes 

di^ da dif> dj/ 90 < 
dx dt By ^ ds I 



dz= -^ dt: 
at 
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These two are equivalent forms; the form usually adopted is the 
first ; if in any case the second be given, it can at once be changed 

into that of the first. Moreover, H ^ , i^ , ^ have any common 

dx cy dz ■' 

factor, the equation can he simplified by the removal of that 
common factor ; and so we may consider the general form of such 
an equation in the three variables as represented by 
Prfa; + Qd^ + Mz = 0, 

where P, Q, R are given functions of x, y, z and are proportional 
to the differential coefBcienta of 0. 

151. But, conversely, when any equation of the form 

Pd3!-k-Qdy\-Rdz = 

is given, it does not necessarily lead to an equation of the form 

4>{x,y.s) = C; 

for the existence of such an equation implies that the three quanti- 
ties P, Q, R are proportional to the differential coefficients of some 
one function, and this is not satisfied while P, Q, R are quite 
general. We must therefore find out under what circumstancea 
such a differential equation will lead to an integral of the given 
form; and, on the assumption that such an integral is possible, 
indicate a method of obtaining it. 

There will remain the further problem of obtaining a solution 
of the equation when the conditions necessary for the existence of 
Buch an integral as the above are not satisfied. 

152. In the first place then we assume that such an integral 
exists; we must therefore have P, Q, R respectively proportional 1 
to the partial differential coefiBcients of some function with J 
regard to x, y, z, so that we may write 

-^.' "«-!!• ^^-l 

in which /t is some function the value of which is unknown. From j 
the first two of these equations we have 



mP= 



^ 



il'p)- 



^<t, 



~dx 



(c«), 



f 152,] 
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Similarly 






Multiplying the last three equations respectively by R, P, Q 
I and addiDg, ive have 



(f-^)^€ 



+« 



V9^ dx) ' 



■ irhich is the equation giving the relation between P, Q and S; 
I And this, when identically satisfied, indicates that the proposed 
E differential equation leads to an integral of the form considered. 

153. We shall now assume that this relation exists and that 
I the differential equation therefore has a primitive of the form 

* {^, y. !^)=G', 
we have to shew how to deduce this primitive. 

If we had this primitive and proceeded to form the correspond- 
I ing differential equation with a restriction that z should not vary, 
rtiie equation would be 

Pdx+Qdy=0, 

which equation would not be affected by any term in the primitive 
P"which involved z alone. 

Conversely then, if we integrate 

Pdx + Qdy = 0, 
Eon the assumption that z does not vary, the arbitrary constant 
Bfsf integration is a quantity independent of the variations of :c and 
' y and may therefore be an arbitrary function of z. We replace 
the arbitrary constant by an arbitrary function of z and so have a 
relation between ,c, y and s. This however will not necessarily be 
I the integral required, for it may not satisfy the equation 

Pdx+Qdy + Iide = 0, 
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we only know that it satisfies the particular form of this in the 
case when s does not vary. It is therefore desirable to form the 
differential equation corresponding to the integral in the form in 
which it now occurs; it should yield the given diiferential equation 
and a comparison of the two forms will lead, from the condition 
that they rauat be identical, to an equation which will determine 
the value of the arbitrary function of s. This last will also be a 
differential equation; when integrat-ed it will contain tlie arbitrary 
constant in the determined function of a which on substitution 
furnishes the primitive. Hence we have the rule : 

Let the equation be 
and suppose the relation 

satisfied. Integrate 

asif z were invariable*, and viake the arbitrary consta}ii of inte- 
gration equal to ^{z). Substitute now so aa to obtain the ori- 
ginul equation and choose tfi {2) so that the coefficient of dz ia R, 
The primitive is tlien found. 

E.s. 1. Integrate 

x{a~z), R—.ei/; aud the oqiiatiuQ of randition b 

On the naaumptiou that 1 is invariable the t«rm xffd; disapiieara auJ then 
a—i will divide out, so that the equation becomes 

ydx+xdy=0, 
which integrated gives 

:.y = J = 0(.-). 
g to the rule. Differentiating thia we have 



ffdx+xdy — ^ de—0. 



* IT more eonrenient either of the other vnriablca mijjht be oocsideied t«iB- ' 
ponrilf OMUlont and the oorreBponding chaogea maJe. 
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In order that the two equations may be the same we must have 

dif) xy <f> 
dz a—z a—z' 

Hence t -5^= = > 

<l> az a-z z-a^ 

therefore <f>(z)^C{z- a), 

where C7 is a constant ; and the primitive is 

Ex, 2. Verify that for each of the following equations the condition of 
integrability is satisfied, and obtain the primitives : 

(i) {2f-\-z)dx-k-{z-\-x)dy-\-ix-\ry)dz^0\ 

(ii) zydx = zxdy -k-y^dz ; 

(iii) (y+a)*da?+2fl?y-(y+o)cfes=0; 

(iv) {x-a)dx-\-{z-c)dz+ {A«-(:P-a)«-(«-c)«}*c^y=0; 

(v) (2/ + 4az^x^) xdx + {3y+2x^-\'(y^ + ^)'^ydy 

+ {428+2aa;8 + (y>+«»)"*}«fc=0; 

(vi) {2f^-k-yz)dX'^{xz-^z^)dy-\-{y^-xy)dz=0\ 

(vii) {xh/ -y8 -yh) dx-\-{xy^ - 3fi - os^z) dy-\-(xy^-\-a^) c&bO; 

(viii) (p^+2xy-^2x2^+l)dx+dy+2zdz=0; 

(ix) {2x 4-y* + 2xz) dx + 2xydy + a^dz = du, 

154. The preceding solution has been obtained on the sup- 
position that the equation of condition among the coefficients of 
the differential elements dx, dy, dz is satisfied ; it remains now to 
consider the class of equations for which this equation is not 
satisfied, and for which there cannot therefore for these equations 
be a single general integral. 

Let us now assume any arbitrary relation between a?, y, z of 
the form 

-^ (^, y, «) = ; 
this on being differentiated gives 

When the form t/r is specified, these two equations will determine 
z and dz in terms of x, y, dx and dy (or, generally, one of the 
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variables and its differential io terms of the other two and their 
differentials), these when substituted in the equation 

Pda>+Qdi/ + Iidii = 
wiJI make it of the form ■ 

Mdx + Ndij = 0, I 

■where Af and N are functions of x and y, the values of which will 
depend upon the form of the chosen function '^. Now this equa- 
tion may be integrated and the integral, containing an arbitrary 
constant, will together with the relation , 

constitute a solution of the differential equation. 

For it is evident from the method of derivation of the integral 
that, in combination with ■^ = 0. it furnishes relations between 
X, y and z such that the differential equation is satistied. 

By giving all possible forms to ^ every possible solution will 
be obtained. Each solution will be constituted by two equations. 

Ex. 1. Solve 

The equation of contiitioa ih not BatisfieU ; some relation between *, y, * 
must therefore be nsaumeil and this may be perfectly arbitrary : let it be 

A combiuation of this with the differential equation givea 
dz=af{x)dx-\-hf{x\ 
the integral of which is 

This, with/(a:)=y, forms the solution of the proposed equation. 
E3!. 2. Obtain the most general solution of the equation 

which ia consiatent with the relation 



Ex. 3. Find the equatii 
order to give an integral of 

{x{x-a,)+,j{},-b)\d!=.[i 



which muflt be associated with .i^+y'=^ (i) in 
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^.ftnd that whioL must be aaaociated with 

y+:logx+0(.-)=O 



idx+xdy+i/di^O, 



Ex. 



Prove that, if j* be a quantity such that 
the solution of the equation may be represented by 

K^niia is Monge's form. 

Ex. 5. Obtain the general equations which constitute tlie solution of 
ydx={x-s)(,d!/-dt). 

155. It 13 not at first sight clear how the equation of condition 
affects the above process and, in particular, why what has been 
given as the solution in the latter case is not the solution in the 
former case. But the relation between the two solutions can be 
seen as follows. 

The elimination of the differential element ds between the two 
equations in which it occurs leads to the equation 

and, in order that this may be reduced to the form 

Mdx+Ndy^O, 
the variable z, which occurs in it, must be replaced by its value 
derived from ^ (x, y, z) = 0. Now suppose the equation of con- 
dition is satisfied so that P, Q, R are proportional to the differ- 
ential coefficients with regard to as, y, z of some function ; if this 
function be ^ (a;, ^, e), then we have 

Bdz ^Qdy~Pda 

and the equation involving dx and dy is identically satisfied. There 
will thus, on this supposition, be no other equation necessarily asso- 
ciated with the equation ^ = 0, or, what is equivalent for this case, 
i^ = C; thisby itself is sufficient for the solution of the differential 
equation, and any other equation assueiated with ^ = may be 



■■(A), 
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perfectly arbitrary (such aa ;^ = 0), for its expreseion will not enter i 
into the differential equation when formed from these integral 
equations. If however the equation first written down be not that 
which leads to the particular properties (A), but be another such 
as x~^' ** ^'^ ^*'" ^^ possible to derive the equation ^= C, into 
the expression of which the form of ^ docs not cuter ; and we 
may therefore consider as the geneial solution of the differential 
equation the equation 

■<ir= C; 

while, if we wish to determine y and e separately as functions of j 
w, we associate with this any arbitrary function of x, y, a, I 

If however the equation of condition between the quantities 
P, Q, R bo not satisfied, there is no function -^ such that the 
relations (A) bold ; and thus 

Mdx + Ndy = Q 

is not an identity but leads to an integral, the form of which is j 
affected by the form of the arbitrary equation first written down 
and which must be associated with that equation in order to con- 1 
Btitute the integral. J 

It thus appears that the difference between the two cases is I 

this; while we may consider that in both cases two equations are 1 

necessary to give the complete solution, in the case when the ' 
equation of condition is satisfied one of these integral equations 
(called -^ = C) is completely unaffected in form by the other (called 

^=0), but in the case when this equation of condition is not i 

satisfied one of these integral equations is affected in form by the | 

other. ' 

156. The difference between the results in the two classes 
having been indicated, it is now possible to adopt a method of 
integration which shews the point of separation between the 
processes applying to these classes. Let 

X (*. 2/. «) = J 

be any relation between x,y&ai.z\ then ^| 

I ^dm + ^dy-¥K^dz = 0. ^^^| 

9<c 9y ' d7 ^^^H 
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Let the former equation be multiplied by X (a quantity to be 
Determined afterwards] tind added to tbe latter, so that 



i^-^'i) 



'8i)^+(«+^|)''^+(''+4S*-»^ 



Bar, say, P,das+ Q^dy +E^de = 0. 

Let \ be so chosen as to make /*,, Q,, B^ proportional to the 
difierential coefficients with regard to x, y, z respectively of some 
fiinction ^ ; then the integral of the last equation is 

where C is arbitrary, and the primitive of the differential equation 
is given by the two equations 

X {x, y, z) = 01 

^ {x, y. J!) = Cr 
Now sinceP,, ^,,i£,are proportional to differentia! coefficients 
Kith regard to w, y, z, we have 

r substituting for /*,, Q^, ii, ajjd reducing, we have 



\dx \d£ ay J 



\dx \d£ dyj 



*" dx y* 9« dyJ oy V"** Sj: 






dz)*d'\ dy 



dx)} 



If P, Q, fl be themselves proportional to differential coefficients 
nth regard to x, y, s, the first line in this equation vanishes and a 
nlution of this equation is X = 0; P,, Q,, B, are then independent 
Ebf ^ and therefore -^ {x,y, z) is independent of ^. 

If P,Q,RhG not such as to make the first line vanish, then \ 
is shewn by this equation to depend upon the form of -^ and there- 
fore ■>/' also will depend upon the form of ;^. The form of ■^ will 
in this case be determined by the method given in § 154 ; but the 
foregoing investigation is useful as a means of instituting the 
analytical comparison between the methods. 
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Geometrical Interpretation. 

157. A geometrical interpretation can be given to the differ- 
ential equation and its integral, which will ilhistrate the differ- 
ence between the two classes of equation explained in the laat 
two paragraphs. 

If as usual x, y, z represent the coordinates of a point A, 
the equation will then represent some locus. Let j1' be a 
point on the locus adjacent to A ; then dx, dy, ds are pro- 
portional to the direction cosines of AA' and the differential 
equation implies a relation between these direction cosines ; the 
locus which it represents will therefore be some curve or family 
of curves, and not a surface or family of surfaces. 

158. Consider now the two differential equations 



P', Q, R being the same functions of a/, y\ z that P, Q, ii are 
of X!,y,z; their integrals are of the form 



■ (ii), 



where u., and u^ are functions of x', y, z ; and as they coexist 
these integrals really represent the intersection of two surfaces 
each of which is one of a family. This intersection of any two 
particular surfaces is a curve, and we therefore have a doubly 
infinite system of curves. One curve of this system passes through 
A and is determined by those values of a^ aud a, obtained by 
substituting in «, and w, the coordinates of A. Let A" be the 
point on this curve which is consecutive to A ; then the direction 
cosines of AA" are proportional to dr'. dy', ds' or to the values of 
r, Q'. R' at A, tliat is to P, Q, R. Now the condition that AA", 
AA' may be perpendicular is 

Pdr + Qdy + Rdz = 0, 

which is the given differential equation ; hence it expresses 
the fact that AA' is perpendicular to that curve of (ii) which 
passes through A. The solution of the differential equation 
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w 



most therefore include all tlie curves whifh cut the system (ii) 
itthogonally. 

If we start from A in any direction which is perpendicular to 
le tangent at A to that curve of the system (ii) which passes 
[through A , we shall come at j1 ' to an adjacent curve of this system ; 
lOving from A' in any direction at right angles to this we shall 
at another consecutive point in this path reach another adjacent 
curve ; and so on, The path thus obtained must be included in 
the solution of the differential equation ; and as at each point A 
we may move in any one of an infinite number of directions (i.e. 
in any direction lying in tho normal plane at J to the curve of the 
system) it follows that the solution of tho equation will contain an 
arbitrary function. 

Let us, then, draw through A any surface we please and limit our 
path so as to be in this surface ; starting from A at right angles to 
the curve of (ii) there will, in general, be only one direction possible 
in the surface and moving along this through a small arc we shall at 
its extremity A' come to anotber curve ; at A' there will as before 
be usually only one direction possible in the surface and it will 
lead to another point A" and so on; and we shall thus obtain on 
the arbitrary surface a single path passing through the point A. 
Had a different point B on the same surface (but not lying in the 
path through A) been the starting point there would have been 
nimilarly obtained a single path through B different from the 
'former ; and so fur any point. 

Be shovld therefore have on anij arbitrary surface a singly 
titfinile series of curves. 

159. This is the exact geometrical process corresponding to 
the analytical process applying to the case when the equation of 
condition was not satistied. For what was there doue was to assume 
an arbitrary lelation nmong the variables — this is the equation of 
the arbitrary surface ; it was combined with the differential equation 
and, after integration, another equation was obtained containing an 
arbitrary constant which with the original arbitrary relation was 
considered the solution. The new equation containing one arbi- 
trary constant represents a family uf surfaces; and the combination 
of the two gives the system of curves which form their intersection. 
leh of these curves lies on the surface first taken, and so we have 

17 
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an infinite series of curves on this surface. The process thcreforal 
gives the system of lines wliich lie on any surface and which | 
satisfy the differential equation. 

160. Now it may happen that the complete system of curves J 
(ii) can be cut orthogonally by a surface and so by a family oF'l 
surfaces ; thus if the system were a series of straight lines all I 
passing through one point they would be cut orthogonally by fttij'l 
sphere which had that point for centre. In this case any curve I 
drawn upon an orthogonal surface would cut the system (ii) a&J 
right angles, since it is at every point perpendicular to some I 
one of the system; and such a curve would therefore be included I 
in the solution. Hence the general solution must include all i 
curves that eau possibly be drawn upon any one of these surfaces 
and therefore, if we look upon a surface as the aggregate of all 
the curves that can be drawn on it, we may say that the surface ia . 
included in the system of curves. As the surface is one of a family; 
all the members of which possess the same property, we considei 
that the equation of this family of surfaces is the solution of the^ 
equation ; and what has been said shews it to be thereby implied 1 
that the equations of every curve that can be drawn upon o 
the family constitute a solution. 

IGl. This corresponds exactly with the process applicable toJ 
the case for which the equation of condition wassatistied; wethei 
had (§ 155) an equation ifr = C and any other arbitrary equatioi 
^ = 0, the two representing one curve on each of the surfaces ■^=C;fl 
by taking all possible arbitrary equations ^ = we obtained all 
possible curves on the surfaces ^fr = C and thus ultimately the 
surfaces themselves into the expression of which the form of x ^^ 
not enter. 



1C2. It only remains to shew how the equation of condition a 
derivable from the geometrical considerations. The argument^ 
are applicable on the supposition that the system of curves repre 
sen ted by 

dx' _ dt/' dx 

F ~ $" " ~B' 

can be cut orthogoually. If they can be cut orthogonally, as a 
any point A, the tangent to the particular curve passing through A 
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must coincide with the normal at A to the orthogonal surface. 
Now the direction cosines of the tangent at A are proportional to 
the values of P', Q', i2' at -4, that is, to P, Q, B; and if 

<f> (x\ y\ z) = G 

be the orthogonal surface, the direction cosines of the normal at 

the point x, y, z (which ia A) are proportional to ^ , ^ , p.— ; since 

the direction cosines must be the same for the two lines, we must 
have 

Pdx Qdy £dz' 
Let each of these quantities be equal to fi so that 

the elimination of (f) and fi between these leads (as in § 152) to the 
equation considered, which is therefore the condition that the 
system of curves may be cut orthogonally. 

Case of n variables. 

163. In what has preceded only three variables have been 
supposed to occur ; but it is easy to pass to the case when there 
are more than three. In order that the equation 

Xjdx^'^X^dx^ + X^rfx^-^ + ^n'^n = Ot 

where X^, X,, are functions of x^yX^, , should have 

a complete integral of the form 

the quantities X^ must be proportional to the partial differential 

coefficients ^^ , so that we may write 

dXfi, 

for all values 1, 2, , w of /a. If now X, /t, i/ be three different 

suffixes, we have 

17—2 
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ilarly 









dA\\ 



-X\f^~X^. 



3a' 









and therefore 



^. 






= 0. 



If the Bet of equations derived fiom this by all possible oombinap J 

tiona of three different suffixes from among 1,2,3 .....n b«' 

satisfied, then the differential equation has an integral of the 
proposed ftifm. The total number of these equations of condition 
is J?i(n.-l)(ii — 2); they are not all independent, for if there 
be written down tiie four equations which involve three out of the ^ 
four quantities X^, A'„, A'^, X^, any one of them will be found to be 1 
derivable from the other three. 



£x. 



Prove tbat tlie tutal number of inde^Jcude 
i(»-l)(n-2). 



it etiuatioimof coQilitionM I 



16-1. When these equations of condition or the necessarilyfl 
independent equations are identically satisfied, the pnmitive, which-l 
must therefore exist, can be obtained by an extension of the metbodi 
adopted fur equations with three variables. We integrate as if all 1 
but two of the variables were constant aud we replace the arbitrary ' 
constant by an arbitrary function of all those variables which a 
supposed constant. The equation so obtained is differentiated 
with regard to all the variables aud the result is made to agree 
with the given equation; the conditions necessary for this agree- I 
ment will serve to determine the arbitrary function which 
introduced and so to determine the primitive. 

Kt. 1. It is easilj verifiable that the coefficioata of the differentials b 
the equation 

{2j, + J,' + 2x^x^ - Jj) dju^ + Zfjj:^, - Xidx^ + j:,W-c, - 0, 
satisfy the eqiiatiooa of condition which are four in uuiutior, three being ini 
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pendent. Following the rule we asaumo that ouly two of the vnrialiles maj 
change «ad these may be taken to be x^ and X',; the integral derived is 

where is a function nf x, and x,. Differentiating this tre have 

(-.rj + 2jr,:r,)(Zj:, - x^dJ:^+x^'da:, = d<f>, 
And a comparison of this with the given equations she^vs that 

^ We thus have an equation involving three differentialM drft, rf j,, dx^ inatead 

"^CF four (we should have, in the general case, iin equation involving n-\ 

differentials instead of n); the rule is reapplied to this and the number again 

decreased by unity and so on, until we can obtain a Gual Integra!, lu ths 

example apecialiy considered the integral ta easily seen to be 

-efi + A =*^' +*iJ^8*i 
where A in now an arbitrary constant; and the primitive is 
X,' + XjXj' - x,x^+x^^x^ = A. 

Ex. 2. The following equations have a primitive of the form considered; 
obtain it for each of them. 



(i) y»U(£r+nti;(^+ttiyefe+^id«=0; 

(ii) (^+t+u)dx + (i+u+x)d>/+(u+x + t/)di + (x+2/+t)du= 

(iii) !{2/+t)dx+i{v-x)di/ + r,(x-tt)d:+^(j/+i)du=0. 



Equations of a degree higher than the first. 



^^oblo; 

^^H^ 165, Equationa may arise in which the different! nls of the 

' variables occur in a degree higher than the first; into tlieir 

solution it is not proposed to enter fully bnt only to indicate a 

method of proceeding in some cases. The general equation of 

the second degree may be taken as 

I Xds^+ Ydf + Zdi^ -yiX'dydi +2y(bch;+2Z'dj:di/=0, 

in which X, Y, Z, X', i", Z' are functions of x, y, and z. If 
the left-hand side can be resolved into two factors, then the 
equation may be replaced by two others each of the form 

Pdx + qdy + Rdz = 0, 

obtained by equating separately to zero the two factors. Tlie 

Bolntion of either of these, obtained by previous methods, will 

be a particular solution of the differential equation proposed; 
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and tlie two general solutions taken together will constitute the 
complete solution. In the case when each of the linear equations 
is satisfied, in the sense of the precediog paragraphs, by a single 
integral of the respective forms 

■f , (a:, 7/, 2) - C^=0, ■>lr^(x,y,z)-C^ = 0. 
the general solution will, as in § 19, be represented by 

|f,(,r.j,^)-C](,f-,(^,y,2)- C]-0 (A). 

In the cose when two separate equations are needed for thftl 
solution each corresponding pair must be looked upon as a solution. .1 

Now the condition that tbese should be solutions is that the I 
left-band side of the original equation should be resoluble into I 
factors. The left-hand side is equal to 

hliZdz+Tdx + X'(ii/y'-\{r"-XZ)dj^~^{ZZ'-Xr)dj:dy 

+ (x-'-yz)di/'\],] 

and in order that this may resolve into two factors we must have 

(y" - XZ) dx' - 2 (ZZ - X'T) dxdy+{X-*- YZ) df 
a perfect square, which will be the case if 

{F" - XZ) (A"' - YZ) - {ZZ - X'Vy = 0, 
that is, if 

Z(XYZ+ 2 X' YZ' - XX ■' - r F'' - ZZ'^ = ; 
or, since Zia not zero, we must havo 

XYZ+2X'Y'Z'- A'Z"- rr'-Z2^ = 0. 

When this condition is satisfied the general solution is obtalnec 
in the foregoing manner. 

When this condition is not satisfied the proposed equatioafl 
does not admit of a single primitive of the form {A) nor of a b 
of separate primitives each given by a pair of equations ; but it 
does in general admit of a aolutiun e^ipressed by a system of 
simultaneous equations. 
Er. 1, The equation 

Batislies the condition ; and the equivalent equations are 

xdx+ydff+tdt=0, xdx+ydi/—idt^O, 
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which lead to the integrals 

and therefore a general solution will be 

(x*+y*+2*-a)(^+y*-2«-a)=0, 
i.e. (a;'+y2_a)*=2*, 

iu which a is an arbitrary constant. 

Ex, 2. Solve 

(i) irdx^ + mm'df + nn'dz^ + {Im' + I'm) dxdy-\- {In' + I'n) dxdz 

+ (mvL + m'n) dzdx=0; 

(ii) (xdx+ydy-\-zdzfz=^{z^-a^-y^ {xdx+ydy+zdz) dz; 

(iii) dxdydz=0; 



(iv) 



. dx, dy, dz 
Xy y, fihz 
dXy dy, mdz 



=0, where m is a constant. 



Ex, 3. Obtain a solution of the equation 

a{b — c) xdydz + b{c-a)ydzdx+c{a-b) zdxdy—0 

consistent with the equation 

ax^+by^+cz^=l. 

(The former is the differential equation of the lines of curvature upon the 
surfiace represented by the latter.) 



Ex, 4. Also of the equation 

a^dxy y^dyy z^dz 
dXy dy, dz 



i ^» 

consistent with the equation 



= 



xyz=\. 



Simultaneous Equations with constant coeficients, 

166. We have hitherto considered only single differential 
equations ; we proceed now to treat of systems of equations. The 
simplest and at the same time most frequently occurring class is 
that in which there is only one independent variable of which all 
other variables which occur are functions ; for the separate and com- 
plete determination of each of these dependent variables the number 
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of equations in the system must be equal to the number of depen- 
dent variables. lu this class are inchided most of the ililTerential 
equations of dynamics ; thus in the case of the chief problem of 
pbysical astronomy— that of determining the motion of a system of 
material bodies under the influence of their mutual attractions — 
there is a single independent variable, the lime elapsed from 
some definite epoch, while the dependent variables are the co- 
ordinates of tho several bodies; these coordinates vary with the ' 
time and so furnish the varying poaitiona of the bodies, and they 
arc iudividually determinate since the mimber of equations is 
equal to the total number of coordinates. All equations dealing 
with the small oscillations in a moviny system of bodies are also 
included ; in them there is the additional simplification that the 
equations are all linear, the quantities multiplying the differential 
coefficients being constants. 

The general theory of the latter will be first considered; 

167. Let ( denote the independent variable and D stand for i 
djdt ; taking the simplest possible general case, we shall have two . 
equations involving two depeniient variables denoted liy x and y. 
As the equations are supposed linear, all the terms involving 
differential coefficients of x can be gathered together, and so also I 
for all tho,se involving differential coefticieuta of y; and the equa- | 
tions may therefore be written in the form 






-(I), 



where/,/,, 0,. (^, are rational algebraical integral functions wiih , 
constant coefficients and 7", and T, are explicit functions of t atone, 
a constant or a zero value not being oscluiied. Operate on both L 
the sides of the first equation with ij),{D) and on both the sides of J 
the second with ^,(i>) ; then tbey become 

<f>A^)A{^)x+<f,,(D)<f>,(D)y=<pjD)T) 

Since the functions <f, have only constants iu their coefficient! i 
it follows that ^ 
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ftaod therefore the above equations give 

I i*.(fl)/,(0)-*,(o)/,(o)l»-*,(fl)i',-*,(o)r, (II). 

■ Now let i,, i,, m,, m, be the indices of the highest differential 
coefficients in _/j, /^, (f>^, if>^ respectively ; then the index of the 
highest differential in 0, (D)f, ( D) is m, + 1, and in ^, (/>)/, (Z>) is 
)K, +1,; of these two numbers let n denote that which is not less 
than the other, so that it is the order of the highest differential 
coefficient of x in the foregoing linear equation determining x. 
To solve it we adopt the method of Chapter jii. applicable to an 
ordinary single equation ; if J* be any value of a; which satisSea 
the equation (there called the Particular Integral), and X^.X^, ..., \ 
the n roots of the equation 

'f.W/.W-'f.W/.W-o (A), 

le complete value of x is 

x = A/'' + A^e''''+ +^4,/"' + P. 

tliere A^, A^ , A^ are arbitrary constants. 

Proceed in the same way to eliminate x from tlie two funda- 
lentat equations by operating on the first with /,(D) and sub- 
tracting it from the second after this has been operated upon with 
/,(^)'> W6 then have 

W.i.D)MD)-tdD)f.{D)\,j=f,(,D)T,-UD)T, (Ill), 

so as before 

y = B/'^+B/^+ +5/"' + ^, 

here B^, B^ , B^ are arbitrary constants, and Q is the Parti- 
cular Integral of the differential equation (IIIl. 

108. We have in the expressions for the two dependent 
VKriables two sets of constants arising from the differential ei]uatioDs 
II. and III.; they are both composed of arbitrary constants, but 
we do not know whether they are independent of one another; 
this dependence may exist and yet the constants may be arbitrary. 
Thus any one of the constants B might be a multiple of one of 
the constants A; the latter being arbitrary the former would 
be so also. We therefore must determine the number of inde- 
pendent arbitrary constants. To do this let the values of x and y 
be substituted in either of the equations (I), say in the first ; theo 
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tbe terms involving P and Q wLicb are particular integrals give > 
on the left-hand side a term T^ which will cancel with that on the | 
right-hand side and the resulting equation ia 

{^.y;(X,) + 5,^.(Xjj/''+M,/,(\)H-.fi,<^,(X,l]e*^-l- 

-I- ('J./, (^J + A*. {>-J) e*"' = 0- 
Since this is to be satisfied for all values of (, we must have the 
coefficient of each exponential zero, and therefore 

^J. (>-.) + -SAW =01 



■(B). 



Eo that each constant B can be derived from each constant A. 
The number of independent arbitrary constants in the complete 
Boiution of the simultaneous equations is therefore n, i.e. the expo- 
nent of tbe highest index in the operator 

Hence the solution of the equations (I) is given by the foregoing 
values of x and y ; the quantities \ occurring in the expressions are 
the roots of the equation (A), and the relations between the con- 
stants are given by equations (Bj. 

109. In exactly the same way it may be proved that, if there 
be three dependent variables given by the three equations 

the number of independent arbitrary constants entering into the 
complete solution ia the index of the highest power of D fn the 
determinant | 

/,(C), *,(fi), >>-,(/)) 

/.(C>. ■/■.(B), t,(^) ■ 

/.(C). *.<C), t.(e) 

1 70. If the roots of the equation (A) which give the coefficients 
of t in the exponents be real and unequal, the solution given above 
is complete. It remains to consider the cases 
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(i) when there la a pair of imagiuary roots ; 

(ii) when there is a pair of eijual real roots ; 
L tlie case of equal imaginary roots will follow from a combination 
I'of these two. 

For the former the solution oLtained remains general, but it is 
desirable to change it so that the form may be free from imagi- 
nary quantities. The two imaginary roots, say \ and \, may be 
denoted by a ± fii; Lence the corresponding part of a; is 

lat is, e' {L^ cos ^t + X, sin /3f), 

F OB changing the arbitrary constants as in § 44 ; the part of ij corrc- 
Lspooding to the two imaginary roots is similarly 
fl*' (J/, cos /9( + J/, sin ^t). 

Instead of making the necessary changes in the relations 
tetween A and B, it is better to substitute again these expressions 
■ in one or other of the fundamentaJ equations and derive the corre- 
■fponding relations as before. 

For the latter case the solution obtained ct-ases to be general 
) two constants, say A^ and J^, become merged into one; but it 
may he proved, exactly as in § 44, that the part of x depending 
r^pon this repeated root X is 

6"{A^A't). 
rand the part of y is 

Kc. 1. Prove that in the latter case the rektioas hetween the Tour con- 
■Mants reducing tliem to two independent eonstanta are 



J/,[\)+B<l,,{\)+A' 



■dk 



<i\ 



. If an imaginary root a+Qi be repeated, write down the coirc- 
mding parte of the complementary functions in x anil i/. 

171. It may happen that tlie question in connection with 
liich the differential equations arise will afford some indication 
r the form of the result. Thus in a problem relating to small 
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oscillations we should expect the values of the dependent variables 
to be expressed in terras of purely periodic functions ; and it would 
then be proper to substitute for x and y respectively functions 
of the form 

i, cos/J(+L^sin^(, 
Jl/, cos ^t ■+ .If^ sin ^(, 
instead of e*' in the equations (II) and (III). By equating to zero 
the coefficients of cos0t and of sin /Si in each equation after these 
values have been subslituted there will be four equations linear 
and homogeneous in the quantities L and M; aud the eliminants 
of these will furnish the values of /3. If on the other hand the 
problem indicate a motion of unstable character the form of solu- 
tion adopted would be 

e"' ( £, cos ^t + ij sin fft), 
and BO for y; but if there be no external information of this 
character then the ordinary method should be adopted. 

Ex. 1. Solve the oquatloiia 

d.r 

aiiJ therefore the equation for x is 

BO tb;it x= A cos at + B sin tit. 

Similarly g = A' cim cat + B' sia at. 

The relatifins between .■!, 5, A', B' iire at once derived bj aubatitutiug in 
the first equatiou ; wo havu 

- vA sin uf 4- u£ cos »f = - vA' cos uf - uC ein at, 
or A'''~B,&\AB=A. 

The shortest method would liavo Injcu to use the lirst equation to giTe y 
in terms of x, bO that 



= ^aiu.mf-iIC09ttrf. 

This method is however applicabli: aiA-j in particular caaes. 
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Ex. 2. Solve the equations 

d^x dif ^ ^ 

d^ . dx ^ ^ 

When we collect the terms which belong to the separate variables, the 
equations are 

{D'-ifii?)x-aDif^O 






aDx+iD^+lu 
Hence the equation for x is 

and the value of a? is 

4? = Zj^ cos fi^t + Zj sin fi^t +L^coa^ + L^ sin /^^, 

where /S^' and fi^^ are the roots of the equation 

(/i*-/?)^-a^=0; 
and the value of y is 

y ssj/i sin fij + J/j cos fi^t+If^ sin ^+If^ cos fi^. 

It is easy to prove that the relation between the constants is 



Z| __ __ Z2 _ Zj __ ^ Zj __ 

^r --■-- ■'- 



M^ M^ 



M. 



a. 



Ex, 3. Solve 



dx 



=aj;+6y+c 



This might be solved by adopting the ordinary rule ; the following is 
another method applicable to this form. 

Multiply the second equation by m and add to the first ; then 

d 

-T-{x+my)=^x{a-\-ma')-\-i/ {b-^mb') -k-c + nuf 

s= (a + raa') {x + my) + c + mc't 

pf^vided m be so chosen that 

b + mb' =m (a-^ wa'), 
that is, if m be a root of the equation 
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The foregoing differential equation being 



—city 



(a + ma') {x + wy) + c + m(/ 
its integral is 

Let my and m, be the roots of the quadratic equation ; then this is an 
int^;ral provided m is either m^ or m^ On substituting yn^m^ we have 

and on substituting m^rn, we have 



(a+m^a') (^+m2y) + c+m2c'=^^' 



where Ay and ^^ <^^ arbitrary constants. These two equations constitute the 
complete solution of the given pair of simultaneous equations. 

JSx, 4. Solve in the same way as the last example the equations 

(Px , 

-^ax+by 

Ex. 5. Solve the following equations : 
(i) J+7*-y=0, g+2:p + 6y=0; 

(ii) J+Jte+y-e-, J+3y-x=e»; 

(iii) 4j+7^ + 44r+49y=<, 3 J + 7^ + 34p+38y=«'; 

("'^ *§ + ^S + 2*+31y=«', 3j + 7^+*+24y=3; 
(vii) g-3*-4y+3=0, g + ;r+y + 5-0. 



Simultaneoits Equations witfi variable coefficients. 

172. It will be assumed as before that there is only one 
independent variable and that therefore the coexistence of m 
simultaneous equations will suffice to determine the relations be- 
tween the m dependent variables and that of which each is a 
function. 
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Further it will be sufficient to consider systems of simultaneous 
equations which are only of tlie first order, for to these any other 
system can be reduced. Thus if into any one of a given system 
a differential coefficient of the «."' order should enter, such as 

-~, we could obtain an equivalent aeries of equations of the first 

P order by making the substitutions 
dit fl'i, dij, dy, , 

I'-ta,- "-'dJ- 1'=i' 1-- ,U ■ 

which are all of the order stated; and the correspondiog sub- 
stitutions for all differential coefficients of order higher than 
unity will transform any system of simultaneous equations of 
any order into an equivalent system of equations of the first order. 

I If there be vi dependent variables we must have in this system 

Hj^^m equations each of the form 

■ K-^-y- y-^ ^i^»- 

^^^P 173. The solution of this system of equations can be made to 
^^^ depend upon the solution of a single differential equation of the 

vC" order connecting one of the dependent variables with the 
independent variable. 

For let the m equations be solved so as to give the m dif- 
ferential coefficients as explicit functions of the variables, and 
suppose these relations to be 

^=t,(-^.j',.y, z/J, 

^ = t,{^.y,.y, ,y«). 

-X"-t-{^.y..y, y-> 

Let the first of these be differentiated m — 1 times in succession 
Ith regard to x, and after each differentiation and before the next 

t the values of -^- , , -f^ be substituted from the last 

dx ax 
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m — 1 of these equations. There will thus be obtained, including I 
the first e(|uatioD, m equations connecting 

dx ' die' ' ' t/it" ' 

with the variables r, y,, y,, ....,., ;/„■, from these m equatiofia I 

let the m— 1 variables y^, y,, , y^ be eliminated, and tbers J 

will result a single equation which may be represented by 



f- 



This equation being of the vi'^ order" has (§ 8) m independent j 
first integrals each involving one arbitrary constant, all the m \ 
constants being mutually independent; and these integrals we may 1 
represent by the equations 

f, (.,,., t' f^'-'.'. c,~)-o 

^\ •^'- dx ' da:" ' '/ 

F,Us..''j!' '^'J!;. c.Uo 



»,y,, 



ch' 



£^'. ^)- 



in which the constants G are independent. But from the pre- I 
ceding equations we know the values of the differential coefficienta 1 
of y, in terms of ail the variables; when these are substituted in J 
the set of equations F the latter take the form 

*.(-c,y.,y, y^. C.) = Ot 

*.(^.y,.yi. y-.c'.i = 



^-t^.y-y, 3/..c„) = o 



which are auSicient to determine each of the variables y as i 
function of .£ ; they are an integral system and contain m orbitxarf I 
constants. 

Hence we have as the general result : 

The complete solution of a system of m differential equations of I 
the first order bdween m+l variables depends on that of an I 



I 



ft 
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ordinary/ differential equation of the m"" order, and coimsta of m 
equations connecting the m + 1 variables and containing m i'n- 
dependent arbitrary constants. 

174. The foregoing is the general theory ; but in particular 
cases simplifications arise enabling much of the labour indicated 
in the general theory to be dispensed with. Thus, if the equations 
consist of a set each of which is linear, it may happen that an 
integral of each equation of the form 

Pdic+P,di/^ + P,rfy, + + P„dy^ = Q 

eau be obtained in the form 

*('",. y,.?, .j.)-c, 

and the long process would not need to be gone through. Again, 
instead of determining the m independent first integrals it 
would be sufficient to determine the primitive of the ordinary 
equation of the ■m"' order, for from this could be derived other 
m— 1 equations in which the values of the differential coefficients 
could be substituted, and an equivalent result would be so derived. 
Again, in the case when the equations are all linear we can solve 
them to obtain the ratios of the m + 1 differentials in the form 



d^_ 
X~ 









which might be called the symmetrical form ; the mode of treat- 
ment for these will sometimes (depending upon the form of the 
denominators in these fractions) differ very materially from, and 
be much more convenient than, the general process. Examples 
illustrative of this will be found appended. 



£x. 1. The general method can bo avoided, if integrals 
equation can be obtained and, d fortiori, if all the integrals « 


of all but one 


liix+jiui^+ndi=0, 




Tdx+ tjdff-+ z(U=0, 




lead at once U> the integrals 




/j: + nil/ + ni = c, ; J.'" + .y' + j' = c„ 




which determiae i/ and i in tenns of .c, 





74 SIMULTANEOUS DIFFERENTIAL EQUATIONS. 

Ex. 2, Solve 



\tdy=i^Cx+C,/+23:-l)dt. 



(i) 



S=ax+bg+ci+d -i 
F=a:x+by+<fi+df i. 

In equations of this form it is coavenieDt to introduce some new u 
pendent variable and moke all tUose variables, which aJreody occur in 
equations given, functions of this new variable. Calling the latter t we m&f 
aesume, as an advantageous form, 



ldx+ mdy -)- n(£i 
chosen that 



n between these three equations 



I e, C, c"-X I 

a cubic equation determining X } let its roots be Xj, X„ X,. When X, ie sub- 
stituted in any two of the foregoing equations the ratios oi I -.m :n can be 
derived ; let them be denoted by ^, ; nij : n, and suppose the correspondiug 
value of r to be r, ; with similar oxpreaaions for the other values of X. Thaa _ 
for the value X, we have 

— '^i'fa^+"'i'^y+"i '^ 

( ''X,{ii* + m,y + ni») + r/ 
the integral of which in 
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Similarly 



and 






In order to obtjun the general solution of the system of equations as given 
wa muat eliminate I between these equations; when we write e^=Ac^=Bc^ 
where A and B ore arbitrary constante, the general integral as required is 
given by the equations 



Ex. 6. This method may also be applied to solve certain systems of 
equations in nhich the variables do not occur so simply as in Sz. 3. Thus 
let us consider 




r i^ure T, 7*1, T^ are functions of (. Multiplying 

e determined to satisfy the equatt< 
o+ia'=X, 

I BO that the values of X are X, and X„ the two roots of 

(a-X)Ci'-X)-a'6=0. 
The integral of the foregoing equation being 

le complete solution is given by 

Ex. 6. Solve the Bystoma of equati 

! + ;(-+»»)-' 



SYSTEM OF EQUATIONS 



"a 


=wn 


(y-^ 


»s- 


-■a. 


.-^) 


4 


^Im 


*-y) 




«.y 


-nu 


dt 


U- 


lu: 


dz 

dt' 


mjr 


-ij 



^ specictZ system of equations in Dynamics. 

175. There are two claeses of simultaneous equations which 
are extremely important ; one is the class already considered in 
§§ 148, 149 as the generalisation of Euler's equations leading bo 
the higher transcendental functions ordinarily called Abelian 
functions ; the other is the system of equations which deterouDe 
the motion of a particle attracted to a centre of force which acta 
according to the gravitational law. The latter may be represented 
by the simultaneous equations 



dt''' 






dR dh 



-(i). 



in which ^ is a rational algebraical function of r or (a^ + y' + s^* 
the distance of the point x, y, z from the origin. To express the 
complete integral three independent equations (or their equivalent) 
will be necessary, and since each equation may be replaced by two 
of the form 



<lx d^ 
' dt' dt'' 



dR 



giving in all six equations to determine the six quantities, the 
investigation of § 173 shews that we must have six arbitrary 
constants in the suluiiou. 
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If we multiply the equations (0 ^7 ;ji > ^ > "^ respectively, add 
and integrate, we have 

in which £ is an arbitrary constant. 

Another form may be given to the equations (i). Since ii is a 
function of r we have 

8 J3 dtR dr* x dR 

dw dr dx r dr * 

and so for the others ; and thus (i) become 

d^x^xdR d^y^ydR Sfz^zdR 
dfi'vUr' IF^rlr' d^^r'dr' 

Therefore 

d^y dfx ^ 

dfx dfz ^ 

of which two only are independent; the integrals of these are 
respectively 

dy dx ^ 
dz dy ^ 
dx dz ^ 



Squaring and adding these we have 



^''-'^-Hthiih®]-{4-4--^' 



= C,'+C,'+C,'^A\ 
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where u;! is an arbitrary constant ; this is equivaleDt to 



that is^ to 



,^ rdr 

dt = 



{2r^{R + B)-A*]i' 



and therefore 



t + a=\ ^ i (ii). 



From the equation just obtained we have 

A^ . /drV 



2Ji = -25 + 



r» ^ [dtJ ' 



and therefore 



that is 



^ dRdr _^ ^ A^dr ^drd*r 



dR__A^,d^r 
dr~ / "^ dt^ ' 



When this value is substituted in the modified form of the 
original equations, the first of them is 

d^x ^ d^r ^ .^x 



or 



or 






Let d^ = A—n 



Adr 



r[2r>{R + B)-A']i' 



then the foregoing equation for - is 



cP fx\ X ^ 



d<\> 



r 175.] m DYNAMICS. 279 

I and therefore 

- = a, cos ^ -(- o, sin (iii). 

The second and third equations similarly treated lead to 
I ^ = b^cosif> -I- 6, sin tf> (iv), 

I - = c, cos + c, sin if> (v); 

[ and in these the constants a, b, c are arbitrary. But they are not 

independent; for we have always 
I ^ + y' + ^ = ^ 

I whatever be the value of <p, and therefore 

((!,' + (>' + c') cos' + 2 (a,n, + 6,6, + c,c^ cos sin 

+ (n,' + 6,' + c') sin' = 1= cos' + sin' 
is satisfied for all values of 0, so that 

a,* + 6,'+c,' = lj 

I a; + b* + c* = l\ (")■ 

a,a, + 6,6, + c,c, = 01 

I The six constants are equivalent to three independent Constanta, 
[ Further, we may put (ill) into th« form 

I ^ = p,coaC0 + j8,), 

where p, and 0^ are arbitrary constants, and there is thus associated 
with an arbitrary constant and one will not require to be added 
in the equation 

I J. f -^^^ / "^ 

I *=Jrl2^Cfl + £)-A'i4 ^"^^- 

We have now sufficient equations to determine the general 
integral. By means of (vii) is given as a function of r, and 
therefore by (ii) as a function of t ; hence (iii), (iv), (v) give x, y, z 
as functions of (. Moreover we have six independent arbitrary 
Constanta, viz.. A*, B, a and the six quantities n,, a,, 6,, 6,, c,, c, 

[ connected by the three relations (vi). These therefore constitute 

I the general integral of the differential equations. 
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MISCELLANEOUS EXAMPLES. 



Ex. Solve in this way 






Also solve by transforming to polar coordinates. 



MISCELLANEOUS EXAMPLES. 

1. Prove that, if 

dB(m-n cos <f>)^=d<t> (m -n cos 6)^, 

then 2m-n(€^+ -^j+nf c COS ^ — cos - - j =0, 

c being an arbitrary constant. 

2. Let F{x) denote the integral 

^« dx 



J 



o{(l-x2)(l-X'«jr»)}*' 
prove that the algebraical relation equivalent to 

4(1- x,^) (1 - ^r^^) (1 - x^^) = (2 - x,^ - x^^ - ^3« + XV^2 V)'- 



IS 



3. Let E{x) denote the integral 

verify that 

B (x^) + E (x^) + E (^3) = - Jc^x^x^^ 

when ;Pi, oTg* ^3 are related as in the previous example. 



4. Verify that 



is an integral of 



dxi 



^3> ys» 1 



C^OTj <^ 



.7"JL__ + 



(1-V)* (l-V)* (1-^3^)* 

y being given by the relation jfi+^=l. 
Interpret the result geometrically. 



s =0 



(Cayley.) 
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5. Prove that the integral of 

dx 



(1 J-«#8\t 



(l+aj3)» (l+y8)1 
may be exhibited in the form 

(1 +a?3) (1 +y») (1 +a«) =(1 +aya)», 
where a is an arbitrary constant ; and that of 

^ , + ^^=0 

may be exhibited in the form 

(4^-Zr+.7)(V-/y+J0(4a8-/a+7)={4^a-j7(;p+y+a)+J'}», 
where I and J are definite constants and a is an arbitrary constant. 

Shew that the general integral of 
where -^— (^> h ^t ^J^> !)'> 

where -^=(^1 ^> ^> wj«, 1)', 

and 2 is an arbitrary constant. 

(Mac Mahon and RusselL) 

6. Prove that integral relations equivalent to 

dB.d^.d±_Q\ 

BJn^BdB , sin^^flg^ , sin'^rf^ [ 

where A^ ={(!-« sin* x) (1 - X sin* x) (^ ~ M sin* x)}*> 

sin ^ sin <^ cos ^ A^ sin ^ sin ^r cos ^ A^ 

(sin* ^ - sin* <(») (sin* ^ - sin* ^) "^ (sin* <^ - sin* ^) (sin* <^ - sin* ifr) 

sin^sin^cos^A^r 



are 



(sin* ^-sin* 3) (sin* ^ -sin*^) 



=J, 



d cos ^ cos <^ si n ^ A^ cos ^ cos ^ sin ^ A^ 

(sin* ^ - siuSl^KSm* 6 - sin* yjr) "*" (sin* <(» - sin* ^) (sin* «^ - sin* ^) 

cos ^ cos ^ sin ^ A^ „ 

■*■ (K[n*~V^^^=^sin* ^) (sin* ^ - sin* <^) ■" ^' 

Determine A and j8 from the conditions that (f^^a and ^»^ when ^=0. 
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7. Find the primitives of the equations 

(i) (ay-bz)cb;'\'(cz-ax)<fy+{bx-ci/)dz^O; 

(ii) dx(2f+z-2a;) dy{z+x-'2 t/) dz{x-\-y-2z) ^ ^ 
(y-^)(2-^) {z-y){x-y) (x-z)(y'-z) ' 

(iii) {tf^+yz+s^dx+(2^+za;'\-a!^)dy+{a^+xy+y^)dz=0. 

8. Obtain the primitive of the equation 



(A^-y^+z^)cLc+zdz(y-x)=2^y (y*-^) 

z 



in the form 



where x=uz. 



je-'''du+C=^e''^ ' 



y-x^ 



9. Solve the simultaneous equations 

dx 

b-£=^{c-'a)zx, 

expressing each of the quantities x,y, z as elliptic functions. 

10. Integrate the system of equations 

duD m m , 

-T-^ax+oycoant+ozsmnt^Of 

dx 
cto - ^ - 6y sin i\i-\-hz cos fU=0, 

6a)C0sn<+&Fsin»U-^- cu=0, 

6a) sin n< - &F cos n< + ay - T- = 0. 



dt 



11. Integrate the simultaneous equations 



where f is written for cos (a/ +6) and 17 for sin (erf +6). 



(Euler.) 



(Liouville.) 
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12. Solve the simultaneous equations 

OiZ u^2/ O^t 

13. Shew that any system of lines described on the surface of the sphere 
^+y^+^*=^ and satisfying the equation 

( 1 + 2m) ^rdj? +y ( 1 - a?) c?y + «cfe = 

would be projected on the plane of xy into parabolas. 

Find the equation of the projections of the same system of curves on the 
plane oiyz, 

14 Shew that Mongers method (Ex. 4, § 154) would, if we integrate first 
with respect to x and z^ present the solution of the equation in the preceding 
example in the form 

(l + 2m)a;«+2«=«^(y), 2y(l-^)= -<^'(y). 

Apply this to solve the problem of the preceding example and identify the 
results. 

15. Integrate the simultaneous equations 

where 72 is a function of {pG^-\-x^-\-,„ +^„*)*. 

(Binet) 



CHAPTER IX. 



PioiTiAL Differential Equations of the First Obdee. 



176. Hitherto we have been considering for the most part 
differential equations in which the dependent variable or, in the 
case of a set of simultaneous equations, variables are supposed to 
be functions of only a single independent variable; we now proceed 
to consider equations in which the number of independent variables 
is greater than unity, and shall suppose that there is only a single 
dependent variable. The latter is usually denoted hy z; if it be a 
function of only two variables these are usually denoted by x and 
y; if z be a function of more than two, say of n, then it is con- 
venient to denote the latter by x^, a:,, a?,, , x^. The first 



partial differential coefficients in the former case, viz., 



and 



, are represented by p and q respectively ; in the latter case the 

, ^ are represented 

respectively by p,,p,, ,p^. 

An equation in partial differential coeflScients is a relation 
between the independent variabtea, the dependent variable (which 
is an unknown function of those variables) and its partial differen- 
tial coefficients with regard to them ; it is of the first order 
when the partial differential coefficients which occur are of order 
not higher than unity, of the second order when the partial 
differential coefficients which occur are of order not higher than 
two ; and so on. In this chapter we shall consider only equations 
of the first order. 
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It may happen that we have more than a single difTerential 

I equation relating to the same set of variables ; for instance we 

1 might have two equations between z, x, y, p, q. In this case the 

two equations could be solved aod from them values of jj and q in 

terms of x, y and z (lould be deduced ; these could be substituted 

in the equation 

dz = pdjJB + qdy, 

I and we shoutd thus obtain a total differential equation. Similarly 
in the case of n independent variables n equations would bs suffi- 
cient and necessary to determine j)|,p„ p^\ these n equations 

would then be considered as furnishing a total differential equation. 
"When the number of equations is less than the number of partial 
differential coefficients and therefore of course leas than the 
number of independent variables, we are not able to deduce a total 
differential equation ; usually we have only a single equation given 
and wo then call it a partial differential equation. 

As in the case of ordinary differential equations, the integration 
of the equation is the derivation of all the values of b which when 
substituted in the differential equation render it an identity. 



Classificaiion. of Integrals, 

177. Before indicating methods of integration and giving such 
classes of equations as are easily integrable, it is necessary to 
classify the different kinds of integrals of a partial differential 
equation and to prove that the classes include all possible integrals 
of the equation. For perfect generality the propositions should 
be proved for an equation involving n variables, but the proofs are 
given for an equation involving only three variables ; this limita- 
tion has the advantage of shortening the equations and of lessening 
their number, while the slightest consideration will shew that it 
is possible to pass to the general case without any additional 

I difficulties of analysis 

178. Suppose that we have between a, a.',, a-,, j-, a relation of 
Jie form 

/(i.ar„p;...r.,n„o,.a,) = (1), 
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a which a^, a,, a, are arbitrary constants and which contains no dif- 
ferential coefficients of 0. To obtain pj,p,,p, we have the equations 



>I.^%, 






..(2). 



Between equations (1) and (2) the three arbitrary constants 
can be eliminated; if in (1) there were more than three arbitrary 
constants these equations would not be sufficient for the elimina- 
tion, while if there were fewer than three there would be more 
than sufficient equations. Let the result of the eUmination in 
the present case be denoted by 

i^(j),,p,,p,,», a:,, (E,, a:J = (A), 

which will be the partial difFereatial equation corresponding to the 
integral relation (1). 

Conversely this integral relation (1) is a solution of (A), and it 
contains three arbitrary constants. We cannot expect more than 
three arbitrary constants in a solution of (A) ; for, on passing from 
such a solution to the differential equation by the method in which 
(A) has been obtained from (1), only three constants could be 
eliminated. Hence (1) contains the greatest number of arbitrary 
constants that we can expect in a solution of (A), 

The name Complete Integral of an equation is given to a 
relation between the variables which includes as many arbitrary 
constants as there are independent variables. 

179. The supposition has been made that o,, o,, a, are con- 
stants and we have deduced equation (A) from (1) and (2). But 
ve may suppose that a,, a,, a, are functions of the independent 
variables; if they be such as to leave unaltered the forms of 
Pi' Pi' Pa' tlifi° the differential equation obtained by the elimination 
of these functions will be the same as in the case when the quan- 
tities a were arbitrary constants, for mere algebraical elimination 
will take no cognisance of the value of the quantity eliminated 
but only of its form, Now with the new supposition that the 
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quantities a are functions of the variables ar,, ir^, a;,, the values of 
the partial differential coefficients are ^ven by the equations 



But the forms of p,, p,, p, are to be the same as before when 
Vthey were given by equations (2) ; in order that this may be the 
a we must have 

da 9ic da die da Sir, 



a!^ 


+1 


^l 


Bo, 


< 


\% 




Bo, 
B», 


%^ 


< 


< 


k 


< 




< 


35, 
B«, 


l^ 


^1. 


< 


3a, 


< 


3», 


< 


B.. 
Ba;, 



8f Bo, 



^?^B2,_ 

9a, 9a!, 



Let R denote the value of the determinant 



..(3). 



9rt, 

9jJj' 
9a, 

3;C ' 



h BO that the foregoing equations are equivalent to 
Ti^^n Ti¥.^n a^f-n 



,..(4). 



Now if R do not vanish these can only be satisfied by 



9a, 



8/_ 



-0. 



■ ■CB), 



ind these are three equations which determine the values of 
, a, in terms of the variables. The relation (1) is still a 
tolution with the change in the quantities a; when the values 
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just found are substituted for them we have a golution of (A) 
which contains no arbitral^ constant. This sohitioo moreover will 
obviously differ from a solution containing no arbitrary constant 
but derived from (A) by assigning particular constant values to 
fflj, o,, a, in (A) ; thus the result of eliminating the arbitrary con- 
stants between (A) and (B) gives a new solution. 

This solution is called a Singular Integral and is a relation 
between the variables involving do arbitrary constant ; but it a 
not a particular case of the Complete IntegraL 

180. The equations (4) will all be satisfied if if = 0; and as we 
axe now assuming that a„ o,, a, are not arbitrary constants but 
functions of the variables, this equation will be satisfied by a 
functional relation butwcen a^, a^, a,; this functional relation 
may be arbitrary, so that we may write 

"•,-*(<■,.«,) (C), 

in which i^ denotes an arbitrary function. Multiplying now the 
equations (3) by dx^, dx^, dx^ respectively and adding, we obtain 



da ' 



da, = 0, 



But from equation (C) we have 



da : 



""tto, 



(Pf^^ 



V3a, 






Since a, aud a^ are independent, their variations da^ and da^ are 
also independent ; in order that this equation may be satisfied we 
must therefore have 



da 3tc da 



..(C). 



da da-, da. 



= 



These equations (C) are sufficient to determine a^, a,, o, m 
terms of the variables and the expressions so obtained will involve 
the arbitrary function ^; when they are substituted in (A) the ' 
solutiou takes a new form whicli is ditl'ereut from both of the other i 
two. 



k 
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Tbis solution is called the General Integral; it is a relation 
between the variables involviug two (or. iu the case of n variables, 
n — 1) independent functions of tlioae variables together with an 
arbitrary function of those two (or n — 1) functions. 

The equation R = could also be satisfied by making o, an 
arbitrary function of o, alone or of (/, alone, bo that we should thus 
arrive at different classes of General Integrals ; but these are all 
less general than the former, in which only a single arbitrary 
relation between all the quantities a occurs. This is easily seen 
flora the consideration that if, in equation C, a, be expanded in 
powers of a^ the coefficients are arbitrary functions of a,, while 
if ^(a,), an arbitrary function of a,, be expanded in powers of 
a, the coefficients are merely arbitrary constants; and the latter is 
obviously included in the former. 

181. It is thus manifest that we have three fiindamentally 
distinct classes of solutions of partial differential equations; it 
remains to shew that there are no others, and this will be done 
by proving the following theorem : 

Every solution of the differential equation is included in one or 
otiter of tlie three classes of solutions of the egnatiim which are 
I constituted by the Complete Integral, the Sittffular Integral, and t/ie 
I Qerteral Integral. 

Let (A) represent the difi'erential equation, and (1) the Com- 
plete Integral of this equation; then the equations (B) and (C) 
will give the Singular and General Integrals ; let any other solu- 
tion of the equation be represented by 

■ f (z.<r„ir..T^ = (4). 

As it is convenient to speak of z as explicitly expressed iu 
terms of the independent variables, we shall use ^to represent the 
value of the dependent variable ilerivcd from (1) and f to represent 
the value derived from (4). This last equation gives 



8J- 


St 


= 






= 


•Is'' 




= 
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If now we make these values of the differential coefficients I 
i^ree with those given by equations (2), we have the three f 
equations 

3ir 3b gjr, dz 



and the dependent variable. 



|£|!:_ 1+1^=0 




3«, 8« 3«, 32 









;lie values of «,, (7,, 


, in terms of x 



Now i 
have 



: {4) is a solution of the differential equation, we I 

^{Pi> Pt> Pn ?> *'i> ■"•> *.) = 0; 
3 (1) is a solution, we have 



^(Pi- Pt' Pz- ^' ■' 



r.) = 



satisfied, when the quantities u are arbitraiy. The last equation! 
is also satisfied when the quantities a, instead of being arbitrary ^ 
constants, become functions of the variables, provided these functions 
are such as to leave the forms of p,, p,, p, unaltered ; and we may 
therefore replace them by the functions of jf,, j-,, ic, obtained aa | 
their values from the equations (5), provided the necessarj' con- 
ditions be satisfied. When this is the case the values of p^,p,,p^ 
are the same for the two forms of the equation (A) ; and we then J 
have from a comparison of these two forms the necessary equation j 

where in Z the constants a,, a,, a, are replaced by the values that I 
have been derived for them. 

In order that the forms of p^, p^, p, for the new values of the! 
quantitiea a should be unchanged, the three equations of thsil 
form 



djd±_ 



' ^^^ 






dx, 3a, dej 
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must be satisfied at the same time as (5) ; and therefore the values 
of a,, a,, a, are such as to satisfy the equations 



I 



3a 3a: 3a, hx 3a d^. 



8/ 

a., 


So, 


So, 


I"- 


4-^ 


3i. 


30. 


da, 


9/ So, 

+ 8o, 3». 


30, 


Bo, 
3.r, 



= 



But these are of the form of the equations (3) which enable us to 
pass from the Complete Integral to the other two Integrals ; hence 
the values of a are included among those which give either the 
Complete, the Singular, or the General Integral of the equation. 
And aa the necessary conditions have been satisfied, we have 

or the vahie of z derived from the given solution coincides with one 
or other of the three principal integrals. 

This proves the theorem and shews that the three classes 
adopted include all possible solutions. 

If on solving the equations (5) the quantities a be found to be 
all constant, then the given solution will be a particular case of 
the Complete Integral; if they be found to be functions of the 
variables and there exist a functional relation between them of 
the form 

then the given solution will be a particular case of the General 
Integral ; if they be found to be functions of the variables and 
there be no such functional relation between them, then the given 
solution is the Singular Integral. 

I Ex. 1. Assuming that the Complete lutegral of i=pq in 



=(-!-)'■ 



invetitigate the nttture of thu solution 

Es. 2. Ass Luaing that the Coraplete Integral of i=^->-jy ia 
logi=alcigx+(I-a)logy + 6, 

19—2 
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investigate the natiire of the solution 



-*(!)■ 



Ex. 3. Aflsuming that the Complete IntegriU ot:=px-\-q>/-\-pj ii 
investigate the nature of the solution 



18'2, lu the case when tliere are two imiepfndent variables J 
and one depeDdeot, tbe three may be taken as the coordinates of ■ 
a point in space ; and the relations between the separate iutegrala i 
can be interpreted geometrically. 

Tho Complete Integral, being a relation between x, y and z, i 
the equation of a surface and this equation includes two arbitral^ 
parameters; so that the Complete Integral belongs to a doubly \ 
infinite system of surfaces, or to a singly infinite system of familiea -j 
of surfaces. This integral is of the form 

0(x. y. z. a,b)^i 

In order to obtain thu General Integral we make one of tbefl 
parameters an arbitrary function of the other, say b = B{a), and I 
eliminate a between 

0(-c, V, X, a. b) 
b'^Bia) 



?a^&b 



(") = 



This operation is really equivalent to selecting from the system ■ 
of families of surfaces a representative family and finding it£ enve- 
lope. If a particular family be taken (which occurs when b is madffj 
a definite function of a inateat^l of an arbitrary function), then thai 
equation of its envelope is a particular case of the General Integraltfl 
The foregoing equations as they stand represent a curve dravm c 
the surface of the family whose parameter is a, while the equation^ 
resulting from the elimination of a between them is the envelope 1 
of the family ; hence the envelope touches the surface represented J 
by the first two equations along the curve represented by the thn 
equations. This curve is called the characteristic of the envelojN 
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jind tlie General Integral thus represents the envelope of a family 
of surfaces, considered as composeil of its characteristics. 

In order to obtain ths Singular Integral, we eliminate the 
p.irameters between the equations 

»'^=°>. M 

This operation is the same as finding the envelope of all the 
oiirfaces included in the Complete Integral; the three foregoing 
equations give the point of contact of the particular surface 
represented by the first of them with the general envelope. The 
Singular Integral thus represents the general envelope of all the 
surfaces included in the Complete Integral. 

But when the elimination has taken plnce so as to leave a 
relation between x, y, and z, it is necessary to ensure that the 
resulting equation is that of the envelope and not that of any of 
the loci which are included in the same equations. Such loci 
are, for instance, the locus of conical points and the locus of 
<louble lines, neither of which satisfies the differential equation. 
It is therefore desirable to substitute the result (when it cannot at 
once be recognised as the equation of an envelope) in the differ- 
ential equation ; it is to be retained only when it is a solution. 

It may happen that the entire system of surfaces does not 
admit of this general envelope; in such a case the Singular Integral 
will not exist for the correspondiog differential equation, and its 
non-existence will be indicated by the equations ordinarily used to 
obtain it Examples of this will hereafter occur. 

Ab an example to illuatrat« the preceding diaciisi^ion <if the geometrical 
relations between the integrals, cooeider the equation 

o.e+^ + « = (a»H-6»+c*)' = l (i), 

which contains two independent constiuita. It is easj to prove that the 
corresponding differential equation is 

(i^+y?-r)'=l+j;= + j» (A), 

nud that the general envelope of all the planes contained in (i) ia the sphere 
\ .H + y+i' = l (ii). 
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DERrVATION OF THE SINGULAR INTEGRAL 



[182. 



Hence (ii) is the Singular Integml of (A), and the s]ihere repreeentod by 
(ii) touches each of the planes represented by (i) in a point. 
To obtain the General Integral we eliminate a between 

<"+»/(")+'[>-•■- l/WlT'-l) 



>-+j/(o)- 



°-i-/(ayw 



-!/(•» I* 



in which /(o) is an arbitrarj functiou. ThiBiBolearly the envelope of afsmjly 
of planes the equntiou of whioh contiUMS oulj one parameter ; oiid it is there- 
fore a develoimble surface. The equation of any developable surface, which 
envelopes the sphere, is thus included in the abore General Integral. The 
process of making h a funution of a is equivalent to drawing on the Bphem J 
Bome definite curve; and the develogjable surface is the envelope of the twigent I 
planes to the sphere at points which lie on this lin 

183. The explanation of § 179 sbevre how the Singular I 
Integral may be derived from tbe Complete Integral; it ia, how- 
ever, possible to derive it directly from the differential equation, " 
. as ia the case in ordinary differential equations. 

For the sake of brevity, suppose that there are only twoj 
independent variables. Let the equation be 
■^ {^, V' '< p. 2) = 0, 
of which the Complete Integral is 

F(it:,y,2,a. 6) = 0. 
where a and b are arbitrary constants; the Singular Integral i||J 
obtained by combining the equation F = v 



da 



= Oand 



= . 



..(A). 



Since F= is the integral of the differential equation the values 
of z. p, q derived from the integral will render ^ = an identity ; 
and the substitution of the valuea of p and q (but not that of j)J 
derived from F= will in general render ^ = equivalent to tb^ 
integral equation. Let this latter substitution be made, ao thatl 
p and q are replaced by functions of :r, y, s, a,b; then in order tofl 
find the Singular Integral we must form the equations analogoiu^ 
to (A), which equations are 

dp da dqda 
dfdp d±dq 

dpdb'^'dqdb • 



n 
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fcThese equatir>ns may be satisBed in two ways : firstly, by writing 

MDdly, if Jf- and =^ do not vauisli, tlien 
■' dp dq 

dudb dbSa" 
The latter eqiiation implies a relation of the form 

which does not involve either a or b, but may involve quantities 
multiplying a and b in the expressions fur p and q; that is, 
quantities depending on a:, y, and z. If both the arbitrary con- 
stants occur in p and q (which does not always happen) the 
equation i^ = would imply that they are effectively only one, or 
that one of them is a function of the other ; the equations used 
then give the General Integral, with which we are not now 
concerned. 

W'e thus return to 

op flq 

the elimination of p and q between these and ^ = will furnish a 
relation between x, y, z, whicli is independent of any arbitrary 
constant. If this relation satisfy the differential equation, it is the 
Singular Integral ; and when the Integral is found by this method 
wit is necessary to see whether the differential equation is satisfied. 

The reason that this precaution is necessary is similar to tliat 
which renders the corresponding precaution necessary in the case 
of ordinary differential equations ; when the surfaces represented 
have an envelope, this envelope will be given by the equations 

^ = 0; |t=0; '^ = 0. 
dp vq 

But these same equations will be satisfied by the coordinatea of 
any pinch-point on one of the surfaces represented by the complete 
integral ; the locus of these pinch-pointa, however, is easily seen 
nut to be a solution of the equation. The equations will also l>e 
satisfied by the coordinates of any point P at which two different 
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surfaces of the system touch, and therefore Ly the equation of the 
surface which is the locus of these points. But this surface has 
not necessarily for its tangent plane at P that tangent plane which 
is commo^to the two surfaces, and therefore the vahies of p and q 
(which give the direction -cosines of the tangent plane) derived 
from this new loeua are not the values of p and q which satisfy 
the given ettuation ^ = 0. Such a. locua corresponds to what was 
before called the tac-locus (§ 28) ; and, while it may not be the only 
locus (other than the envelope) which Ls introduced, the possibility 
of its presence renders necessary an enquiry whether the equation 
between m, y, z satbfies the differential equation. 

E.V. 1. The differeutiiil equation 

has for its oomplet« integral 

(j!-oiMsa)'' + (y-OBino)» + i'=Vo», 
A being supposed a determinnte constant. Fonniag the envelope of this spher 
by taking 



e easily find it to be 
Nuw taking 



f- =0, f =0, 



and following the rule for deriving tli« Singular Int^ral from the diderentiiil 
equation, we have 



= 2.j--*-2X'i(y + g:) = (). 



The laat two equations are satiafied by i=0, which though free frwtn p and q 
is not a solution of the diSereutia.) equation. In fact by drawing a figure it is 
easily seen that i = ia a tac-locus, being the plane which containa the points 
of oontact of the different non<coiisecutivQ spheres with one another obtained 
hy giving all possible values to a and a. 

Sx. S. Consider the system of cones 
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L iu which ni, $ Are arbitrary conBtants ; the correBimuding differential cq^uatioi 
ly obtaiued. The equntaonB, whtuh give the envelope, are 





BinO{^ 


aco»fl)-oosfl(y- 


These are nil sati 


fiedby 






,r = 


icon 5, y = aBin A 


which gire 




r'+.v' = n», 


biit z ia arbitrary. 






The equations 


ore also satisfied by 



I and the corresponding eliminani \t 
j^ + ./ 

The last equation represenla the envelope ; the doubly infinite Byatem nf 

es ia generated by the revolution, round the directrix uf a parabola, of (dl 

the right circular cones whose verticce lie on the tangent at the vertex t« the 

I parabola, and one slant side of any one of which coincides with the tangent to 

the parabola drawn through the vertex of the cone. The equation 



is that of the cylinder on vrhich tie all the (aingiUar) circles which are the loci 
of the vertices of the cones in the revolution round the directrii. 

For fuller infonnation on the subject of the Singular Integrals of partial 
differential equations of the first order a memoir by Darboux, Mimoira dt 
CIii*titut de Franet, t Jiivii. (18B0), should be conaultod. 



Laffraiipe's Linear Equation. 

184. We have seen that among tlie integrals of a differential 
equation there ia one — the General Integral — into the e^tpressioD 
of which an arbitrary function enters ; the deduction of the 
differential equation from the integral implies the elimination of 
this arbitrary function. The simplest form posaible for an integral 
of this nature, when there are two independent variables, is the 
equation 

*(», <') = o (i). 

iu nhicli <^ ia aa arbitrary functional eymbot and u and v are 
definite functions of w, y and t. In order to eliminate ^ we 



diflferentiate ' 
and have 
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ith respect to each of the iudepeudent variables 






and therefore 

■which, on rearrangement, gives 

Pp + Qj 
P Q 



dv \dx 
Ida 



'dv 8v\ 



ti where 



..(ii). 



di/' da 




8u 3u 
Si- 3i 




3» 3u 


S, St, 

Si/' 5 




dv dv 




s» a,. 

Si- Sj 



or, what are the equivalents of these, 






'di^ 



r,dU. 



.,(iii). 



Hence, when we have a differential equation of the form (ii), 
into which the differential coefficients enter linearly while the 
quantities multiplying these may be any functions of x, y, z, we have 
a corresponding integral given by (i), provided we can obtain u and 
V in order to insert them in that integral equation. A differential 
equation of this form is said to be linear; the difEtuIty in the 
solution is the derivation of the functions w aud v. 

185. Now let us consider the equations u = a and v = 6, where 
a and h are arbitrary constants, and let us form the differential 
equations correspoudiag to them. We have 






0, 



18oJ 

and tt ere fore 



LINEAR EQUATION. 



ix 




#, 




rf« 


8» lu. 




an 9u 




S« 8« 


is' 8« 




Sj' at 




a«' Sj, 


3ti &w 




3u 3« 




Sd ac 


Sj' 8z 




3z' Sj: 




ac' Sy 



These are the differential equations which have for their 
integrals u = a and V=h\ they can be formed at once from the 
coefficients in the differential equation. We thus have the follow- 
ing rulo" : 

To obttiin an integral of the linear eq'iaU'on 
Pp + Qq = R 
write down the siib»idiari/ equations 

rfjc _ rfy _ dz 
'P'li'R' 

and obtain two independent integrals of the latter; let iJiese be 

II = a and v = b. 

Then an integral of the partial differential equation in given by 

*(», •)-o. 

where <^ denotes an arbitrary function. 

An arbitrary functional relation between u and v of any form 
wilt be satisfactory; thus we might have 

where -^ is an arbitrary function, 

186. This rule enables us to obtain an integral involving an 
arbitrary function ; it will now be shenn that it is the most general 
integral possible, in that it iacluUea all solutions of the differential 
equation. Let 

^ (d-, y, z) = 

* The theory of lineiir partial diSereDtial eqaalioni vit,t first given bj Lagisn^, 
W well as the cksHiBcatiori oi the iiitegni1)i ot iiqiiatioiis of the first order, the 
■□bsidiary equations (it) are eometimes called Lagrange's eqoationa. 
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be a solution of the equation 

and let the solution of this equation obtained by the foregoing rule 
be ^ (m, v) = ; then from equations (iii) we have 

dx ay oz 

OX oy oz 
Since '^ (a?, y, z) = 0, we have 

the substitution of these values of p and q in the differential 
equations gives 

OX oy oz 

We have thus three equations linear in P, Q and R\ when 
these quantities are eliminated we have 

3^ d'^ 3>^ = 0. 
dx* dy ^ dz 

du du du 
dx' dy* dz 

I dv dv dv 
d^v' dy* dz 

Hence there is some definite functional relation between yjr, u, v; 
let it be 

-f = P (u, v), 

where P is a definite function. The solution -^ (x, y, z) — is 
therefore the same as 

F{u, v) = 0; 

and, since P is a definite while (f> is an arbitrary function, this 
solution is included in 

<f> (m, v) = 0, 

that is, is included in the solution obtained by the method given in 
the rule. 
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This latter aolutiou is thus the nioet general solution possible of 
I this form; it evidently corresponds to the General Integial. 

187. Corollary. The equations « — a=0 and u — 6 = are 
I integrals of the differential equation, i'or the general solution may 
I lie written 

I ■where ^ is an arbitrary function. Take then ■^ {v) — no", where 
[ a is an arbitrary constant ; the equation then becomes u — a = 0, 
\ which is the first of the stated integrals. Similarly for the second. 

These results can be obtained independently. The foregoing 
V article shews that, in order that ^ (x, y, z) = may be an integral, 
\ we must have 



nt the 


equations 
















^t 


+ «|*-4'= 


■0. 








'■I 




-^r 


= 0, 




ctually 


satisfied ; 


hence 


tt-a = 


Oand 


„_ 


b 



'Oa 



! integrals. 



188. We thus see that, when there is a single arbitrary function 
entering simply (that is, without any derivatives) into an integrat 
equation.thecorrespondingditforential equation is necessarily linear; 
and that the linear differeutial equation has for its most general 
integral a relation into which an arbitrary function enters. We 
therefore infer that, in the case of a differential equation which is 
not linear, the arbitrary function which is essential to the General 
Primitive cannot enter in a manner similar to that in which the 
arbitrary function enters in the foregoing equation ; in fact, with it 
will be associated in the General Primitive its first differential 
coeSicient 

189. In the foregoing we have limited ourselves to the case 
I of two independent variables ; the proof of the method when 
I there are n independent variables follows the former on exactly the 
[ eame lines, and the corresponding rule is : 



M 
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To obtain the most general integral of the linear equation 

» 

write down the subsidiary equations 

dx^ __ dx^ _ __ dx^ __ dz 

T\^ P^' "P^~~R' 

and obtain n independent integrals of these ; let them be 

w, = a„ M, = a, , t*. = a^. 

Connect these quantities u by an arbitrary functional relation 

<l>(^v ^« ' ^J=0; 

this equation is the integral required. 

The proof of this, as well as that of the corresponding corollaries, 

viz. tiuU u^^a^, t*, = a,> , ^i» = ^i» ^^^ integrals of the 

equation, is not difficult 

Ea:, 1. Solve the equation xp+yq=z. 

Lagrange's subsidiary equations are 

dx ^dy dz 
J? "" y « ' 

of which two integrals are z^ay, z=bx; hence the solution of the equation is 

It can be exhibited in the forms 

which three are easily seen to be equivalent to one another. 

Ex, 2. Solve the equation 

(rm - ny)p + {nx -lz)q=^ly- mx, 

Lagrange's subsidiary equations are 

dx ^ dy _^ dz 
mz — ny " nx — Iz ly — mx* 

Hence xdx-{-ydy-\-zdz^O, whence x^-\-y^-\-s^=a\ 

and ldx+mdy-^7idz=0, whence Ix + my ■\-m—b; 

and the integral of the equation is 

lx+iny+nz=<f>{j^+y*-{-z'). 
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Ex. 3. Solve the equations 

(i) x^-xyq-^y^^O\ 

(ii) xzp-\-yzq^xy\ 

(iii) (y«+«*-j;*)/?-2ayg+2^=0; 

(iv) *-:rp-y3'=a(^+y'+0*; 

(v) {a-x)p+{b-y)q = C'-z; 

(vi) (y«:ir-2^)/?+(2y*-;rV)g=9«(a;3-y») ; 

(vii) /)tanj?+^tany=taii-e; 

(viii) (llj?-6y + 22;)/?-(&F-l()y+42)g=2j7-4y+ftj; 

(ix) ari/?i + («+4r3);?j+(«+^2);?3=ar,+ar3. 

^. 4. Solve the equation 

Lagrange's subsidiary equations are 

c£r| gLtji dx^ __ c/^ 

Each of these equal fractions 

dz-dxi _ dz-dx^ _ dz-dx^ dz-\-dx^-\-dx^-\-dx^ 



The integrals of these are 



<?i 



= . ^a_= _^=(^4.a:j+a?,+x3)*, 



«-arj «-;F2 '--i^s 
and therefore the int^;ral of the equation is 

♦ {(^-or,)^, («-4?^i8*, (*-4?3)^}=0, 
where S stands for « + jFj + a;, + ^j. 

J^x. 5. Prove that in the last question, if, when ^^O, the variables be 
connected by the relation 

then the int^;ral is 

(Mansion.) 
Ex, 6. Solve the equations 

(i) /?iXi +;?^, '\-p^^ = m ; 

(ii) ;?i^i+i>r«^i+i>sa7,=a«+^* ; 

(iii) x^^p^ + ^j^i-^Pi + •^i^tfPt = J?iJ?rFs. 



Standard Furms. 

190. Before proceeding to iodicate a method of integration 1 
which ia applicable to tlie most general equation of the 6rst order, [ 
it is advisable to notice a few standard forms of differential J 
equations which admit of integration by very short processes and I 
to one or other of which many equations can be reduced ; as the I 
general metliod is usually much longer than that which is effective 1 
for any of these standard forms, it is advant^eous to see whether | 
the equation is included under one of them. 

191. Standard I: Equations in which the variables do iiut 1 
explicitly occur; such equations may be written in the form 

A solution of this is evidently 



provided a and b are such a 



-K' 



satisfy 
. i)=0. 



If then the value of b derived from this equation be b =f (u), 
the Complete Integral of the equation is 

The General Integral and the Singular Integral must in the i 
case of every equation be indicated as well as the Complete Integral, J 
or the equation ia not considered to be fully solved. 

Equations which do not explicitly come under this standard I 
can often be included by changes ot the variables ; thus for instance [ 
functions of x which occur in the equation might admit of aasoci- I 
alion with the p and functions of y with the q. But the changes I 
needed for any equation can be determined only for the particular! 
circumstances of the equation ; there is no general rule, since an I 
equation cannot always be reduced to this form. 

Ex. 1. yuivo P'i='-'- 

Till! foregoiug shews tbiit 
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is a solution provided 

the Complete Integral therefore is 



ab^k; 



a 
The General Integral is obtained by eliminating a between the equations 

k \ 

where ^ is arbitrary. 

The Singular Integral, if it exist, is determined hy the equations 

z=:cuc + -y + c ^ 

0= 1^ 

the last equation shews that the Singular Solution does not exist. 

Ex, 2. Solve pqsssj^»y^2^. 

This can be put into the form 



z'^^dz z'^dz 



X 



Let 



dZ^z'^^dzy so that (l-il)Z=z^'^\ 

d^^af^dxj (m + l)f =a:*+*, 

dri^if^dy, (n + l)i;=y*+S 

and the equation becomes 

dZdZ 

which is included under the last example. 

Ex. 3. Solve the equations : 

(i) p^+q^^m^; 
(ii) a(p+q)=zi 
(iii) a^p^+i/^q^=z; 

(iv) JO** sec'"' :p+^^cosec**y =«*"*; 
(v) p^-\rq^ = npq\ 
( vi) jOi*» ■\rpj^ +/?,*• = 1 ; 
(vii) zpip^ ^x^x^y 
F. 



20 
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192. The differential equations iucluded under the form 

f(p. ?) = o 

have an important interpretation when viewed geometrically. 
know that the equation of the tangent plane to the surface 

z = F(x, y) 
at the point f , ^, f is 



j-(^ 



'ir 



and the sutface is the envel 



a of the tangent plai 



af di, 



there be a relation 



HI'D-. 



•3f3, ' 

and therefore there ia only a single parameter in tlie equation of 1 
the tangent plane. Now the envelope of a plane whose equation 
ia of this form is a developable surface, and hence the surface con-J 
sidered is a developable surface. 

It therefore follows that 

is the general differential equation of a family of developable 1 
surfaces ; and the equivalent General Integral is the integral 1 
equation of the family. 

193. Standard II. 

In attempting to reduce an equation to the preceding standard J 
we may find it possible to remove from the equation the indepen- 
dent variables, so that they no longer occur explicitly ; but it 1 
may not be possible to remove the dependent variable, and tb« J 
equation will then he of the form 

Xi^. p, q) = 0. 

We assume as a tentative solution 
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(f being written instead of a? + ay), in which a is an arbitrary con- 
stant. We then have 

_dz d^ ^ dz 
and the substitution of these in the equation gives 



/ dz dz\ ^ 



This is no longer a partial diflferential equation, as there is now 

only one independent variable. This independent variable does 

not explicitly occur, and thus the equation comes under Standard 

rV. (§ 18) of ordinary differential equations of the first order. 

dz 
Solving for -^ we have an equation of the form 



d^ 



^ = 4>i^* a), 



the solution of which is 

or x + ay + b=^F(z, a). 

This is the Complete Integral ; the General and the Singular 
Integrals may be found by the ordinary method. 

Ex, 1. Solve the equation 

If we make the substitutions as in the standard case, the equation becomes 

9(|y(a.+.)=4. 

or idz(a*-\-z)^=di, 

the integral of which is 

the Complete Integral of the equation therefore is 

{z + a^y = (^ + oy + c)K 

20—2 
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The General Integral ia obtained by the eUmination of a between 
(^+o»)3=J*+«y+fl(a)P 



^«)}r 



and 3a(s+a«)»=.{*+oj+fl(a)}jy+ff(o)}J 

where is an arbitrarj function. 

It ie not difficult to prove that there is no Singular Integral. 

£1;. 2. Solve the equationa ; 

(i) p' = tm~pq)i 
(ii) ^t=g(g-px); 

(in) i3(I+j*>=y(*-«); 
(iv) \=p,Pi*P:J>i!+PiI>i^: 
ly) pi'+ip,* +t^a'=«ViftPs. 

ISi. The relation between the integral and the diflferential I 
equation admits of a geometrical interpretation. The first step i; 
the process of solution is writing f for a: + at/, which is equivalent ' 
to turning the axes in the plane of xy through an angle equal to 
tan"' a and magnifying the coordinates in that plane in the ratio 
of (1 +a')' : 1. It is then assumed that r is a function of f 1 
hut is independent of the coordinate parallel to the new axia J 
of J/. Now 

represents a cylinder whose axis is parallel to the new axia of y ;> J 
and therefore the tjquation giv€3 the cylinders satisfying this con-'l 
dition. But now, returning to our original axes, since a is ao.l 
arbitrary constant, the axis of f is an arbitrary lino in the planc^,l 
and therefore also is the line taken for the transformed axis of j/,1 
It thus follows that what we find by our process of integration will J 
be all the cylindrical surfaces with axes in the plane of xy which- ■ 
satisfy the given differential equation. 

195. Standard III. 

In attempting to reduce a given equation to the first BtAndard^fl 
it may happen that z may be removed from explicit occurrence i 
the equation, but that w and y remain, and that then the functional 
of p and w may be associated with one another, and likewise thel 
functions of q and y ; the equation will then take the form 

0(j-, i') = t{y. <!). 
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We assume, as a trial solution, each of these equal quantities 
to be equal to an arbitrary constant a ; from the first of the two 
equations so obtained we have 

p-=0,(x, a), 
and from the second 

Integrating both of these we find that, by the first, 
z =/j (x, a) + a quantity independent of x, 
and that, by the second, 

z =^ (y, a) + a quantity independent of y. 

These are evidently included in, and are equivalent to, the 
equation 

where b is an arbitrary constant. This is a solution of the original 
equation ; as it contains two arbitrary constants it is the Complete 
Integral. 

The General Integral and the Singular Integral, if it exist, are 
to be deduced from this in the usual way. 

Ex. 1. Solve the equation 
The equation rearranged in the form 

comes under the standard, and we therefore write 

Hence p={x+a)^, 

and therefore 

«=S(^+a)*+S(y-a)*+6, 
which is the Complete Integral. 

The General Integral is given by the elimination of a between 



«=S(^+a)*+3(y-a)*+x(a)) 
= (a?+a)*-(y-a)*+x'(«) J 



where ;( is an arbitrary function j and there is no Singular Integral. 



[1967] 
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£r. 2. Solve the equations : 

(i) t'(p'+9')=-*'+3''; 

Cii) q=xp+p'; 

(iu) p=(sy+*)'; 

(iv) pi+q*=ix; 

(V) j^-g'g^^-!^. 

Bx. 3. Shew that this method can be applied to the solution of equktioiiBl 
of the form 

Thus solye fully the equation 

196. Standard IV. 

In this class are included those equations involving partial 
differential coeEGcients, which are analogous to the eqnationa . 
included under Clairaut's furm (§ 20) in ordinary differential | 
equations. For two independent variables they are represented by I 

s=pa:+ qy + <i>{p, q\ 
where is a definite function. 

A solution of this is 

s = ax + h^+<l>{a, b), 
which adniits of immediate veriiieation. As it contains two arbitrary I 
Constanta it is the Complete Integral ; the General Integral is to | 
be obtained iu the usual way, and there b usually a Singular J 
Integral. 

Ex. 1. Solve the equations: 

(i) i=jii-+3y+p3; 
(ii) i=pjr+5.!^+(I+f*+3^*i 
(iii) i=;«+2i/ + ('>/''+S?»+y)'; 
(iv) j-^+2y + 3;)V! 
obtitiriiug ia each case the Sioguiar Integral as well as the Complete IntegraL 
Ex. 2, Solve the equations : 

(ii) *=2?)„.f„ + f« + 'Hpift-ft,)'~M 

and obtain the Siugular Integral in caoh ca.se, 
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Principle of Duality. 

197. There exists in partial differential equations a remarkable 
I duality in virtue of which each equation is connected with some 
' other equation of the same order by relations of a perfectly re- 
ciprocal character. We shall consider here only equations of the 
first order. 

Considering the case of two independent variables only, we 
r write aa our new dependent variable 

Z=px + qy-z, 
\ and therefore 

(iZ= xdp + 1/dg, 
I We take a& our new independent variables p and q, which we write 
I X and Y for symmetry, so that 

X = p and Y = q\ 



I and then we have 



-dp 






■^ ~ dq dY 

s=PX-\- QY-Z, 
so that the relations between the variables are, as stated above, 
reciprocal. 

If now we have an equation of the form 
■^ i'^. y- «. p. ?) = 0, 
f the above relations transform it into 

>^iP,Q,PX + qY-Z,X. Y) = 
The integral of either of these being known, that of the other is 



deducible by a process 
solution of the second be 



Igebtaical elimination. Thus let a 
given, or be derivable, in the form 

0(z, A', r)=o. 



a^^J± 
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that is, ^a§"*"3X^^' 

The elimination of X, F, Z between these four equations will 
leave an equation in x, y, z, which will be a solution of 

Ex, 1. The simplest example of an equation which can be treated by this 
method is that which comes under Standard lY. (§ 196) ; the equation being 

the transformed equation is not differential, but algebraical, being in fact 

-Z=/(Z, 7). 
Thus in pturticular consider 

the transformed equation is 

Hence ^■=-5-15.= -2X and y= -•::-i>= -2F, 

where ^=-^|f + ^|f -^= -(-^*+ ^)- 

Hence, eliminating the quantities X, F, Z, we have 

which is easily seen to be the Singular Integral Solution of 

Ex, 2. Solve the equations : 

(i) {xp-\ryq){z-'pX'-qy)->ir'pq^^\ 

(ii) »+l-a?(j?+;?)-y(y+2')=0; 

(iii) p2(^-a?)+2p5'a;y+S'2(y*-y)-2/Mrz-2<?yr+2«=0; 

(iv) (px-\rqy-z){^X-\rty)^=-'pq* 

Ex. 3. Prove that the equations 

(i) xflz "px - qy, p, q) -^yfi {z-px- qy, p, q) =f^ (z -px - qy^ p, q), 
(ii) F(z-px-qy,x,y)=0, 
are reducible, by the foregoing substitutions, to standard forms. 
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Ex. 4. Prove that the equation 

'/itv, p, -•-pj')+2/i(y, P, i-p^)=Ais, Pi '~px) 
is reducible to LagrougB's form bj changing the yariablea eo that p and y tu 
the new independent variables, and t-px the new dependent v, 

Hence solve the equation 

q(]f-l>y+ipxt=^+xff{x+l). 

Ex. 5. Solve (i -p - 9y)''= 1 +/'' + 'f. 

198. The process of derivation of one differential equation 
from another as exhibited in the preceding article is really a t 
lation into analysis of the geometrical principle of duality between 
surfaces. When we take a fixed quadric, which we may denote by 
£, then with every surface S there is associated another surface 8', 
called its polar reciprocal, which is the envelope of the polar planes 
with regard to 2 of points on the surface S ; and the surface S ia 
the polar reciprocal of S', being the envelope of the polar j 
with regard to £ of points on S'. 

The polar reciprocal of a surface depends on the subsidiary 
quadric, £, and ia diti'crent for different quadrics; the quadric 
most commonly chosen (on account of the geometrical simplicity) 
is a sphere with its centre at the origin of reciprocation. 

Let us consider as the subsidiary quadric 
I paraboloid of revolution whose equation is 

To the tangent plane at a point A on the surface 8 corresponds 
t A' on the surface S" ; and to the point A corresponds the 
i plane at A' to 8". Let x, y, z, p. q be the quantities 
1 with A ; and X, Y, Z, F, Q the corresponding quantities 
tated with A'. 

The tangent plane at x, y, a to the given surface S ia 

Cf.*?. filing current coonlioates); and the polar plane of X, Y,Z 
with regard to the quadric is 
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But, because the two surfaces S and S" are polar reciprocals, these 
two planes are the same ; a comparison of their equations gives 
X =p\ Y= q; Z=px + qy -s. 

Similarly, taking a tangent plane at X, Y, Z to the surface 8" 
and noticing that it must be the polar plane of x, y, a with regard 
to the quadric, we should obtain the equations 

X = P; y = Q; t = PX+QY-Z. 
These two sets of relations are tliose used in the preceding method. 

Other relations could be obtained by taking other subsidiary 
quadrics in reference to which reciprocation should take place; but 
the preceding seem the simplest that can be found. 

199. The General Integral of a differential equation involves 
an arbitrary function. It may be necessary to obtain an inte- 
gral satisfying certain conditions ; ■ the latter will then be ob- 
tained if the arbitrary function be rightly determined. The 
process is equivalent to that which occurs in ordinary differential 
equations, where the arbitrary constants are determined by some 
particular relation or relations between special values of the 
variables. In every particular problem the arbitrary function is 
determined by means of the specified conditions. 

£r. 1. We know that the equation 

ap+bq=i 

implies that the normal to the eur&ce reprewnted bj the integral equation is 
perpendicular to a givea line whose direction coeinea are proportional to a, A, 1 ; 
this is the property of a cylindrical surface whose axis is parallel te that line. 
The integral obtained either by Lagrauge's method or by the method applied 
to SUndard I. is 

x-a£=tf>lt/-bi), 
where is arbitrary. Suppose that the equation of a cylinder having its 
axis parallel to the line (a, 6, 1) aud piiasing through the curve «'~y'=l in 
the plane of x^ is desired. The section of the above surfaee by the plane of 
xy is obtained by writing i=0 therein, and thus it is 

According Ic the assigned conditions it should be J 

**=l+y'. J 

A comparison of these equations shews that ^^^^^^| 
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[ lod therefore alao 

<t>(i/-hz)=[l+Q,-bzY]*. 
I Hence the equation required is 

i-a,-{l+(,-bm<, 
or, freed from radicals, is 

Ex. S. Prove that the equation 

represents a family of cones having the tiied point (a, b, e) for vertex. Shew 
I that the member of the family, which posBea through the circle 

in the plRue of ^, has for its equation 

jGr. 3. Obtain the totegral of the equation 

p (ny — ml) + q{ls- tio;) = ma - Iff, 
t ao that the aection, by the plane of :eff, of the represented surface is a 
section of eccentricity e with its centre on the line 
e'+(l-e»)(iir+my)=0. 



General Method of Solution, 

200. We now proceed to consider a more general method due 
L partly to Lagrange and pai'tly to Cbarpit ; it applies to the general 
equation, wliicli may be denoted by 

F{x. y, z, p, 5) = 0, 
^ and its success depends, as will be seen, upon the integration of 
some ordinary differential equationa 

If in adjiition to the foregoing relation we have another between 

the variables and the differential coefficients, the two can be 

considered as a pair of simultaneous equations which, when solved, 

will give p and q as explicit functions of «, y and z. The values so 

I derived, when substituted in the equation 

de = pd^ + qdy, 

render it either immediately integrable or integrable on 

I laultiplication by some factor ; and the integral will be a solution 



316 charpit's general [200. 

of the original equation, since the values of p and q tlerired from 
it have in the inverse process been oCtained from that equ&tioD. 
Let then another relation between the quantities be denoted by 

^ (a;, y, z. p, j) =- ; 
if we can find the form of <!>, we shall be in a position to use this 
method of solution. 

201. Now the integral of the equation gives z (and therefore 
also p and q) as ftmctions of x and y; whatever these functioos 
may be, they will, if substituted in the equations F= and <!> = 0, 
render them both identities. Let then the values of ^, p, q (aa 
yet unknown) be supposed substituted; then the partial differential 
coefficients of the left-hand members of both equations with regard 
to IB and y will all vanish, and therefore 

dF dF_ dFdp (>jFdq^^^ 

9aj dz " dp dx dq dx ' 

5i dz ^ dp dx dq dx ' 
dy '^ dz^^ dp dy'^ dqdy^^' 
dy dz ^ 9^ dy dq dy 



/dFd^_dFd^\ /9^9*_9FS*\ 09/3F3*_aF0*\ . 

\dxdp ^dx)'^^\dt2p dpdzJ'^'dxKiiqdp dpdqj" ' 

and eliminating ^ between the second pair, we have 



\dy dq dq dy/ "\dz dq dq SF/ Syxdp dq dq dp/ 



f! ?2 — -?" - — "^ 

dx (Ixdy dy ' 

so that from the last two equations, when added together as they 
Btand, the terms involving these quantities disappear; and the 
result may be rearranged and written in the fona 
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I /3f BF\ m , flF SF\ a* / dF dF\ 3* 

\ dpj d^ \ dqj dij ' 
} which we may look upon aa a linear differential equation of the 
I first order to determine *. The method applicable to this equa- 
I tion is therefore the one used in the case of Lagrange's equation ; 
I we write down the equations (§ 189) 
I dp dq _ dz _ dx _ dy _ d<t> 

I hV hj;~ dF ' dF~ _ dF_ dF~'^dl~ dF^T' 
I dx'^^dz dj/'^^dz ^dp ^^ dp dq 

} and ohtain integrala of these. Now in order that these equations 
I may hold we must have 

d* = 0, 
or * = j1, 

an arbitrary constant. If another integral can be obtained by 
[ equating any two of the first five fractious, it may be written in 
the form 

u = B. 
' By the corollary in § 189, h = B is a solution of the differential 
I equation determining ^. Now ^ = is the relation we are 
I seeking between x, i/, z, p, q; and the simpler this relation is, the 
I easier will be the deduction of j3 and q from '1' = and F= 0, We 
[ may therefore take as the relation required the equation 
[ . u^B, 

\ that is, we may take any one integral whatever of the foregoing 
aystem of ordinary differential equations, provided either p or 5 or 
both occur in it ; when this integral has been obtained we combine 
it with F=^0 and carry out the process indicated in the pre- 
ceding article. 

I 202. The following proposition is an immediate corollary from 

I the process of the precediug article, or it may be considered merely 

I aa a re-enunciatian of the result there obtained : 

I "When two equations of the first onler represented by 

L F{x. y. 2, p, q) = 0, ^H 

■ 4> {x, y. s, p. q] = 0, ^^M 
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are such tliat they satiaty identically the relation 
dx dp dp da; dy dq dq dy 



*\ /hi 



I 



'^P\di dp dp dzJ^^'Vdz dq dq'dz)~ 

and are considered aa two simultaneous equations giving p and g 
as functions of x, y, and a, then the values of p and g derived from 
them and substituted in the equation 

dz=pd!C + qdy 
render it an exact differential. 

Another form may be given to the relation. 



Let 



and similarly for 4> ; then the equation is easily transformed into 

dp op ' cq * dq 

Ex. 1. Solve the equation 

Writing down the subsidiary eqoatioas we have among others 
dp _ Jg _ dx dy 

2y-2p~£a:-22~ -ip+ix" -2y+2y' 
Hence dp+dq=d3;+dy, 

so that p - a- 4- q-y = a. 

Combining this with the original equation, which may be written 

we find 2(f.-*)=a-|-(2(*-y)>-«'!', 

2(?-y)=«-{2C*-y)'-a')'. 

Hence di-^pdx+qdy 

gives 2d:=(iK+tt)dx-^{2y^-a.)dy+{dx-ds)mx-yf-a*)^, 

the integral of which is 
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which ia ths Complete Integral. The Qeneml Integral is deducible in the 
ordinary way; there ia no Singular Integral. 

The above equation may, however, be solved without having 
this method; but some transformatioiis and substitutions arc 
Taking the equation in the form 



othat 



cZ , 'cZ 



Let the independent variables be chiuiged by the equation 
j7-y=2*Xand «+y=2*r; 

i=(-S-S)^"'=^"'<«-^'' 



The equation becomes 

and is thus of the form of Standard III. ; when the integral is obtained and 
the new variables ore replaced by the old, it will be found to agree with the 

Ex. 2. Solve the equations 

<i) p»+g*-2jw-2sy+l=0; 
(ii) Z{pq+py-i-qjB)^-3?+3*^Q\ 

by Char pit's method. 

Also reduce both of them to one or other of the Standard ForroB and so 
integrate them, shewing that the integrala obtained by the two methods agree. 



203. In these particular examples Charpit's method is less 
laborious than the other; hut this is by do means always the case. 
It often happens that an equation which furnishes an easy example 
of this rule is integrahle still more easily because iucludeil in some 
one or other of the foregoing Standard forms ; and this causes the 
method to be less used than would otherwise be the case. But it 
is more general than any of them, and equations integrable by any 
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of the other methods are integrable by this method ; it ia more- J 
over important in the general theory as indicating a method (^\ 
obtaining a solution of the differential equation without any I 
restrictions on its form. 

The limitations to success in practice are connected with the ' 
integration of the subsidiary equations. Now these particular 
limitations arc just such as give rise to the methods adopted for 
the different Standards and really indicate the classification therein 
adopted ; in fact all the Standards are included in Charpit's farm, 
awd integration is possible by this one method whenever it is possiblgm 
by any of the methods. 

204. Thus consider first Li^ange's form, which Is 

in which P, Q, S are functdons of x, y, z alone and do not inrolrel 
j] or q. In this case 

F=R-Pp-Qq, 

BO that - 

thus two of Charpit's equations are 

(tc _ dy _dB 

P~~Q~R- 

the equations on which the integration of Lagrange's form de-1 
pends. But it should be noticed that this is not a proof of J 
Lagrange's method for linear differential equations; the result h 
already been assumed in the derivation of Charpit's equations. 

205. Now consider the typical equation of the first StaDdard*4 
which is 

BO that F=^Jrip. q), 

in which a", y, z do not explicitly occur; then 

|? = 0. |?=0, |?=0. 
ex Cy cz 
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The subsidiary equations now are 

dp ^dq _^ dx _ 

dp 

so that we have p^a and q=^l, both arbitrary constants ap- 
parently. But according to the rule we must combine any one 
integral with the original equation, and so we have 

-^ (a, g) = ; 
and therefore, if g = 6, we have 

-^ (a, 6) = 0. 
Then dz = pdx + qdy 

= adx + bdyy 
of which the integral is 

^ = CM? + 6y + c, 

with the limitation between a and 6. 

206. Proceeding now to the typical equation of the Second 
Standard, which is 

'^ («> P> ?) = 0, 

an equation into which x and y do not explicitly enter, we have 

^= t (*' P^ ?)» 
and therefore 

^ = 0, and 5- = 0. 
oa? oy 

The equation derived from the first pair of Charpit s fractions 
gives 

and therefore p = fTig. Combining this with '^ = we can find both 
p and q in terms of z ; let the values be f{z) for p and therefore 
mf(z) for J. Substituting in 

dz = pdx + qdy, 

we have 7^7 , = c?a? + iwdv* 

F. 21 
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dz 
or 



//ii)+^=*+"*y' 



which agrees with the former result. 

207. Passing now to the Third Standard in which the equa- 
tion is 

,, , dF d6 dF d6 

so that ?r- = ^ ; ?T~ = ^ J 

9a? ox dp dp 

dy" dy ^ dq" dq ^ dz " ' 

we have from the subsidiary equations 

dp _ dx 

dx dp 

that is, ^ (^, i>) = a ; 

and therefore from the original equation 

Solving these respectively for jt? and q we have 

p^0i(x,a); ? = ^,(y, a); 

and following the rule we have 

dz = 0^ (x, a)dx + 0^ (y, a) dy, 

the integral of which is 



« + 



c = j^j (ar, a) (ic + j^, (y, a) dy. 



-fir. 3. Derive by Charpit's method the integral of the differential 
e<|uation of the fomi analogous to Clairaut's form for ordinary equations. 

Ex, 4. Obtain by Charpit's method a solution of the equation 

where /(y>, q) is a homogeneous function of jl» and q of the d*>groe n. 
Solve also -''/'^ +//7* ~ 2/></. 
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Jacobi's Method for the General Equation with any 
number of independent variables. 

208, It has been indicated in § 189 that the method used 
for the linear partial differeotial equation in Lagrange's form can 
be applied to tlie case when the number of variables is n ; we now 
proceed to indicate the method, due to Jacobi, of solving the 
general partial differential equation when there are n independent 
variables. This general equation may be represented by 

4>(j, p,,p, p^, ar, a; J = 0, 

where a:,, x^ x^ are the independent variables and the p's 

are the partial differential coefficient* of a with respect to the x's. 

209. We will prove that, if in this equation the dependent 
variable explicitly occur (and this will usually be the case since the 
equation is perfectly general), then the equation * = can be 
replaced by another with a new dependent variable, in which that 
dependent variable does not explicitly occur and the number of 
independent variables is increased by unity. 

The differential equation ^ = lias some solution; let it bo 
re presented by 

"-/(«.»■,.•' 'J-O, 

wliero/i^ as yet an unknown fnnctinn ; then we Lave 



ii/i. 



P.-O 



I 



for all values of the suffix 


ft«ra J- = 1 to r = t(. Let these values 


of p be substituted in tli 


original equation, which therefore 


becomes 




, a,. S. 








\ S f. 


aJ ' 


ad may be written in the f 


,rn. 


-['•■" '- 


?„ a,, J» a«\ 
as,' S, ST' SJ-"' 
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This is a partinl differential equation of tlie first order ; the 
dependent variable u does not explicitly occur and there are n + 1 J 

independent variables e, a:,, x^, , x^. Hence the propoBitiott 1 

is proved. 

The integral of this leads to the integral of the original'l 
equation ; it will be proved to "be possible to obtain the integral o 
^ = in the form 

«=/(>•,.'. »..',»,.«, ".). 

in which a.,, a,, , n, are arbitrary constants. 

When this integral is known, the complete integral of the I 
equation 'I> = is given by 

/K,^, ^., «,<.„» ».)-o, 

in which « is now the dependent variatile and there are the I 
original n independent variables. 

For u =/ is the integral of ^ = and ^ is a modified form of I 
"!> = 0, so that the latter is satisfied by u =/, and therefore 






But siiicey= we have 






= 0. 



and therefore ^^ = — — J , 

which is satisfied for all the auffiKes r from r=l to r=n; hena 
we obtain 

^i^'FfPa' ' Pn- *i> ^ ,'^,)= 0, 

the original differential equation. 

210. It is thus sufficient to consider differential equations 1 
from which the dependent variable is explicitly absent. If it | 
explicitly occur in any given equation, it can be removed in I 
the manner indicated; and ii tmnsformed difierential equatioQ j 
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y = can be obtained, the iotegra! of which will lead to the 
required iDtegral, We may therefore write the general differential 
equation in the furm 

^iPi'l't I !',• '"'i' "^s ■ *»)"'*■ 

If, in addition to f = 0, we have other n — 1 equations of the 
form 

F,--a„ F,= a,. , F, = a , /*,., = «..,, 

where F^, F^, , f,_, are functions of p, ,/>, ,p, (ur of some 

of them) and it may be, and usually will bo, of j,, a;,, ...,.., x^, and 

where a,, o,, , a,_, are arbitrary constants, then from these n 

equations we can obtain values of p,,p,, , p« as functions of 

the a^a and the a'a. Let these values be substituted in 

dz = Pjdx^ + pjrfji + + Pn^^m ' 

then, if they bo such as to render this an exact differential, the 
integral of it will be the complet* integral of F = 0. For it will 

be an integral, since the values of p^,p, ,p„ are derived from 

H equations, one of which is F = Q; and it will in its expression 

involve n arbitrary constants, viz. the constants a,, a^, ,. 

and the constant of integration. Moreover the integral is of the 

form 

« = XK 

which gives the dependent variable explicitly, and therefore 
justifies the assumption made as to the form of the integral of 

1-^ = 0. 
The n — 1 functions F must be such that the values of the 
quantities p will render the foregoing an exact differential equa- 
tion ; and the necessary conditions, which are 
dx, ~ dx^ 



Ifor all values of r and a, will s 



211. 



Suppose that the n equations 
^■ = 0, F, = a„ F, = a, 



solved so a^ to give the values of p^, p, , p, aa functions 

the variables x ; these values will, when substituted, make each 
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equation an identity. When this substitution takes place in any 
two such equations as jP^= a^ and ^, =a„ we have 

?^' + ?^' ^ + ^' ?P. + +^Z^^- = o 

9ar, ^i'l^-'t ^pJ^x^ ^n 9*i ' 

\dx^ dp^dx^ ^Pt^^i 9p» ^^1 ' 

(dlr^dKdp,_^_dF^dp,^ + ^fr^P3 = 

\dx, 3p, 9^, 3p, 9^» ^Pr^-'^t ' 

aF:^3F.3p.^ap.^^ 4?5^.=o 

So-, 3pj 9j;, 9/>g 9arg 3p, 9j?j ' 



giving altogether n pairs of equations ; each pair is made up of 
the differential coefficients, with regard to the same independent 
variable, of F^ and F^ when in these the values of the ps are 

substituted. Between the first pair let the value of ^ be elimi- 

nated ; the resulting equation is 

VKjjn _^ VK, Fi dp, ^ [F^^i dp,^ ^ [KJ^ViK^o 

Ul» pA IPv PA ^^1 iPz^ Pll ^^l iPn, Pi] 3^1 ' 

VF F^ dF dF dF dF 
L w, v J du dv du du 

I v,u j \_u,v j L ". " J ' 
Similarly the elimination of J-^ from the second pair gives 

IK_J\-] ^ I K, F i dp, ^ rF_^i dp^ ^ ^ rp^i dp^^^ 

and so on, each pair leadiug to an equation of this form. 

Now let all the left-hand members of these equations be 
added together. The coefficient of ^^'' (which is equal to ^''j 
will consist of the sum of two terms, viz. the term 

VF F 

JV, Vr' 
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from the r'"' equation, and the tenn 

from the s'"" equation ; the sum of these two is zero, and thus the 
term in J^ disappears, whatever be the values of r' and s*. The 
resulting equation is therefore 

rr,. Fi rF„ fi [f„ y.i , , r*;. 



F,. Fl [ F,, F l r f,. F, 1 



= 0. 



Let the left-hand side be denoted by 
(F.. F,); 

then the equation is 

(/;, F,) = 0; 

and this must be satisfied, whatever the suffixes r and s may be. 
Hence the aggregate of the equations which these functions 
must satisfy may be represented in the form 

= iF,. F) = (F.,F;) = (F„ F^= = (_F„F,_,) 

for all values of the index t from i = l toi = « — 1. 

212. These conditions, which are necessary for the integra- 
bility of the equation dz = ^pdx, must now be proved suiEcient ; 
this will be proved by shewing that, when the functions F satisfy 
the foregoing equations, we have 

dx-f 3a: ^ 
for all values of / and «'. 

The n equations derived from, the n pairs of equations con- 
nected with any two given functions F^ and F, still hold ; when 
they are all added together we have 

'"the double summation extending to all integral values of r' and 
k' from 1 to a but not including pairs of equal values sJnco for 
every such pair of values the term vanishes. But by the necessary 

sonditions satisfied by the functions we have 
(/;, F,\ =0. 



and therefore 
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"[£f]t,-©-' 



pi« 



which holds for all the values of r and s given by the different 1 
functions ; and every combination of the functions will give sucb.1 
an equation. Tlie total number of these combinations is JnCn— 1)» J 
and therefore the number of such equations is Jnfn — 1). 

Now each equation ia linear in the quantities 



which are in mimber Jn(Ti— 1} in all, that is, the same as thafl 
number of the equations. Since each right-hand side is zero ifrl 
follows cither that each of these quautitioa 

is zero, or that the determinant foimed by the coefficients of these I 
quantities is zero. 

That this cannot be the case appears as follows. Let A denote I 
the determinant 

dF dF \ 



3p/ 
dp,' 



dF\ 

Si-.' 



3p, ' 0p, ' ' I 

then each of the expressions 

is the complement of a second minor of A and there are in b 
Jn'(n — 1)* of them; let denote the dcterminaut formed by J 
them BO that & is the determinant which is zero by hypothesiaiV 
Let & he the determinant foiioed by the complements in Am 
of the constituents in ; then wc have, on multiplying and ©*■ 
together, 

00' = a' ""■-». 
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Now 0' is not infinite ; hence if © vanish we must have 



But this would imply that among the n equations of the type 
F = the n quantities p could be eliminated, that is, that these 
equations would not suffice to determine tho quantities p as 
functions of the independent variables. This is contrary to 
what has been assumed as to the independence of the functions 
F; hence is not zero. 





It follows that each of the i« 


(»- 


■1) quantities 










dp. 








is zero, and therefore that the conditions are sufficient 
that 


to ensure 




dz —p^dx^ +p^dj:^ 


, + .. 


....+;>.(&. 






is 


a perfect differential. 










as 


213. We may therefore sum 
follows: 


up 


our results, so 


far obtained. 



I To obtain the Complete Integral of any given equation F= we 
first determine an integral F^ = a, of the equation 
(F^.F) = 0; 
then we obtain a common integral F^ = «, of the equations 
{F^,F) = {F^,F^) = 0; 
then a common integral F, = o, of the equations 
(F,. F) = {F,. F,) = (F,. F^) = 0; 
and so on, thu^s obtaining in all n ~ 1 new equations each con- 
taining an arbitrary conslnnt. The n equations which inmlve the 
n quantities p are then soloed so as to furnish the values of the p's 
as functions of tfie independent variables and the arbitrary con- 
stiDits, and these values are substituted in 

rfs = p,rfj-,+p,(£r, + +P,dj;^. 

1 This when integrated gives the Complete Integral of the equation 
F=0. 
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Each of the equations determining any one of the functions 
F^ is linear ia the partial differentia! coefficients of F^; we have I 
therefore to investigate a method of obtaining the common int^ral 1 
of a set of simultaneous linear partial differential equations. 



Prove that if the etjHatio: 



'.Pi'ft- 



..■,i'J=0, 



be solved bo as to give pi, p^, , p, as functions of x^, x^, ..., ■; 

necessary and sufficient conditions in ordei' that 

dt=piilxi+p^x^+ +p^dx^ 

should be nn ci&ct diSerentiul ore that the aggregate of equations 

- mnmAw:\* -[SfS]. 



and 

should be satisfied. 



\\ VFi, Fn VF,, Fr\ VF., F{\ 



214. It is convenient to prove here an important Lemma ■] 
which will be of use when the integration of the Bimultaneous J 
equations is being considered. 

1{ A,B, (7 be any three functions of 2n independent variables J 

IT,, a:,, T,,p,,p,, p,,and if the function [B, C) be denoted T 

by a, and the function [A, a) by 

then the etjnatiou 

[A, {B, C)] + [B. CC A)] + [C, (A. 5)] = 
will be identically satisfied. 

Consider the left-hand member of this equation ; it consistail 
of the sum of a number of terms all of the same form, each oF\ 
which is the product of two first differential coefficients of two of ] 
the quantities A, B, V and a second differential coefficient of tha.f 
third of them. It moreover '\s a cyclically symmetrical functionJ 
of A, B and C and therefore, if the terms involving the secoiu' 
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diflerentiEil coofScient of any one function, such as C, disap- 
pear, all the terms will disappear and thus the equation will bo 
satisfied. 

Let the quantity 

dx, dp, dp, Bx, 

be denoted by A,BC, so tliat A, may be considered as a symbolical 
operator; we rany write 

(5, C) = (A, + A.+- + A,)BO, 

the operators being obviously subject to the distributive law 

(A, + A,) BG = \BC + A. BC. ^m 

Then in accordance with this notation, ^^M 

[A(B, C)] = (A, + A,+ +A,)A(A. + A,+ + \)SG, 

and therefore [^1, (B, C)] is the sum of a series of pairs of terms 

for all the values of r and 5 from 1 to n inclusive j in the case 
when r and s have the same value only a single term occurs for 
consideration. 

Expanding the functions thus symbolically ropresentcd, we 
find that the terms depending upon the second differential co- 
ethcients of Care 

dA dB _^ _^£^ yC _dAdB fC_ dAdB d'O 
Bar, dx, 3p/ip, dx, dp, ^p/ix, Sp, dz, Sp^x, dp, dp, dxfix, 

from the first of the foregoing pair, and 

dA^B d'O dAdB d'O dAdB B'P SA_dB S^_ 
■ dx, dx, ^p^p, dx, dp, dp/ix, 3p, dx, dp^x, dp, dp, dx/tm, 
"from the second. 

Selecting in the same way from [fi, {G, J)] the corresponding 
pair of symbolical terms and considering in them the (crma which 
involve second differential coefficients of V, we find them to be 
respectively 

■_ f)fi ^A d'O dB dA ifG ?B^ 3^(7 dBdA 3'C_ 

^ft dx, dp, dpfig, dx, dx, 9p/*p, Pp, dp, dx^, dp, dw, dp^x. 
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and 



dx^ dp^ dpjdx^ dx^ dx^ dpjdp^ dp, dp^ dxjdx, dp, dx^ ^pj^^, ' 

The expression [C, {A, B)] will not contain any second dif- 
ferential coefficients of C, 

Hence in 

[A, (A G)] + [S, (C, A)] + [C, (4, B)] 

the coefficient of the term which involves ;;; — ?r- is the sum of 

dpjdp, 

those in the foregoing, and is therefore zero ; so also are the co- 

d'G d'C d'G 



efficients of those which involve 



^PM' Sp.dx/ dx^dx/ 



If r and 8 be the same we need only to consider the first and 
third of the above lines of terms when in them we write « = r ; it 

will be seen immediately that the terms in ^— j, ^ — x- , ^— , all 

vanish. 

Since this is true whatever r and 8 may be, it follows that all 
the terms involving second differentials of G vanish ; and therefore, 
by the symmetry, the whole expression vanishes. 



Solution of the Subsidiary Equations, 

215. We now proceed to obtain the values of jF\, F^, , F^^^ 

from the various differential equations which they must satisfy. 
To determine F^ we have 

or, what is the same thing, 

dFdf\_dF^dF^ dFdJ\_dF dF^ dF dF^ ^dFdF,^^ 

dx^dp^ dp^dx^ dx^dp^ dp^dx^ dx^dp^ dp^dx^ 

Since this is linear in the differential coefficients of jF\ we may 
obtain an integral of it by using as subsidiary equations (§ 189) 
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the generalised form of Lagrange's equations. Let any integral 
of the system 



Sy _dF T^F 



-^-#- -'# w 



dx^ dx^ dx^ 

be denoted by 

where a^ is an arbitrary constant ; then F^ =/j = a^ is an integral 
of the original equation {F, F^ = 0. 

216. We have now to find a function F^ such as will satisfy 
the equations 

The former of these being an equation to determine F^ is identical 
in form with that which determines F^ , and therefore we shall 
have the same subsidiary equations ; let 

^(«t, ^g, »^.>i>i'ft> , |) J = constant 

be an integral of the equations (A) different from yj = Oj ; then 
{F, 4>) = 0. 

If ^ be such a function as to satisfy 

then we may take 

^. = .^ = a, 

as the common integral of the two equations which determine F^. 
If ^ do not satisfy the equation, then we shall have 

the substitution of <f>^ may be repeated and so on indefinitely, so 
that we shall have a series of functions ^ given by 
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Now all these functions <f> satisfy the equation 

when substituted for F^, In the identity 

[A. (B, C)] + [B, (C, A)] + [C, (A. B)] = 
let Fhe substituted for A and^ for B\ then 

[C, (A. B)] = [G, {FJ,)] = (C, 0) = 0, 
and therefore 

[^,(/.,C^] = [/..(^.C)]. 
whatever C may be. 

First let G=^; then this equation becomes 

[F. (/., *)] = [/.. {F. <!>)] = (/.. 0) = ; 
so that 

is a solution of 

(F, F,) = 0. 

Next let C=<l>^; then we have 

[^.(/..<^.)] = [^.(^.^,)]=(/..o) = o, 

so that 

is also a solution of 

(F. ^.) = ; 

and so on with the whole series of functions <^, each of which is a 
solution of the first of the two equations which determine F^, and 
is therefore, when equated to a constant, also a solution of the 
subsidiary equations A. 

Now these subsidiary equations have only 2n — 1 independent 
integrals at the utmost ; the functions ^, which arise from the 
indefinitely repeated substitution in (/,, <^,_j) cannot all be in- 
dependent of one another ; and therefore if the scries of functions 
do not cease we must ultimately come to some one which is 
expressible in terms of those already found. 

217. There are thus three alternatives to be considered : 
(1 ), some function (f>^ of the series may be identically zero ; 
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ixpressible in 



(2), Bome function 0j of the series ia variable but ( 

terms of the preceding functions of the series ; 

(3), some function tf>f of the series may be a determinate 

constant c. 

We will consider these in turn. 

218. (1), let ^, = 0; then 0^.,= (i, will be the desired 
integral ; for it is one of the series of functions and is therefore a 

solution of {F, F^) = 0; also 

and it is therefore a solution of (F^, F^) = 0. Hence it is a 
common integral of the two equations which determine F, ami 
therefore gives the second of the equations desired, viz. 
0^_, = /; = a^. 

219. (2), let 0, be expressible in terms of the preceding 

functions of the series ; fi 

■t>. = HF.f,.4 

where 6 is a. definite functional symbol. Proccetling now to form 
0„, we have 

=c/:.^)||.-K/,./,)|+c/.*)=;+(/,.*,),f_+.. 

when the value of <ft, is substituted. But 

(/,.F)=-{F,f,) = 0, 

since /^ is a solution of the equations; auil (/,,/,) vanishes 
identically, so that this equation becomes 

But each of the differential coefficients of d is a function of the 
previously obtained quantities ; hence ^t^, is so also. 

It follows therefore that 0, and all the functions i^ of the sorter* 
after ^i arc expressible in terms of those which precede ^ 



. = *.5* + *.; 



I 
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Let us then aeek to obtain some function of tliese quantities! 
which shall satisfy the equations 

{F, F,) = and (f . , /"J = (/, , ^,) = ; 
let it be given by 

i; = -f (/*./,, 6,<f>^ ,^,J. 

When this value ia substituted tlie former equation becomes 

0.(f,f,|-| + (f,/j| + «*)'j* + + ■"■<• '-'*- 

which is satisfied identically since every function 

(F. F,) = 0; 
and the second equation becomes as before 

The last equation is thus the only one which must be satisfied] 
by -^j and as no differential coefficients with regard to F 
f^ occur in it we may consider them as replaced by their respectivQJ 
values and a,. Any integral of the system 
tl<j) _ d<f), _ dtf), _ d<p,_ 

<^i 4'i *» <^i 



d is a solution otm 



'{f„f.)' 



of the form <I^ = o, will be a solution of the equation in ip- ; andl 
therefore we may writ« 

f^ = <D = a„ 

and so we shall have the required common integral of the tw 
equations which determine F^. 

220. (3)) let ^j be some determinate constant c which will] 
merely depend upon the coefficients of the original differentisl 
equation ; the series of functions thus terminates as there is i 
further function to substitute. We then proceed as in 
last ease to 6nd some function of the preceding quantities ^ whic 
will be a common solution of the two equations ; let 



^,=X(f./,.*! 



,-,)■ 
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When tliis ia eubstituted in (F, F,) =0 the equation is identically 
satisfied; when it is substituted in {f^,F^) = ^) the resulting 
equation is, just as before, 



^.%^ 



,£«-, 



•+*^.5^^* 



i)L 



J which we may replace ^, by e. An integral of this is given by 



which when integrated gives 

0^,' — 2c^,_, = constant ; 
and therefore we may as in the last caae write 

F,=^4>^'- 2e^,., = ii, 
as the common integral desired. 

This solution is satisfactory provided i> 1. 

Now i cannot be zero since if) is determined as a function of 
the viiriables ; the only exception therefore to be considered is the 
case 1 = 1, when 






80 that ^ is iiiilependent of ^ Now 

and F and /, are replaceable by and ct, respectively ; if then x b© 
independent of ^, it ceases to be a function of the variables and 

there ia thus no solution common to the two equations to be 
derived from these functions. 

Should this be the case, we return to the subsidiary equa- 
tions (A) and determine a new integral distinct from those already 
obtained, which are 

F, =ft = a,, <i> = constant; 



,Pi,_Pi , y* J = constant. 
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Next we perform with the function ^ all the operations which 
have been performed with the function ^; then the desired 
common integral 

will be obtained, except in the single case when we have 

where c' is a determinate constant. 

From a combination of these respective exceptional cases, 
which are the only ones in each of which the common integral 
F^ has not been obtained, we can construct a common integral 
F^. For let 

be substituted in (F, ^,) = 0=»(/i, F^; then these equations 
become 



= (^,^)-^ + (^.^)-. 

O=(/..0)| + (/..^)|- 

Now the former equation is satisfied identically since ^ and 
& are both integrals of the subsidiary equations (A); while since 

and (/„ a) = ^, = c', 

the latter equation becomes 

This is satisfied by 

/. = (c'^ - c^), 

and therefore i', = © (c'4> — c%) = a., 

where is any arbitrary functional symbol (which may at will be 
chosen of a simple form), is the desired integral. 

Hence in every case the common intcgial of the equations 
which determine F, has been found; for convenience we may 
denote it by 
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221. We now proceed tu obtain F^; it must he a common 
integral of the equations 

(F,F,) = = (/„F^ = (f,.F,). 

To obtain one we find, by the preceding method, an integiiil 
common to the two equations 

(F,F,) = Q=(/,.F,). 
which is different from_^ = a,; this we may denote by 

X{x„x„ i^,.^i.i'i. ,pJ = constant 

We then form as before the series of functions 

(/„\)=\; (f,.\,) = K; ; U. VJ = \; ; 

then all the fimctions \ of this series are common iotegnils nf 
the first two of the equations which determine X. For in Uiu 
identity 

[^l. (B. C)] + [n, [C. A)1 + \C, {A. B}\ = 0. 
let /l^i'and B=/,; then since (^,/,) = 0, we have 

[f,(/.,C)] = [/.,(f.f?)]. 
And, substituting in the same identity A =f, and B=f, and re- 
membering that (^,/t) = 0, we have 

[/•(/;.o]=[/„(/. o]. 

These equations are satisfied whatever C may bo. Now lut 
C = X; then 

or (P.x,)=x(^0) = 0: 

and [/. (/,.X)] =[/.(/. X)]- 

or a.x,)=(y;.o)=o. 

Thus \| is a rommon integral of the equation)* 

Similarly the substitution of X, for C would shew that \, is a 
common integral of these equations; and so on through all the 
series of functions. 

As in the former case, the number of common integrals being 
limited, we shall in the series come to some integral \ whicli is 

_ 22—2 
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expressible, as well as those that follow it, in terms of those wbioli<l 
precede it, \iz., F. /,,/,, \,\ \_,. Tlie same three alter- 
natives are presented and the value of F^ the common integral in 
each is determined as before; either the single case of failure ia , 
avoided by the choice of a new integral different from X. or i 
the case of failure of the latter these two cases of failure : 
combined so as to furnish a common integral. Tbus wc obtiunfl 
our third common integral, which may be represented by 

-^= =/, = ". ■ 

222. The remaining functions F^, F^_, may be derivec 

in the same way as the above ; and thus with ^=0 we shall haw 
n equations to determine the values of the p's in terms of thn 
independent variables and n — 1 arbitrary constants, which, whai 
substituted in 

dz = p^dxj + p,ilx^+ +P^^K• 

will render it integrable ; its integral is the complete integral;! 
of the original differential equation. 

The associated integrals are derivable from the results i 
§§ 170. ISO. 



S23. The foreguing is an exposition of Jacobi's method of integration in 
ite Himpleat fnrm ; there are, however, developmenta and HimpliticatioQa and, 
arising out of these, methods of avoiding the exceptional cases vhich cannot 
be dealt with hero. For these and for the whole theory of jBirtial differential 
equations of the first order referenoe should he made to the chief authori- 
lira, which are Jacob:, " Vorlesuugen UberDyimmilc" {Get. Werte, Suppl. Bd.. 
pp. 248 — 268) ; Jacobt, " Nova method ua...integranili " (Crelle, t Lx, 
181) 1 a very valuahle memoir by Imschenetbkt, Grunert't Archie der 
matii vficl Phyiik, t. L. pp. 278 — 174 ; a memoir by Graishoroe, Me 
de la 8ociA^ Hoyide da Scieaett da Likge, U"" aiirie, t. V. ; and a treatise bj 
Mansion, Thdorit da ^uatiom aux derive partieHa, will prove of great use ' 
full references to original authorities will be found in the lotit 



ftuUion- 

ppl. Bd.^ 

pp. I^^H 



The equations (A) are, when each fraction is equated tri dt, of the form 



"Pr 



dp. 



theae are the cauouiual equations of motion of a systeiu of rigid 1 
further discussion of them wiU be found in Imschenetsky. (.See also Ro\ 

We now proceed to censidur sonic examples. 



Z' 
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Ex. 1. To solve the equation 

where /does not explicitly involve the independent variables. We must first 
transform the equation so that the dependent variable does not explicitly 
occur ; let the solution of the equation be 

where the form of ^ has yet to be determined. Denoting ^ by Pr and 
gjl>yP»+i,wehave 

and thus the equation is 

,=/f_ A_,__A _3.), 

in which the dependent variable ^ does not occur. Hence we have for our 
general formula 

■*^ — / I "■ z> ' > - p > » p / » 

and the subsidiary equations give 

?^i-^a_ _dP, dPn^i 

"" "" ••" "" "" -1 • 
From these we have 

which give n integrals ; and then from the equation F=^0 we have 

Solving this for P^+j we should have 
where x involves the n constants a ; and therefore 

rf\(r=Pl<£ri + P2<iC2+ + PndXn-^J^n*ld2 

= ajCLl?! + fl/i^j + + OnCLPn +X W ^• 

The integral of this is 

Vr + a=ai*i + a^a+ + a,rPi% + Jx W «^> 

where a is arbitrary and may be assumed to be absorbed in the ^. But the 
integral of the given differential equation is ^=0 ; hence the integral of 

*-f(Pli Pit •••> Pn) 



z 
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where x ^ given by the equation 

^=/(-s^, ,^). 

\X X xJ 

Ex, 2. The case when / is a homogeneous function of order |a in the 
j^'s is readily reduced to one of the forms abready considered in § 191. For 
we may change the dependent variable from z to {, where 

Aud the equation is then 

where f ^ = ^ . The integral of this is 

provided /(«i> «2> » «n) == !• 

jEi*. 3. Solve 

(i) ^'\-zp^=p,^-^p^^\ 

(ii) ^ + 2p3=(/)l+i>2)^• 

(iii) (;?! - «) (P2 - ^) (P3 - ^) ^PiPtPv 

Ex. 4. Solve 

^= (-^jtPi + OTLPa) ^3 + opa (Pi -/>ji) - 1 = 0. 

The subsidiary equations are 

— dxi _ —dx^ _ -dx^ __ dpi _ dp^ __ dp^ 
M'% + a/?8 "" x^x^ -ctps^aij^i-p^)" x.j)^ ~ x^i " ^^i+xjtijj " 

From the equality of the 1st, 2nd, 4th and 5th fractions we have 

dx^ + dx^ _ dpi+dp^ 

which when integrated leads to 

Wo therefore (adopthig the notation of the previous articles) take 

-^i=Cpi+;>2)G^i+-^2); 

and we have to determine a solution of the subsidiary equations ^'2=^2 which 
Bhall satisfy 

From the cciuidity of the 1th and 5th fi-actious we have 
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and therefore we may write 

^ =p^ -p^ = constant. 
Now (/\ , ^) = CPi +/>2) 2pi + CPi +i?j) ( - 2;>j) 

the continued substitution in the equation 

would thus not lead to a function such as is required. We therefore return 
to the original subsidiary equations to obtain an integral different from 
/\=ai and <^= constant; such an one is derivable from the equality of the 
3rd, 4th and 5th fractions, which give 

dpy^ - <^P% __ djCj 

and therefore we write 

^=a(pi -p^) - i^s' = constant. 

Now (/\, V^) = (^i+i?2)a + 0?i+^,) (-a)=0, 

and ^ therefore satisfies the two equations ; wo thus have 

We now solve the equations 

to find the values of ^j, p^^p^y which are 






_ 2-01^ 1 . . 

hence 

flfe=iairflog(a?i+arjj)+— {(02+^0:32) (ctoi-cte,) + (a?,-^j)ar,'ia?J + 

so that the general integral of the differential equation is 



2 + ^ = irtilog (jri+^^ + — (a?i-a?jj) (rtj + J^3«)- Jailog(d?32+2aa) 



2a 



+ f — j arc tan 



in which A^a^,a^ are the arbitrary constants. 

Ex. 5. Integrate the equations : 
(i) Pi^\^ =^ P2^ -h ap^^ ; 
(ii) ^rj>;^-\-x\^p^^-^x,^P^^^pj>,^p^ ; 



W ' 



(Imschenetsky.) 
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(iii) pi^ +;?j* +;?8* = ^i* + x^x^ + x^^ + x^x^ + ^jJTj + jp,* ; 

(iv) ;?i+i/>8»+/>»ri^8+/>s^i^2=0; 
(v) 4?i+ii?82+a?jPi^,+^,/?i/>8-=0 ; 

(vi) PiPdh^PiXi-^-PfV^+PsX^. 

It has already been indicated (in §§ 189 — 196) that several of the forms in 
two independent variables which admit of immediate integration without the 
use of Charpit's subsidiary equations can be generalised so as to include the 
cases where the number of independent variables is greater than two. 

Ex, 6. In the case when a given differential equation can be written in 
the form 

the general integral is the common integral of the equations 

/i=a=/2, 
where a is arbitrary. For the subsidiary equations are 

dxi dPi _ dx^ dp^ dxr^, dpr^^ 

dpi oxi dp^ dXf, ^Pri-l ^^r+l 

from the former we have 

and therefore 

by the given equation. 

As an example of this we may take 

X2Pi'\-XiP2'^{Pl-'P^{p^ + X^(p^'{:Vji)=^l. 

Here we may write 

where a is an arbitrary constant. The integral of the former equation is 

Z + X^^ = ^X^ "T* "7 X^ -J- C) 

where A and C are arbitrary constants. The integral of the latter is obtainable 
by CharpiVs method ; the subsidiary equations are 

— dxi —dx^ dp^ dp^ 
^2 + x^-a P2 Pi ' 
From these we have 

dpi+dp2 dxi-hdxt _^ 
Pi+Pt X1+X2 ' 
and therefore 

(/'i+/'s)(-^i+««^2) = ^i + l. 
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Hence, bj combining with the equation the integral of which is sought, we 
have 

and these give 

Pi{(^i -«)* - (^i+a)«} = ^(;Pi -a) - {j?,+a), 

iJj{(j?i-a)«-(^j+a)«}-j:i~a-^i(jF,+a). 



Thus 



dz =pi dx^ +P2 dx^ 

1 + 



^2+a 



1- 



Xt—a 



x^-\-a ' 



and therefore 

z 



O^j — a 



The complete integral of the original equation is therefore 

z+x,x,=Ax,+^^ x,+A, log [(,x, - a)»+ {x,-^af}+B + i log (^|I°j!j^|;|;° j . 

where J, A^yB^a are arbitrary constants. 
^JT. 7. Integrate 

{x^l-\'X^)x^-¥p^{p^ -/>2) tP4* + (;'6 + ^'4)(P6+^6W =«• 

(Imschenetsky.) 

Simtdtaneous Partial Differential Eqxmtions*, 

224. Instead of there being given only a single equation to 
determine the dependent variable there may be given a number 
of simultaneous equations; if the dependent variable explicitly 
occur in any of them they can all be transformed, as in § 209, 
so that it shall disappear. The equations may then be taken 
of the form 

^i(^i»^«> »^*»JPi»JPt' jpJ = o, 



* This theory is due to Boar ; see authorities cited in § 233, p. 340. 



346 



SIMULTAN'EOUS PARTIAL 



[22*1 

If m be greater than n the equations cannot be iudcpendent ; fur I 
the first n of the equatious may be solveil algebraically 8o as tol 
give values of the p's in terms of tlie variables a; and these, whea ff 
substituted in the remainingifi— n, must reduce them to identities J 
since there would otherwise be relations between the independeal^ 
variables. Thus in effect there may be given at most n simul-l 
tancous equations ; and we may therefore take m cither equal to I 
n, OP less than n. 



225. I, Let m = n. We have thus w equations giving the J 
values of the n quantities p in terms of the variables ; these values^ I 
substituted in 

dx=p,dx^ +p/icc^+ + Pm^.' 

must make it a perfect differential if the given system have a J 
common solution. The conditions for this are that 



for all pairs of indict 
the fonn 






; and these, as in § 211, lead to equations of I 



Hence the given functions must satisfy all the equations for all! 
possible combinations of the suffixes; and then the common I 
complete integral is obtained by the integration of 

de = p^dx^ + JJ^rfj", + +Pt^'^,' 

and therefore contains one arbitrary constant. 

It may happen however that the functions F are not indepeo.^ 
dent of one another ; in this case the determinant A 



dF\ 



is zero, and tbLic will then be Jin identical relation of ihe lonn 
*(^',,f, ^,. ■*■,.■'■, '.)=''■ 



IP^' 
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But for tlic purposes of iotegration F, = F^= =-^, = *>; aid 

this therefore becomes 

*(0, ,0,3-,, a.', .a:„) = 0. 

If this be not an identity, there is a relation implied between the 
independent conatanta, wbicli is of course impossible; it then 
follows that the given equations are inconsistent and that there 
is no common integral. If it be an identity, the number of given 
equations independent of one another is leas than the number of 
the quantities p, which therefore cannot be determined from the 
given equations alone; we must therefore have recourse to the 
method which applies when m is less than n. 

Thus if there be four independent variables and four equa- 
tions Fj = = F, = F^ = F^ be given, there can be no common 
integral in a case when there is a relation of the form 
F^ = {x, - X,) F, + {x^- <cj F, + x,x^,^^ ; 
where there is a relation of the form 

there are only three independent equations. 

226. II. Let m he less than n. We may suppose the equations 
reduced to such a number m that they are independent of one 
another, even though they were not so in the form in which they 
were first given. It will be assunaeil that there is a common in- 
tegral so far as the algebraic relations which give the dependent 
functions in terras of the others indicate; this will bo the case if 
these relations become identically-null equations when in them we 
make use of the equations ^, = , F„ = 0. 

First Case. The functions f, = = = F„ may satisfy the 

[UatioQS 

{F,.F,) = 

for all values 1, 2, , m of r and s ; they are therefore simul- 

tineonsly integrable. To determine the values of the quantities p, 
other n — m equations must be obtained by Jacobi'a method ; 
these will involve n — vi arbitrary constants. From these equations 
and the given m eijuations the values uf yi must be derived and be 
substituted in 

th = j>,iU\ 4 />/^-, + + p,dj\ ; 
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[226. 



the integral of which is the common complete integral of the 
original equations and contains n — vi + 1 arbitrary constants. 

Second Case. It may happen that for one or for several com- 
binations of the indices in the series 1, 2 , m we find (F„ f^t 

a function of the independent variables only, or (F^, f,) a deter-fl 
minate constant. In neither case can (f,, F,) be zero; tbtfj 
conditions that the equations should be simultaneously integrable 
are not satisGed and there is no common integral of the proposed 
ecjuations. 

Third Case. It may happen that, for one or for several com- I 

binations of the indices in the series 1, 2 , in, we find results ] 

of the form 

I.K, !'.)-/('',.':, «..R.P, P.). 

where f docs not become identically zero on combination with tlu 
given equations ; let there be I such combinations, so that t 
must not be greater than n ; then for combinations other ) 
these I the equations 

(^,. F,) = 
are satisfied. We now take 

0=i^„..=_/;. = /"^,=/, = /",,,,=/; 

aud substitute in the functions 

where either r or s at least must be greater than m. 

If then these functions all vanish, we have m + 1 equatiooi I 
which are simultaneously integrable ; and we determine by Jacobi's 
method the n~m — l remaining equations necessary to give the 
complete integral, which will therefore contain n — m—l + l^ 
arbitrary constants. 

If for any combination (F^_^,/^) or for one (/„/,) the functio] 
be a determinate constant or a function of the independent vari 
ables only, then the functions are not simultajieously iutegrabl« 
and thero is no common integral. 

If for any combination (F,^_,,f,) or for one (/„ /,) we obtua I 

function ^ (j-,, a:,, , 3",,^,, j),, p.) which does not vania 

in virtue of the equations already obtained, we proceed with thi 
functions i^ as we did before with the functions/. Ultimately ^ 
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shall arrive at a finite number, not greater than n, of independent 
equations which are simultaneously integrable, and then, in the 
ordinary way, obtain the common integral; or we shall obtain 
a result indicating impossibility of simultaneous integration, in 
which case there will be no common integral. 



Ex, 1. Obtain a common integral (if it exist) of the simultaneous equa- 
tions 

We have 

i^l9 ^i) =Pl^l +P2^2 -P3^3 -Pi^*9 

where the right-hand side will not vanish in virtue of /\=0=/'2 ; we there- 
fore write 

F^ =i>i^i +i>jt«?a -Pz^i - P4^4 = ^• 

Thus (Fi,/;)=0; 

also (/\, /;)= -2jOLP2+2:Fyr4=0, 

the three equations are therefore compatible. Let /\ be the other function 
required, so that it will be determined as a common integral of the equations 

considering it as an integral of 

(/;, /^3)=o, 

we write down the equations 

dxi dx^ dx^ dx^ dpi dp^ dp^ dp^ 
x^ Xt 0.3 x^ pi p^ p, " p^' 

one integral of these is 

Pi=ax^y 

where a is arbitrary ; we therefore tentatively write 

We then find {F^ , -^1) = ; 

and (/;,F.)=^'-fl,/.,. 

Now on solving the equations 
we find Pi=flw^3> J*a=-*4> Pz—^^^u Pi^J-^J* 
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and therefore PiPi^^t^^y 

so that (/\,/y=0. 

Hence we have the common solution in the form 

To obtain the complete common integral we have 

cU=a (x^i + ^1^X3) + - {x^dxi + r./jlx^ ), 

and therefore the common integral is 

1 - 

z=aXiX^ + - x^^ + 6, 

where a and b are arbitrary constants. 

£x, 2. Obtain other integrals in the form 

(i) r=a^ia?4+-x»r5+6; 

(ii) z=2{xt3;^{xiXji-a)}^'\'b ; 
(iii) « = 2 {x^x^ (jp^4 - a)}* + b. 

Ex, 3. Obtain common complete integrals of the simultaneous equations ; 

Pi-\-{a^ix:sX^+X2-XiX^p^ + (XyX^-x^P3=0J * 

ir. 2jr^4+^iV>6=01 

^M - 2^5 A + C^i* ^ - 2a^6) />6 - 2^i^4/'4 = 0/ * 

(Imschenetsky and Graindorge.) 



MISCELLANEOUS EXAMPLES. 

1. Integrate the equations : 

(i) {m (j?+y) - n (x-^z)} ;> + [w (y +z) - i{y-hx)}g = l (z-^x) - m (z+^) ; 
(ii) p{z-k-^) + q(z + e9)=-z^-e"'*; 
(iii) x^ (y - z) p-^y* (z - x) q=z^ {x - y), 

2. Form the differential equation whose complete integral is 

jF* +y« + z2 ^ 2aar + 2i3y + 2yr, 

where o*+/3'+y'=a', a being a given constant and a,^, y otherwise arbitrary. 
From the differential equation form the singular integral. 

Illustrate the connection of the complete, general and singular integrals 
by a geometrical iuteriiretation of each. 
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3. Integrate 

and find the equation of the cone of the second degree which satisfies this 
equation and passes through the point (I, 2, 3). 

4. Integrate the equation 

(y_.)z*g-.(.-.)r»|-».(.-,)^»g=o, 

where X^ F, Z are the same quadratic functions of x, y, z respectively. 

Integrate also when they are quartic functions ; also when they are sextic 
functions. 

(Richeloi) 



5. Prove that if 



M=cay \h ^ j . &rp ijcj?). 



then l^ = 4i-|^.+2*«, 



ch dk 



and hence that 



«=(i-4M)-*«.^(jiJ^). 



Shew also that 



Similarly prove that 






6. Solve the equations 
where ^^=«m,i^i + ^m.2^2 + «m,8. 



(Hesse.) 



7. Solve the equations : 

(i) j^+q^==a^ + xy+y^; 

(ii) ;?g=»iw?+5y; 

(iii) pq='py-¥qs; 

(iv) PiPfPi + XjX^^ {Xjj)^ + x^pt + ^sPz) = ^t^iPiPs + ^j'^iPiPi + ^i^tPiPr 

8. Find the equation of a surface which belongs at once to surfaces of 
revolution defined by the equation py - ^.r=0, and to conical surfaces defined 
by the equation px+qy=iz. 



352 MISCELLANEOUS 

9. liz^f (^, y) be any solution of the equation 

p2 _ j2 ^ 2/?^^ = c» (1 + ;?«)*, 
then the curves represented by the equation 



(©■-=/(^,)i-.=« 



are an orthogonal system such that the product of the corvatures at any 
point is constant. 

If/(^, y) do not contain y, the form of the function is determined by 

/(^)=tan^(2+tan«^)*, 

where ex=2'^(2*sin J^)- 2*/' (2* sin \e\ 

F and E being the first and second elliptic integrals and the modulna in each 
case being 2~* 

10. Find the surface which cuts at right angles all the spheres which 
pass through a given point and have their centres on a given line passing 
through that point. 

11. Find the surface in which the coordinates of the point where the 
normal meets the plane of xy are proportional to the corresponding coordi- 
nates of the surface. 

12. Find the system of surfaces orthogonal to the curves 

cosh^ : coshy : cosh2=a : 6 : c. 

13. Prove that a solution of the differential equation 

hu cv ow 
- — \r ■= — r- s— = y 
ex &y cz 



IS u = 






where <^ and ^ are arbitrary functions of x^ y and z. 
Prove also that this is the general solution. 



14. Shew that, if the simultaneous equations 

^du „cu «5m ^ 

x^ + r ^ +z— =0^ 

(^x cy cz 

cx cy cz 

have a solution different from u= constant, then 

(,YZ'''TZ)dx-¥{ZX'-Z'X)dy^{XY'-'X'T)dz^O 

is reducible to an exact equation, from the integral of which auch common 
solution may be derived. 
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Have the equations 

a common solution other than u = constant ? 

15. Solve by Jacobi's method the equation 

Pi 
(Imschenetskj.) 

Shew that by generalisation of the formulae, which in the case of two 
independent variables are the analytical expression of the principle of duality, 
this equation can be transformed into one which is linear in the partial 
diflferential coefficients of the new variable ; and hence integrate the above 
equation. 

16. Solve by Jacobi's method 

^yPi + ^rP2 " 2^1^ " ^ ^^SPt + 26 log Xi=^a. 

(Ampere, and Graindorge.) 

17. Obtain the complete common integral of the simultaneous equations : 



^'jpt - x^p^ - 1 =0 > . 



(Collet) 
18. Obtain the complete common integral of 



(•^4* - ^3^ Pi + (•^J^3 - ^l^i) Pi + (P^V^Z - ^2^4) P 

and that of 

XiPi - x^p^ + x^3 - x^p^ = 



4 = 01 . 
•4 = 0/ ' 



^sPl + ^iP2 - ^\PZ - ^2P4 



:l 



(CoUet) 



F. 23 



CHAPTER X. 

Partial Differential Equations of the Second and 

Higher Orders. 

227. It will be assumed through practically the whole of this 
chapter that there are only two independent variables; the notation 
already used for the partial differential coefBcients of the first 
order will be retained, and it will be convenient to introduce similar 
symbols r, s, t to represent those of the second order, which are 
thus defined : 

An equation is said to be of the second order when it includes 
one at least of these differential coeflScients r, s, t but none of 
a higher order ; the quantities p and q may also enter into the 
equation, the general form of which will therefore be 

F {x, y, z, p, q, r, s, t) = 0. 

The complete integral of the equation is the most general 
relation possible between a;, y, z such that, when the value of z 
derived from it and the associated differential coeflScients thence 
formed are substituted in the differential equation, the latter be- 
comes an identity. No condition is annexed to the definition in 
regard to the form of the complete integral, which may involve in its 
expression either arbitrary constants or arbitrary functions or both. 

An intermediary integral is a relation in the form of ^ partial 
differential equation of the first order such that the given differ- 
ential equation can be deduced from it. It does not necessarily exist 
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as one distinct from, and derivable immediately by mere differen- 
tiation of, the complete integral ; when such an integral, however, 
has been obtained the application of the method of the preceding 
chapter will give an integral which may actually be, or may only 
be a particular case of, the complete integral. 

228. Hitherto it has been possible only in particular cases to 
integrate the general equation. The most important of these 
cases is that in which the differential coefficients of the second 
order occur only in the first degree, so that the equation is linear ; 
its most general form is then 

lir + Ss+Tt^ F, 

in which i?, S, T, V are functions of x, y, z, p and q. This 
equation will now be discussed ; but before giving the methods 
which have been used for its integration it is desirable to consider 
some special forms which are simple and can be solved immediately; 
it will then be possible to exclude these cases afterwards from the 
general discussion. 

One of the simplest cases is 

r=/(a?), 

dz t 
so that ^ = j f{x) dx-\-4>{y\ 

where ^ is an arbitrary function ; another integration gives 

where both ^ and -^ are arbitrary. 
Ex. Integrate «= constant. 

Similarly we may integrate 

r-ifMp^N, 

where M and N are functions of x and of y respectively ; it may 
be written 

y being constant for purposes of differentiation and integration 
with regard to x) and thus 



p = e 



[|e^^*'iVda: + ^(y)], 



23—2 
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where d 



a arbitrary function ; and therefore 



■^ being an arbitrary function. 
£x. Integrate 



(ii) .+if.2=,V. 



Mange's method of integi-ation vf the equation 
Rr+ Ss+Tt= V. 

S29, Monge's metbod consists in a certain process for th< 
discovery of either one or two intermediary integrals of the form 

where u and v are functions of it, y, z,p, 5 and /is some arbitrary J 
functional symbol; there is thus implied in the method a tacit 
assumption that the differential equation admits of such an 
integral. It is therefore in the first place proper to enquire 
whether this assumption is justifiable in the general case and, if 
it should prove not to be bo, to indicate how the general equation 
must be limited so that the assumption may be fairly made; for this_ 
purpose it will be sufficient to proceed from the supposed intea 
mediary integral and obtain the coiTespon cling differential equi 
tion. 

230. Since u =f{v) and u and v are functions of x, y, z, p, 1 
we have 

8« da 0M da _ df/dv do dv dv\ 

dx dz dp dq dv \dx " ?a dp dq/ ' 

, 3m . flw , 3i» , ^ 3w df/dv do dv , dD\ 

Eliminating the quantity ^ between these two equations we 

as the equivalent differential equation freed from the arbiti 

function, 



rff, +s5, + /3", 4-P,(r?-s') = 



(1). 



u. 
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where R^, fi^, 7^, f/^, V^ are given by the relations 

\p>y/ ^ Vjp, zj 

._ fu,v\ 

•~ \p, q) ' 

the symbols (^—) denotmg, as usual, ^ g^ - j- g^ 

If then this diflFerential equation of the second order be the 
same as the original equation we must have 

c7;=o, 

ana B'^S^T^V 

which are four equations in alL Now when 

Rr+8s + Tt= V, (2) 

is looked upon as the equation to be solved, these four equations 
just obtained will be equations satisfied by the quantities u and v 
from which the intermediary integral of (2) may be constructed. 
But only two equations are necessary to determine as functions of 
their independent variables the dependent variables u and v ; they 
may be therefore considered as given by any two of the equations 
though, in practice, these might prove too difficult to solve. When 
these values are substituted in the remaining two equations the 
latter must become identities ; and they will in this state involve 
the functions R, 8, Tand Fof the original differential equation. 
There will thus he two relations among these functions of x, y, 
z, Pf q which must be identically satisfied in order that the differen- 
tial equation (2) may have an intermediary integral of the form 

u =/(v). 
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231. There is an important deduction from this to be noted, 
though not aflFecting our present aim ; it would be useless to seek 
an integral of the assumed intermediary form for any differential 
equation which is not of the form 

And, just as in the particular case when Z7= 0, which has been 
already considered, it may be proved that a differential equation 
of this form can have an intermediary integral of the proposed type 
only when two identical relations among the coefficients jB, S, T, 
U, V are satisfied. 

Ex. When there are three independent variables, these may be con- 
veniently denoted by x^, x^y x^ and the corresponding differential coefficients 
of 2 by /?! , jt>, , ^3. Prove that, if every first minor of the determinant 



60 


C(f) 


d(f) 


w 


cp.' 


¥3 


cyjr 


dy\t 


c^ 


W 


cp,' 


(^P3 


^X 


^^X 


^X 


W 


m' 


<^P3 



{<l>, V'j X l**iig functions of j, ;c,, .r,, x^, pi, p^, p^) vanish, then the equation 

where F is an arbitrary function, will lead to a differential equation of the 
second order of the form 






C'Z 



vh 



oh 



ch dh 

where 7?i, /^,, ... , R^^^ Fare functions of the variables and the first differen- 
tial coefficients of r only ; and that the coefficients R satisfy the relation 

Information on tliis class of ecjuations will be found in Euler, hi^, Calc. 
Lit., t. iii. p. 448, and Legendre, Me moires de VAcad^mie das ScienceSt 1787, 
p. 323. 



232. It therefore follows that we may consider as the most 
general case the equation 

the linear equation is included in this, being given by the par- 
ticular case when U=0, 
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We now assume that the relations between the quantities 
R, S, T, i7and V necessary for the possession of an intermediary 
integral of the assumed form are satisfied, and we proceed to 
deduce this integral. We have always 

dp = 7'dx + sdi/, 

dq = sdx + tdi/ ; 

when we substitute in the above general equation the values of r 
and t derived from these equations it takes the form 
Bdpdy + Tdqdx + Udpdq — Vdxdij 

= 5(i2d/ - Sdxdy + Tdx^ + Udpdx + Vdqdy). 

Now let u — a and t; = J 

(where a and h are arbitrary constants) be two integrals of the 
equations 

Bjdpdy + Tdqdx + Udpdq - Vdxdy = 0, 

Rdy^ + Tda? + Udpdx + Udqdy = Sdxdy, 

dz=pdx + qdy, 

u and V being therefore functions of x, y, z, p and q. 

Hence we have 

which must be equivalent to the equations of which w = a and 
V = b are the integrals. Now solving these for dp and dq, and 
using the symbols of § 230, we find 

and therefore 

- Ci dpdx- U^ dqdy =^ T^dx^ + R^ dy* 

= T^cbi' + B^dy - S^dxdy ; 



I 



and aimiliurly we obtain 

or \dpdy-\- T^dqdx+ U^dpdq- V^dxdy=0. 

These being identicul with the former equations, we have 

R,_T,_v;_v,_s, 

R~ T~ U~ V" S' 

and therefore the equation to be solved becomes 

R,r + S,s +T,t+U, (rt - s') = V,. 
But we already know the solution of this equation because it i 
derived from an intermediary integral; and this integral is 

« =/(.'), 

which is therefore an intermediary integral aa required. 

We thus derive the integral by making one of the functiooil 
deduced from the two subsidiary equations an arbitrary functioi 
of the other. 

233. Let us con^der in particular the cise of the HnearJ 
equation when (7=0 ; the subsidiary equations are now 
Rdf + Tdx' - Sd.xdy = 0. 

Rdpdy-^Tdqdx= Vdxdy. 
As the former of these is of the second degree it can, in general, 
be resolved into two distinct equations of the first degree ; each 
of these in turn, when combined with the latter equation 1 
and with 

dz =pdx + qdy 

if necessary, will lead to an integral system which will determiae; 
u and u. There will thus be obtained two intermediary integraU 
of the forms 

»,-/W. «.-*(••), 

except in the case when iS* = AiRT, when only a single integral c 
this form is obtained, 



234. Passing now to the more general case, when t7 b i 
zero, we may prove that two intermediary integrals are, in genen 
derivable from the subsidiary equations. Let the subsidiary equi 
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tion which involves F be multiplied by a quantity X, as yet in- 
determinate, and added to the other ; the result is 

Rdy^ + Tdx^ - (fif + XF) dxdy + Udpdx + Udqdy 

+ \Rdpdy + \Tdqdx + X Udpdq = 0. 

Now this can be resolved into two linear faclors so as to be 
equivalent to 

\Rdy + kTdx ■\- mUdp\ (dy + t c?a;+ — dj] = 0, 

provided the quantities k^ m, X be such as to make the coeflScients 
of the several terms in the expanded product the same as before. 
Applying this condition we find that the relations to be satisfied 
by these quantities are 

m 

IcT-^ XT, 
m 

these are all satisfied by 

in=k=\-j.j, 

provided X be determined by the equation 

\'{RT+Ur) + \US+lP = 0. 

Let the two values of X furnished by this equation be X^ and X,, 
which will be unequal except when 

the two subsidiary equations may be replaced by the two 
equations each resoluble into linear factors when the values of 
k, m, X are therein substituted; these two equations, after a 
slight reduction, may be written : 

(Udy + \ Tdx + \ Udp)(Udx + \ Rdy + \ Udq) = 0, 

(Udy + \ Tdx + \ Udp) {Udx + \Rdy + \ Udq)^0. 
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To obtain the functions u and v. from which an intermediaiy ■ 

integral may be constructed, we must combine in pairs a factwl 

from the first with a factor from the second. But of the fourl 

possible combinations two must be excluded, viz,, that obtained by a 

combining the first factors in these equations, for it would lead to I 

a result I 

Udij = 0, I 

which obviously would not furn ish any solution : and that obtained 1 

by combining the second factors in these equations, for it would I 

lead to a result 1 

Udj: = 0, i 

which obviously also would furnish no solution. Hence the eqm^- 1 

tions may again be replaced by the two pairs of equations I 

Udy + \ Tdx + \ Udp = 01 I 

Udx-\-\Sdy-^\Udq = Q\' J 

and Uda: + \ Rdy + \ Udq = 01 I 

Ud</ + \ Tdx + \ Udp = 0) ■ ■ 

From each pair we have two integrals of the form u = a audi 
v = b; and therefore also from each pair we obtain an inteiva 
mediary inlegraL These two intograla, which may be denoted sam 
before by I 

«,-/W, ". = *(»,), I 

are intermediary integntla of the original diflerential equation, and I 

are distinct except when 1 

S' = i{IiT+UV), I 

when tficre is only a siiigle intermediary integral obtainable. I 

235. We may now proceed further in the integration for 
either the linear equation or the more general form. Taking 
either of the intermediary integrals in the respective general c 
(or in the respective e.\ceplional cases when the relation betwet 
the functions which occur as coefficients in the equation is satisfied)] 
as the only intermediary integral obtained, we have a differentl 
equation of the first order; the complete integral (and thv9 
associated integrals) of this can be obtained by the methods < 
Chap. IS. This integral will be the final integral of the originol'l 
equation. 
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236. In the general cases we may apply an important 
proposition (now to be proved) which will considerably shorten 
the further labour of deriving this final integraL This proposition 
may be enunciated as follows : 

When, we have obtained two intermediary integrals of the form 

and we cojiaider them as simultaneotts equations to determine p and 
q as functions of a:, //, and s, tlie values of p and q given hif these 
equations will be such us to i-ender 

d: = j}ilr + qdi/ 
integrahle. 

Assuming this proposition established we have therefore merely 

to solve the two intermediary integrals as simultaneous equations 
in p and q ; to substitute the values of p and q thence derived in 

ds =pdx + qdy 
aud integrate, The result will be the final integral. 

237. We now proceed to establish the proposition enunciated 
above. Let F=V> and 4> = respectively denote these integrals, 
so that F=u,-f(v,), $ = u,-/<r3), and Hrst let ^"=0 be a 
solution of the equation 

Br + Ss + Tt+U (rt-e") = V. 

We have only the single equation F=0, which is not sufficient 
to enable us to express r,« and (each as functions of a;, y, z, p and o; 
we can express any two of them in terms of the third and of 
quantities explicitly independent of ihem. When these values are 
substituted in the differential equation, the latter will contain one 
set of terms involving this second differential coefficient of the 
dependent variable and another set not involving it; and the 
equation is to be satisfied identically without regard to this 
differential coefficient. Now since F= 0, we have 

h dF ,dF JF dF „ 

^B Sx dt^ dp dq 

^^^m_ dF dF SF dF, . ^m 
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when for brevity we replace ^+p-^ by JT, and ^ + ? ^ ^J -fyi 
these give 

dF dF 

dF^ dF „ 

^— & = — ;^— 5 — /'„. 

oq op ' 

Let these values of r and t be substituted in the differential 
equation ; it becomes 

This must be satisfied identically without regard to s; and 
therefore the coeflScient of 8 and the term independent of it must 
both vanish. If this were not so, the equation would determine 8 
(and therefore also r and t) as functions of x, y, z, p and q — a 
result which, as we know, cannot be deduced from the single 
equation F=0, 

Hence we have 

The same equations will be satisfied when we replace F by 
4> ; and we may therefore consider F and ^ as the solutions of the 
equations 

/30V 30 90 /30\* 30 30 

238. We must now consider two cases. 

(1) The linear equation, when J7'=0; let fi and f, be the 
roots of 
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80 that the second equation becomes 

\dq ^* dp J \dq ** dpj 
We may therefore write 

dq ^' dp ' 

dq ^' dp ~ ' 
thus associating f, with F and f, with 4>. The first equation, on 

dividing out by p— , becomes 

and therefore iZf,F, + Ti^,, + Tf, g = 0. 

But r = -Bf , f,, and the last may therefore be written 

VdF 
F + PF + — — = 

Similarly *, + f,<I>, + ^ ^= 0. 

From the last two we have 

' dp ' dp *^» ' dp ^' ' dp ' dq ' dq ' 

d^ dF d^ dF 

andtherefore i;-^^ - 4,.- +ii; _-*,_=: 0, 

which is the condition (§ 202) to be satisfied by the two functions 
F and 4> in order that the values of p and g derived from -F=0=<I> 
as simultaneous equations should render 

dz = pdx + qdy 

integrabla This proves the proposition for the case of Cr=0. 

(2) The general form when U is not zero. 

"We now proceed exactly as in § 234 ; the first equation in 6 is 
multiplied by a quantity X given by 

X' (Br+ UV) -\U8+ C7«=0, 
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and is added to the second; the resulting equation is resolved 
into factors for each of the values of X and the linear factors are 
combined as before, giving two pairs that may be retained. These 
are, if \ and \ be the two roots. 

From the first and third of these equations we have 

* dp '^P~ \ ^P dq \dq ^ ' 
and from the second and fourth 



' dq 'dq \ dp dq "^ \ dq dp ' 



and therefore 



„ a<I> ^dF , „d<^ .dF ^ 



This shews that, for the more general form of the equation 
when F= = 4> are treated as simultaneous equations, the values 
of jp and q thence derived are such as to render 

dz=pdx-\- qdy 
integrable. 

Hence the proposition is proved in general. When these 
values of p and q are substituted, the integral of the resulting 
equation is the final integral of the proposed differential equation; 
it will involve in its expression either implicitly or explicitly the 
two arbitrary functions which occur in the two intermediary 
integrals. 

239. The statement of the method of solution, as derived 
from the preceding investigation, is contained in the following 
Rules. 
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Rule I. When the equation 

Rr + Ss + Tt^r 

is integrable by this rule, we transform it by the equations 

dp = rda; + sdy, 
dq = sdx 4- tdy, 

into Rdpdy + Tdqdx - Vdxdy = 8 {Rdy" - Sdxdy + Tda?) ; 

we resolve Rd'f — Sdxdy + Tda? = 

into the two dy — !^^dx = 0, dy — ^jdx = 0. 

From the first of these linear equations and from the equation 

Rdpdy + Tdqdx - Vdxdy = 0, 

combined if necessary with dz^pdx + qdy, we obtain two integrals 
i^j = ttj , Vj = 6j ; then 

where /^ is an arbitrary function, is an intermediary integral. 
From the second linear equation, combined with the same equations, 
we obtain another pair of integrals w, = a,, v, = 6, ; then u^ =/,(Va) 
is another intermediary integral,^ being arbitrary. 

To deduce the final integral we may integrate either of these 
intermediary integrals, which are diflferential equations of the first 
order, and we must perform the integration when the two values f, 
and f, are equal. When the values of fj and f, are unequal we 
solve the two intermediary integrals as equations giving p and q 
and substitute in 

dz = pdx + qdy^ 
which when integrated gives the complete integral. 

Rule II. Wh^n the equation 

Rr-\-S8'VTt'\-U{H-8'') = V 

is integrable by this rule, we obtain two integrals u^ = a^ and 
t;^ = h^ of the equations 

Udy + \Tdx + \Udp = ) 
Udx-\-\Rdy + \Udq = ]' 

and two integrals w, = a, and v, = 6, of 

Udx + \Rdy + \Udq=^0 ) 
Udy-\'\Tdx + \Udp=^0 j * 



I 
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ivbere X, anil \ are the roots of i 

Then h, ^/iC",) and «, =/,(«,), where /, and /, are arbitrary, 
are two intermediary integrals. We proceed from these exactly I 
as in Rule I. I 

240. It may, however, prove not to be possible to obtain from 1 
the two intermediary integral values of p and q suitable for I 
insertion in I 

dz=j)d.T + qdy ; 1 

and iu that case we may proceed to obtain the final integral by J 
integrating one of the intermediary integrals, adopting for this j 
purpose Charpit's method as indicated in § 201. But withoat I 
actually going through the work necessary in that method to derive I 
the additional relation between p, q and the variables, it will be I 
sufficient to take, as this additional relation, any particular firel 1 
integral of the general system other than that which is being J 
directly integrated ; thus we may take I 

w, =/{",) and w, = a, I 

where a is an arbitrary constant. Since an arbitrary constant is a 1 
particular case of an arbitrary function the values of p and q \ 
derived from these equations will be such as to render I 

dz=pdx^-qdij 
integrable; and the integral will involve one arbitrary function _/ 
and two arbitrary constants, viz., a and the constant of integration. 
This result constitutes the complete integral of the intermediary 
integral; the general integral may be derived hy Lagrange's rule 
(§ ISO), by converting one of the arbitrary constaut-a into an 
arbitrary function of the other and eliminating this remaining 
constant between the equation so transformed and that deduced 
from it by differentiation with respect to that constant. 

241. This method, however, ceases to be effective in the case J 
in which the roots of the quadratic iu X are equal ; there is then 1 
only one system of integrals given by «, = a and u, = h, and so there | 
is only one intermediary integral given by 

",=/(■■,), 
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and this must be integrated. Just as before we may avoid the use 
of the general method for the integration of an equation of the first 
order by combining the general and particular first integrals 

^1 =/(^i) *^^ ^i = ^• 

The values of p and q hence derived will evidently satisfy the 
condition of § 202, and therefore when substituted in the equation 

dz=pdx-\-qdy 

will give another integral of the form 

%u^ = c. 

If jo and q occur in w^, they may be eliminated by means of the 
former equations v^=h and u^ =f{b); so that 

is a complete integral of the equation since it involves two arbitrary 
constants 6 and c. To obtain the general integral we must make 
c an arbitrary function of b and eliminate b between the resulting 
equation and that derived from it by differentiation with respect 
to b. 

Thus in the cases, when the roots of the quadratic are unequal 
and when they are equal, we are led to a general integral, into the 
expression of which two arbitrary functions enter. 

It may be noticed that the foregoing reasoning would apply 
equally, if there had been taken instead of the particular integral 

some other particular integral such as 

(k and I being disposable constants). This particular integral may, 
in fact, be taken so as to render the subsequent integration as 
easy as possible. 

Examples will be found below. 

Ex. 1. Solve r=aH. 

Substituting for r and t in terms of s we have 

dp dy - aMxdq — $ {di/^ - a^da^), 
so that the subsidiary equations are 

dy^-a^dv^^O, 
dp dy — aMxdq — 0. 

F. 24 
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The former can be resolved into the two 

dtf-adx=0, dtf+adx=Of 
the respectiye integrals of which are 

Taking the first of these and combining it with the second of the sub- 
sidiarj equations we find that the latter becomes 

dp — adq^Of 
which, when integrated, gives 

p-ctq'^A', 

Hence one intermediary integral is 

p-<tq=(fii(;^-ax). 
Taking the second equation y + cuv=^B, and proceeding in the same way, 
we find 

dp+adq=0, 

which leads to 

p + aq^B* ; 

and therefore a second intermediary integral is 

We now, in accordance with omr rule, treat these as simultaneous equa- 
tions giving the values of jo and q ; and we find 

cfo=ic^{0,(y+ai?)+0i(y-cw?)} +^dt/{<f)^(^-\-ax)-4>i(y-<u;)} 

_ (c?y +adv) <^,(y + cue) {dy - adx) fj>y (j/ - ax) 
- 2a 2a * 

which can be integrated. 

then the integral is 

z = 4i{y-\-cLv) + ^{jf-ax). 

The arbitrary constant of integration may be considered as absorbed in 
either of the functions and ^. Since 0| and 0, are arbitrary, ^ and ^ are 
also arbitrary. 

Ex. 2. Solve 

(6 + c^)»r-2(6 + cy)(rt + c/?)« + (a + <7))2f = 0. 

Transforming this by the usual relations we find that the subsidiary equa- 
tions are 

(?) + cq)' dy^ -I- 2 (?> 4- cq) {a + rp) dx d>/ + (a + cpf d.r^ = 0, 

{b -f- rq)' dp d>/ 4- (o + rp:r dq dx — 0. 
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The former of these gives only a single equation 

(6 ■{-cq)di/ + (a + cp) da:=0, 

80 that only a single intermediary integral can be obtained for the equation, 
assumed integrable by this method. When this is combined with 

dz^^pcLv+qdi/f 
it gives adx+bdi/+cdz=0, 

so that one integral of the subsidiary equations is 

a:c-}-by+cz=A. 

Eliminating the ratio d^ : dx between the second subsidiary equation and 
the modified form of the first we have 

(b + cq) dp={a + cp) dq, 
the integral of which is 

B being an arbitrary constant. Hence the intermediary integral is 

a-\-cp={b-\-cq)<f>{ax+by+cz). 

This must now be integrated ; Lagrange's process for linear equations 
may be adopted. Denoting it>{ax+hf-\-cz) by ^, we have as the auxiliary 
equations 

dx ^ dy _ dz 

From these we have 

actr + ftcty + Cflfe « 0, 
so that <ix + by-\-cz=Cf 

and <l}=<l}{cuv+by-\-cz)=it>(Q ^ ^ constant. 
Hence for a second integral . 

dy + dx4>{C)^0, 
y+x<l>{C) = C\ 

The final integral of the differential equation is therefore 

tf-\-x<f> {ax+by+cz) = ^ {ax 4- by+cz), 
where <^ and ^ are arbitrary fxmctions. 

It may also be exhibited in the form 

z=xd (ax-\-bi/+cz) -^-yx («r.^ + ^^ + cz)^ 
where 6 and x ^i^ arbitrary functions. 

Rv. 3. Integrate 

(i) r-\-kaH=%as, 

(1) when k is not unity, (2) when k is unity ; 

(ii) a^ + ^vys -^-yH = ; 

(iii) q^r~2pqs-\-pH^0\ 

(iv) 3i^-yH=^0\ 

(v) r - it^t + 2a6 {p + aq) = 0. 

24—2 
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Ex, 4. Integrate the equation 

ar + 6« -f cf + 6 (rf - «*) =^, 
a, hy c, e, k being constants. 

The equation in X is 

\^{ac + eh)+\eh + €^=^0, 

or, if we write Xm+c=0, the equation which determines m is 

m*-bm+ac-¥eh=0\ 

let m^ and m^ be its roots. The first system of integrals is 

c dx + edp — midi/ =0] 
ady+edq-m^x 

so that one intermediary integral is 

The second system of integrals is 

ady+edq — mydx—Oy 
cdx-\-edp — m^dy=^0, 

and therefore a second intermediary integral would be 

cx-\-ep-' m^ — * (ay + eq- wi^.r). 

If it were possible to solve these intermediary equations so as to express p 
and q in terms of x and y, the final integral would be at once derivable ; but 
this not being the case we combine any particular integral of the second with 
the general integral of the first system. Thus we may take 

cx-\-ep-m^=^a, 

and then F (ay i-eq- m^v) = ( w, - lUj) y + a, 

so that, if ♦ be the inverse function of F and therefore an arbitrary function, 
we have 

ay 4- eq = r» ^r 4- ** ! ( wi, -»ii)y + a}. 

Thus 

edz = - cxdx -aydy-\- {m^ + a) t/.r -|- [y/i^r + ** {( w , - 7nj) y + a}] dy^ 
the integral of which is 

ez-^^cx^ -^^ay^^m^vy + a.r + e {(m, - wj y +a} + ft 
where e is an arbitrary function (since it is given by 

{mt-m.i)Q{=)=i^(z)dzy 
and ♦ is arbitrary) and p is an arbitrary constant. 

This is the Complete Integral ; to obtain the General Integral we eliminate 
a between the equations 

C2 + i (cx^ + ay^) = ni^gxy 4- at* + 6 [(wi, - vii) y -{- a} -\- x {a)\ 
X denoting an arbitrary function. 



241.] monge's equation. 373 

Ex. 5. Solve 

(i) «^-rf = a^; 

(ii) qr-^{p-¥x)$+yt=^-q-\-y{^-H)\ 

(iii) ^pqyr + Q?^ + qx) s + xpt ^J^q {rt - s^) + xy, • 

iiU-. 6. Solve 

z(l-}-*/^)r-2pq23+z{l+p^)t'-z^{9^-rt) + l+p^-^^^0. 

The equation which determines m is 

8o that the two values of m are equal, the common value being -pqz; and 
the system of integrals reduces to one given by 

z{l -\-p^) dx + zHp -\-pqzdy = 0, 

^ (1 + q^) dy + T^dq -hpqzdx—O. 

The former by means of 

dz =^pdx + qdy 
gives, after di\ision by z, 

dx-\-pdz-\-zdp=:0, 

the integral of which is 

x-\-pz = a; 

the second similarly leads to 

dy + qdz + zdq = 0, 
the integral of which is 

so that the intermediary integral is 

F{x+pz,y+qz)=^Oy 
where F is arbitrary. 

Proceeding as indicated in § 241, we have 

x+pz = a, 

y-\-qz^b; 

and therefore zdz =pzdx + qzdy 

= {a-x)dx+{b-y)dy, 
the integral of which is 

(^-a)«+(y-6)« + «2=c«. 

A general integral is foimd, as there explained, by eliminating c between 
the equations 

and {^-«W}«'(c) + {y-^M}V^'(r:)+c=0, 

^ and <f) being arbitnu'y functions. 
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Ex. 7. Solve 

(i) xqr+$fpt-\-xi/(i^-rt)=pq; 

(ii) q^r+4pq8+p^t+p^q^(rt-s^)=a^; 

(iii) (l+^«)r-2/>y«+(l+i»«)«=(«*-r<)(l+/>2+^«)-*-(l+;?* + 9*A 

Ex. 8. Prove the converse of the foregoing general result, viz., Let the 
equation of a surface be 

<^(a7,y, 2, a, 6, c)=0, 

where a, 6, c are connected by any two conditions of the form 

X(a, 6,c)=0 = f (a, 6,c); 

prove that the equation of its envelope will satisfy a partial differential equa- 
tion of the form 

Rr+S8+Tt+U{rt-^=V, 

the coefficients of which satisfy the relation 



Principle of Dvxdity. 

242. This principle, which was shewn (§ 197) to be eflfective 
in deducing from the solution of one equation of the first order 
that of another associated with the former by relations of a per- 
fectly reciprocal character, may be applied to equations of the 
second order. The analytical connexion consisted in taking new 
variables defined by the equations 

from which there were derived the reciprocal equations 

From these we have 

dx^dP=BdX-\-SdY, 

dy = dQ = SdX+TdY] 

. ^ jxr Tdx-Sdy 

so that aJi = T>rp_g i i 

^y _ — Sdx + Rdy 

But rdx + sdy = dp — dX, 

S'Lr + idy = dq = rfF ; 
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we therefore obtain, by equating coeflScients, 

T -S R_ 

and also r^ — 5* = 



RT-S"' 

Let these substitutions be applied to any equation of the form 

\r + fis + vt + <r {rt- ^) ==0, 

in which X, /i, v, <r are functions of x, y, z, p, q. Let their values 
after the transformations have taken place be denoted by \\ fi, v\ a 
respectively ; then the result of the substitution gives 

If then the solution of the former equation be known, that of the 
latter can be obtained ; and vice versa. 

Thus in particular the solutions of the two equations 

and rx {x, y) - sf (a?, y)-¥t<f>{x,y) = 

are derivable from one another. 

Ex. 1. From tho solution of 

derive that of 

Ex. 2. Integrate the equations 

(i) px-^qy-sxy^^z] 

(ii) zirt-s^) =pqs ; 

(iii) q^ (z -px -qy) = {pt- qs) xz ; 

(iv) jt>V + %pqz + ^t = {xp -{-yq) (rt - «*) ; 

(v) {l+pq)(r-s)^(y-q^t+p^r'-q's. 

Laplace's method for the transformation of the linear equation. 

243. The linear equation 

Itr+Ss+Tt + Pp + Qq + Zz=U 

in which R, S, T, P, Q, Z, U are functions of x and y only, can be 
reduced to simpler forms. The process consists in changing the 
variables. 
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Let the independent variables x and y be changed to f and 17, 

as yet undetermined; then, when p\ q\,,, denote ^, ^,...tbe 
equation becomes 

I \dx/ dx dy \dy) J 

\ dx dx \dx dy dy dx) dy dy) 

'^ { oar oiwy dy ox oy) 

Let m and n be the roots of the quadratic equation in k 

Rk'+Sk + T=0, 

and first suppose that these roots are unequal ; then choose f and 
7) so that 

dP d^ 
-? = m ^ , 
ex ay 

drj drj 
dx dy' 

which determine f and rj. The terms involving r and t' now dis- 
appear ; and the coefficient of s\ being 



dudyV^ K)' 



dydy 

docs not vanish since the roots of the quadratic are unequal. Let 
the equation be divided throughout by this coefficient; then it 
takes the form 

d z y dz nfdz T. 7 T7- 

24?4. In two cases the integral of this equation can, without 
further transformation, be obtained. We may write it in the form 
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SO that, if the condition 

^? 
be satisfied, the equation becomes 

dz 
where u replaces x- + Lz. A general value of u can be obtained, 

and thence a general value of z. 

We may write the equation also in the form 



so that, if the condition 



OT) 

be satisfied, the equation becomes 

^^ + Lv=V. 

Of) 

dz 
where v replaces ^ + Mz. From this, through v, a general value 

of z can be obtained. 

245. If however neither of these conditions between the 
coefficients in the transformed equation be satisfied, it can still be 
transformed by changing the dependent variable. Thus when we 
>vrite 



we have 



3? 



+ Mi + z(N-LM-^'j= V. 



or 

Denoting LM + ^ — Nhj K vie may write 
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and therefore 

^~Kd\^ K^ K ^ dri\Kdi'^ K^ K' 
which is equivalent to 

where L' = L-^^. 

M' = M, 

so that the same fonn is reproduced but with altered coefficients. 
The equation in its new form can be integrated, if the analogous 
relations between the new coefficients be satisfied. From the 
values of L\ M', N' we have 

orj 

drj 
SO that as iT is not zero (by hypothesis), the relation 

Off 

is not satisfied. The other condition being that the equation 

i'if' + t^ -iV^' = 

should be satisfied, is when expressed in terms of the original 
coefficients 

■^af dv Kdvd^'^iP dv af " 

If this be not satisfied nor the corresponding relation derived 
by the consideration of the other expression 

LM+^ N 

the process of transformation may be repeated indefinitely ; and, if 
at any step of the process the requisite condition should be 
satisfied, the solution mav then be found. 
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Ex. 1. Prove that for any substitution of the form 

where t£ is to be the new dependent variable and /> is a function of { and 17, 
then 

LM-N+^-^ and LM- N^^ 
Off d( 

are absolute invariants and that therefore such a transformation is ineffec- 
tive for the purpose of solution. 

£x. 2. Prove that if 

Kr=iV,-LrM,-^-^ and Jr=K-ZJfr-^ 

(the functions of the coefficients after r transformations) then 

Hence solve the equation 

(Imschenetsky.) 

246. Next, consider the case when the roots of the quadratic 
are equal, so that 

/8^-4i?r=0. 

The two equations determining f and 1; now coincide so that 
from them only one of these quantities can be obtained ; let it be 
f , given by 

dx dy' 

and suppose f and y to be the new independent variables ; then 
we may write 17 = y. Then in the transformed equation the coeffi- 
cient of r' is zero, that of t' is T, and that of s' is 

ox oy 

But m being a repeated root of 

we have 

S_2T 

^~ 2R~ S' 
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so that the coefficient of s is 

dy r ^ 2R) ' 

which is zero. Hence the transformed equation on division 
throughout by T becomes 

9y af dy 

The case suitable for treatment by this method is that in which 
L is zero ; the equation may then be looked upon as an ordinary 
equation in y, the variable x being considered constant; the 
arbitrary constants of integration should be replaced by arbitrary 
functions of x. 



Poissons Method. 

247. Poisson has shewn how to deduce a particular integral 
of any partial diflFerential equation which is of the form 

P^(H-8yQ, 

where Pis a function of />, 5, r, 8 and t homogeneous with respect 
to the last three quantities, and Q is any function of the variables 
X, y, z and the diflFerential coeflBcients of z, which remains finite 
when r^ — s* = 0. 

He assumes y='<f> (p)t 

and therefore s = r<l>(p) and t = s<f>'(p) = r* {</>'(/>)}'. 

These values make rt — s* = 

and reduce the diflFerential equation to 

P=0. 

Now P being homogeneous with respect to r, $ and t, there will, 
when the foregoing values are substituted, occur a common factor 
throughout, being some power of r ; this may be rejected and the 
remaining equation will involve only p,<f>(j)) and </>'(p) which when 
integrated will determine the value of <f> {p) and so will lead to an 
integral of the original equation. This integral, being of the form 

q = <l>(p) 

can always be further integrated. 
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It may be noticed that Poisson's process is equivalent to 
obtaining the developable surfaces which are included under the 
given diflFerential equation, for 

? = </>(/>) 
is the diflFerential equation of developable surfaces. 

Ex, 1. Solve f^-t'=H-^. 

Proceeding as above we find 

so that retaining only the real values 

<^'(/>)=±l, 
whence qz=z(fi(j)):=a ±/>, 

where a is an arbitrary constant. The complete integral of this considered as 
a partial differential filiation of the first order is 

where X and v are arbitrary constants ; the general integral is 

2=ay + 0(^'±^), 
where is an arbitrary function. 



Ex. 2. Solve 



(i) ^ + 2/>« + (/>*-«2)r=0; 

(ii) (l-{-f)r-2p<j8-^{\+p^)t=0. 



Linear Equatiofis with constant coefficients. 

248. We now proceed to consider equations which are linear 
not merely with regard to the differential coeflBcients of highest 
order but are so with regard to the dependent variable and all its 
differential coeflBcients, and in which the various terms are multi- 
plied by constants only. Such an equation is 



, / 9 9 \ ^r 



where 4> is a rational integral algebraical function all the coeffi- 
cients of which are constant; V may be any function of the 
independent variables. 
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As in the case of ordinary differential equations the complete 
integral consists of the sum of two parts : 

first, the most general integral of 
second, any particular solution of 



^(a^' al)^=o^ 



\dx' dyj^ '^• 



These will be obtained separately. For convenience, let 
^ and ^ be respectively denoted by D and U. 

» 

249. The simplest case of the general equation is that in 
which only differential coe£5cients of the n*** order occur, so that it 
may be written 

Let ttj, a,, , a^ be the n roots of 

then the equation may be transformed into 

To find the complementary function we write F=0; then a 
solution of 

(Z)-a,Z)')«=0 

will be a term in the complementary function ; and as there are 
n such factors there will be n such terms. 

Now the solution of 

(Z)-X)z = 0, 
where X is independent of a? is given by 

z = e C/, 

C being also independent of x. The quantity C may therefore, in 
the solution of 



240.1 



WITH CONSTANT COEFFICIENTS. 



be made an arbitrary function of y, and we tben have 



z = e I'M 



Ku) 



There is one such solution for every value of a ; and the sum 
of these different solutions is ako a solution, so that the com- 
plementary function ia 

s = ^i(y + o,a;) + ^,(i/ + a:^r)+ + <^^{y -^ a,oc), 

where 0,, 0, , 0, arc all arbitrary functions. 

In the case, however, in which two roots n are equal this ceases 
to be general, as the sum of two arbitrary functions of the same 
argument is merely an arbitrary function of that argument ; the 
corresponding terms are then obtained as follows. 

The solution of 

(Z> - X)' 2 = 
is z = f^{A+ Bx), 

where A and B are independent of a: ; hence the integral of 
{D-aDyz=0 

d 

is £ = e"'>»{ip(y) + a^>lr(y)] 

= <l>(!/ + xr) + x->lr{t/-\- aa:), 
where both ^ and yjr are arbitrary; the sum of these two terms 
replaces the sum of the two terms, which had coalesced into one, 
and the general character of the solution is restored. Similarly, 
when any number of the roots et are equal, the corresponding 
terms of the complementary function, which coalesce into one, 
are replaced by a series of terms derived in the same manner as 
the above. 

230. To obtain the particular integral we may represent it 
symbolically by 

, 1 r 

(C-«,fl') (D -a,D')...(B- o.B') 
_ 1 1 ,r 



■(F^KF^W?^ 



384 LINEAR EQUATIONS [250. 

To evaluate this we resolve the second symbolical fraction into 
the sum of n symbolical partial fractions, into the denominator of 
each of which only one of the quantities D/D' — a enters ; thus, if 

1 ^Y ^'- 



we have 

1 *■=* N 

1 »*=» N 

N^ being a constant and depending only upon the constants a. 

Let V='^{x,y)\ 

then since 

we have 

=j c?fi|r(f, y + QUC-af); 
hence the particular integral of the equation is 

This is the value in the most general case possible ; in particular 
cases the actual evaluation becomes much more easy. Thus if V 
be a function of x only we may consider {4> (2), 1/)]"^ as expanded 
in a series of ascending powers of Z>' and then every term may be 
neglected (so far as the particular integral is concerned) except 
that which does not contain />'. Corresponding simplifications 
arise in other examples. 
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jEr. 1. Solve <^ ,-a*:^-5=:i?. 

(See Ex. 1, § 241.) 

For the Complementary Function we have 

(£-«3^)(i+«s|)«=''' 



and therefore 



ax ■ - —ax — 

u^e *^0(y) + c *y^(y), 



= (y +atr) + ^ (y - cm:), 
and ^ being arbitrary. 

For the Particular Integral we have 

1 



1 / D^ \ 



j; 



_ 1 

""3!' 
Hence the Complete Integral is 

t*=0(y+aj;)+^(y-ar)+2-j. 
Ex. 2. Obtain a solution of the equation 

such that, when «=0, y=^F{x) and •^ = - -^- , /'(or) and /(jf) being known 
functions of j?. 

iior. 3. Solve the equations 

0) g^+g-5=coswu?cos»y; 

.... 8«j ^ 82j ^oh 

(") 8-^+^8^y-^2al^=^+y» 

,.... 8*-e ^ 8*« D*;! ., . 

(v) (Z)-ai)')»«-0(x)+^(y)+x(*+6y); 
(vi) (Z)-/)O»«=«+0(x+y). 

F. 25 
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Ex, 4. To solve 

For the Complementary Function we have 
<* being a cube root of unity. The solution of 

hence the Complementazy Function is 

where ^, ^, 03 are arbitrary functions. 

The part of the Particular Integral corresponding to j;' is 
1 ._ 1 ,^ s^ 

/ay /ay /ay ^5^^^ TT^ 4.6.6' 
\^) '^\^y) "^W 9^3y3^ W 

and so for the other terms ; the full value is 

4.5.6 "^"8"* 

The Complete Integral is the sum of the Complementary Function and 
the Particular Integral. 

Eof, 5. Solve 

... a«M . a^w a^t* ^nl 

W a^ + ?iS"Sp"a^=^'' 

^"^ a^r^ay *aa?v '*a^ai""'*aa;a;f»"^5pai"*"^ayaj""*"'5i^'*^- 

251. Passing now to the general equation^ we must find the 
solution of 



Hi l)"«- 
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where 4> is of the form 

A ^ A ^ A ^^ 

g«-i g«-i 

+ 



We assume as a trial solution 

where h and A: are constants yet to be determined ; for this value, 

dz T ydz ^ 
:r-= hz and ;^ = kzi 
ox oy ' 

and therefore we have 

which will be satisfied, if h and k be determined so as to satisfy 

This obviously makes one of the constants to depend on the 
other ; let the equation be solved to determine k, so that we shall 
have results of the form 

k^eiji), 

n in number. Taking one of them, as k^d^Qi), we have the 
solution in the form 

for all values of .^ and h. Now the sum of any number of solutions 
is also a solution^ so that another is given by 

where X implies summation for all values of h\ and A^ an 
arbitrary constant, may be looked upon as an arbitrary function of 
h which may vary from term to term of the series. 

Similarly another value of A, such as 6^(h), will lead to another 
solution which may be represented by 

25—2 
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Bnd, as each value of le \vili lead to a corresponding series, tbf 
geaerol solution may be represented as the sum of n series in t 
form 

z = S [ Je*^*"*''*^] + S [Se**'***''*''} + . .. 

the summation in each series extending to terms arising from i 
possible values of the constants h. TLe fact that the coefficiei 
belonging to any term may be considered as an arbitrary functioi 
of the constant which occurs in that term shews that each sen 
may be regarded as having in its expression one general arbitr 
function ; and thus in the Complementary Function we should \ 
led to expect n arbitrary functions. 

.252. This general result in the form of the sum of n series 
each containing arbitrary elements may appear to be of slight 
Talue. Sometimes, however, by the form of the ditforenti 
equation, a simplification is introduced such as that indie 
in the next paragraph; sometimes by conditions imposed on t 
dependent variable other than the satisfaction of the differeoti 
equation the number of terms of the series is limited to th<it 
which contain particular values of the parametric constant. 

For example, whenever a solution of the equation 
determines k is of the form 

i = aA 4 ^, 

where a and (3 are determinate constants, the corresponding s 
may be expressed in a finite form. For it is 

fP'SAj"""', 

that is, it is (save as to the factor outside S) the sum of any 
number of arbitrary powers of e*^'* each multiplied by an arbitrary 
constant; such a sum is an arbitrary function of e'*'* or, what is 
the equivalent, an arbitrary function of a: + ay and the aeries c 
therefore be replaced by 

where i^ is arbitrary. Corresponding to the conditions which { 
any particular case limit the number of terms included in i 
series, there will be analogous conditions which determine I 
form of the arbitrary function. 
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Ex, Prove that, if the root 

occur r+ 1 times, the corresponding part of the Complementary Function is 

where 0o> ^i> > 0r are all arbitrary. 

258. To obtain the Particular Integral we may represent 
it by 

4>(A D) ' 

the evaluation of this expression will depend upon the form of F. 
Thus if 

we should have 



as the value of z required. If V were a rational integral algebraical 
function of x and y, then it would be possible to evaluate the ex- 
pression by expanding the inverse operator in a series of ascending 
powers of both D and iX, if permissible, or of one of them. The 
methods applied to the particular forms considered in § 46 in the 
case of ordinary differential equations will indicate the corre- 
sponding methods to be adopted for the varying forms of F. 



Ex. 1. Solve 



+ 2r 



First, for the Complementary Function we must solve 

(D-D'){D+iy-3)z^0. 

Let *=.lc*'+*«' 

be substituted ; then 

so that k=h and /•= 3 - A 

are the relations between h and k. Hence 

where ^ and ^ are both arbitrary. 



z= 
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The part of the Particular Integral corresponding to c*"^*" is 

{D-iy){p+n-^) 

"'^(l-Z>')(2>'-2)^ 
^ (l-2>'-2){/)'+2-2) 

The result indicates that a term of the form eF^^^ will arise in the Com- 
plementary Function ; that this is so is obvious from the identity 

The part of the Particular Integral corresponding to xy is 

1 

\D-'iy){D+n-Z)^ 

the expansions in each case being taken no further than is necessary to 
furnish non-evanescent terms. It might happen that, by a different method 

of procedure such as expanding in powers of jp, sl particular integral of 

apparently different form would be obtained ; it would however be found that 
the two could be transformed into each other by means of the Complementary 
Function. 

The general integral is, as usual, the sum of the foregoing three parts. 

254. Any equation such that the coefficient of a differential 
coefficient of any order is a constant multiple of the variables of 
the same degree may be reduced to an equation of the foregoing 
form. Such an equation will be of the form 
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We may either change the independent variables to u and t; where 
a; = e* and y = e* ; or we may represent x^ hy^ and y ^hj if>, 
and then we have 

In either case the equation is reduced to the form ahready con- 
sidered. 

£x. 1. To solve 

We have, on assuming u=log j; and v=logy, 

The integral of this is 

*^ / ^i\ ^ (f»+n)(m+n-l) 

where /and /'are arbitrary. 
Ex. 2. Solve 

J51r. 3. Solve the equations 



("•) ('^+i'5^+'iy "+"'"=**• 



^. 4. Solve 



392 


MISCELLANEOUS 


Ex. 5. Solve 




« S--a?+«" 


^S--!-^ 


<") "(S-D- 


-(--■■) a^+"«( 



(nw + ny) +008 (te + ;ji) a 



_&■=, 



S't 



,.5^, 



^3» , 



£e. 6. Solve /(w)i-Zr„ 

where nr denotes the operator iB, 5 — l-x,;— + ... +j;_.5— , /ia a rational iote-B 
grol algebraical function of 0, and H^ is a. homogeneous function of » dioien- 
sious of the quantities ^,, x,y ,.,, x„. 



Miscellaneous Methods. 

255. There are several partial differential equations whidi 1 
are of frequent occurrence in physical investigations; solutions 
of these have frequently heen obtained by methods the appli- 
cation of most of which to equations other tijan those in coonection 
with which they originated ia very limited. The two chief 
methods are integration by means of definite integrals and inte- 
gration in aeries ; hut as each method ia of special application 
only, and as the variations which arise owe their origin to the 
conditions imposed upon the function whose value is sought and 1 
not to any variety in the differential equations to which it can b^l 
applied, it is not possible to give here a full discussion. The dift<| 
cussion here will he limited to a few examples; for fuller investi-] 
gations recourae must be had to the treatises on those branches 
mathematical physics in which the differential equations occur. 

256. Consider £rst an equation which can be integrated ImJ 

both methods, 

Such an equation is 
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which arises in investigations connected with the conduction of 
heat. It is not without interest to indicate the diflferent methods 
which may be applied to obtain a solution. 

By the method of § 249 we may write 

u = e^ d^(l> (x) 

where (x) is arbitrary ; expanding the differential operator we 
obtain 

^ = *(-)+«^d^+2!dJ+3^!dJ+- 

so that the solution contains one arbitrary function. We may 
proceed otherwise thus : the solution of 

cPu , 

is u = e^A+e'^B, 

where A and B are independent of a? ; so that we may express the 
solution of 



9*u ^Idu 



in the form 






(0 



where -^ and x are arbitrary functions. In order to free the result 
from symbolical operations, which would require interpretation if 
they remained, we change the arbitrary functions to / and F, where 

/(<)=t(«)+x(0. 



nt)-Q {fit)-x(t)}; 



then since -^ and ^ ^® arbitrary both / and F will be arbitrary, 

-^j . When the sjrm- 

bolical operators in the first form of solution involving -^ and ^ 
are expanded and the terms of the same order in differentiation 
are gathered together, the solution becomes 



891 



^.^ 


.f- 




^fe^ 


•■ 


dF 


,f 


,rF 


31o' 


"Tt + 


510' 


■"3?" 



«-/(()+ 



+}F^t)^ 



and this contains (jco arbitraiy functions. 

257. It may at first sight seem paradoxical that two perfectlj 
general sohitioua of the same differential equation can be obtained 
of apparently so different a character. The difficulty will dis- 
appear if it be noticed that the equation 13 only of the first order 
in t while it is of the second order in x; the former solution 
contains only a single arbitrary function of x, which is all that c 
be expected in the case of an equation of the first order; 
second solution contains two arbitrary functions of (, which is 
cumber of arbitrary functions to be expected in the case of t 
equation of the second order. 

If we assume that all the arbitrary functions can be expands 
in positive inte^al powers of their arguments, we are able ( 
transform one of these solutions into the other. For let 



*(')=I^©". 



where the coefficients A, are arbitrary, and let this value be sub- 
stituted in the first solution. Then the term independent of x is 



A+A' + ^:e+„',f + - 



which is a series with arbitrary coefficients and so may be denote 
by/(() where_/is arbitrary; the coefficient of [- ) ^, la 



that is, -^; and so for the other even powers of cr. Thus 
part of the solution depending upon the even powers of :c is 
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Similarly collecting the terms depending upon the odd powers 
of X and writing 

F(t) = A,+ A,t-i-p^t'+ 

(which is another arbitrary function) we should obtain the second 
part of the second solution. It thus appears that the two alge- 
braical expressions are equivalent, independently of the fact that 
they are both solutions of the differential equation. 



Solution hij Definite Integruls. 
258. Now let the method of § 251 be applied. We substitute 

the necessary relation between the constants a and ^ is 



so that u = Ae'^^^'* ', 

for all values of A and a, would be a solution. Instead of a write 

ai so that solutions are given by 

and therefore by 

Je-"-'^"'-"' and £e-'-''--<'-*)^, 
where X is any constant and A and B are arbitrary functions of \. 
These may be replaced by 

^'e"''''''cosa (a;-\) and 5'e"'*'' sin a (a; - X), 
where A' and B' are arbitrary functions of X. Further the sum of any 
number of solutions is also a solution. Consider that obtained by 
summing any number of terms of the form of the first for all values 
of X and a and assuming that while A' is an arbitrary function 
of X the form of the arbitrary function is the same for different 
values of X. (The corresponding terms which would arise from the 
second may be deemed included in this since so far as the variable 

part is concerned we need only to change X into X - ~- to obtain 
the first) 

Let then A = f(\)d\, 
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and suppose summation to take place for all values of X between 
— 00 and + oo ; the corresponding solution is 



/ 6"****' COS a (a? — \)ylr(\)dK. 

J —00 



This again may be multiplied by any function of a and the 
summation taken for all values of a ; as it stands the function is 
an even one of a and, so if the factor be taken as da it will sufiBce 
to take and oo as the limits of a ; and thus we may take as the 
solution 



"=/o'^^/^ 



e ^^^^ cos a (x - \) -^ {\)d\. 



The solution in this form is specially suitable for the case in which u is to 
satisfy some condition, for instance that 

when t is zero ; thus we are to have 



/oo r« 
daj cos a (:F - X) ^ (X) d\. 



But, by Fourier^s theorem, the value of the right-hand side is mff (x) so that 
yjr is determined ; and thus 

u = !^ da c"***'^COSa(j?-X)/(X)rfX. 

(Riemann.) 
Bx, Obtain a solution of the equation 

which is such that 



u=f(x) and ^^F{x\ 
when t—0. 

The result is 

1 rx'\-at 
u=i{f{x-^at)-^f(x-at)} + -j^_^F{\)d\. 

(Riemann.) 

259. We may again solve the equation by a method, due 
originally to Laplace and extended by Poisson. 

We have by a known theorem 



J —00 



259.] DEFINITE INTEGRALS. 397 

or, writing u — l (or u where I is independent of u, 

J —00 

When I is any differential operation to be performed this 
relation indicates that the symbolical operation e can be expressed 
provided e^' can be expressed. 

This method may be applied to the equation 

for we have 

where f{x) is an arbitrary function independent of t The fore- 
going formula in equivalent operators may be applied if 2 be 

replaced by a^ -r- ; and thus we have 

•00 

= 7r-* 



t/= TT 



IT 



J — 70 



Another form may be given to this result by substituting \ for 
X + 2uat^. Then u becomes 



-— r 

2a(7rOV-c 



Now f(\) is an arbitrary function ; if we choose to assume its 
value to be zero everywhere except when X=ar and then write 
/(X) d\ =»= jff, we have 

Ex. 1. Prove that, if u satisfy the conditions 

(i) u^f{x) when <=«0, 
(ii) M «= (0 when j;— 0, 
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then its value is 

Ea. 2. Obtain a solution of the equation 

in the form 

y= / jf{x-\-2utb\ i/+2vtb^) sin (w*+»*) c/wc?» 

+ j jF{x+2iUb\y+2vtb^)coB(u^-\-v')dudv. 

Ex, 3. Verify that 

tt=— / c^/ (^(:r+a/sin^cos^,y+a/8in^8in^, «+a^cos^)sin6^ 

1 rf Z^"" r' 
+ r-;T:l c^ / ^/^(oT + o^sin ^cos^, y +0^ sin ^sin^ « + a< 006^) sin Md 

satisfies the differential equation 

and is such that when <«0 then u^F(Xy y, «) and -^^f^P^i y> *)• 
j£^. 4. Obtain the value of the integral 



//' 



taken over the surface of a sphere whose centre is the origin and radius R^ in 
the form 

4ir — sinh (-Bp)i 
where jo^ =, ^2 ^ ^ ^ ^a^ 

Hence shew that the mean value over the surface of any sphere of a 
function, which satisfies the equation 

and is, for all points within the sphere, expressible by a convergent series, is 
equal to the value of the function at the centre of the sphere. 

Further information on this part of the subject and, in particular, on the 
applications in physical investigations, will be found in Riemann's PartidU 
Differentialgleichungen und deren Anwendung auf phyiikaluche Fragen. 
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Solution in Series. 
260. Consider now a case of integration by means of series. 

The most important equation to which this method is applied 
is the equation 



which continually occurs in physical investigations ; to solve It by 
the method under consideration it is convenient to change the 
independent variables from j-, y, a to r, 0, <fi given by the relations 

x = rsm0 cos tf), y = r sin dsinift, z = r coa ff, 
which will in effect be changing from the Cartesian to the polar 
coordinates of a point. The equation is now 



r- 


M^ 1 3/. 




-e^-"' 


and, if another 
resulting form i 


change be made 
is 


by writing /* 


instead of 


3' 
r - 


l^'-|{<-'"'|}-r^. 


,.^=o- 



261. First, let a solution be desired which is to be a function 
of r only, that is, of (a? + y' + j")*, so that it will be a epecially 
symmetrical solution ; the equation then reduces to 



and therefore 



= A + 



B 



In a similar way a solution which would be a function of 8 alone, 
and one which would he a function of alone, may be deduced ; 
but they are not ao useful aa that just obtained, 

262. Next, suppose that solutions which are not functions of 
r alone may be expanded in a series of integral powers of r; and 
in w let there be a term 
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where u^ is independent of r but may be a function of $ and t 
value of whicli is still to be determined. Then, when the value o 
« is substituted, the terra on the left-hand side of the differenti; 
equation corresponding to this particular term of u ia 



.■■ >.(» + !). 



"a^ 



(!-/<•) 






and the sum of all these terms is to be zero for all values of t 
independent variables. The foregoing is the only term wbia 
involves the «"* power of r; it therefore follows that, in order i 
have the equation satisfied, its coefEcient must vanish. Heuce « 
is determined by 



M«-hi)". + ,-|(l 






1 d'u. 



1- 



;=o, 



and therefore r'u^ is a solution of the original ditTerential equattoj 
The coefficients of the terms involving the differential coeffidei 
of M, do not depend upon n ; and the coefficient of «, ia unaltere 
if for n there be substituted - (n + 1) ; hence r~"'*"u^ is another 
solution of the original equation. These two solutions just ob- 
tained may be combined into one so as to give 

as a solution, A^ aud B^ being arbitrary constants ; and thu; 
general value of u is 



I(^ 



provided u„ be determined by the equatio 



st; ('->'■) a:: + 



dfj. 



df^i 



1-u 



:; + «C« + i)", = 0. 



263. Now the general solution of this equation would give 1 
as a function of and tft ; consider the case in which u 
function of d otdy. It is then determined by 



d/i 



{(i-rt|:|+«t»+i)».-o, 
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the independent particular integrals, of wbich are (§§ 90, 91) P, (f-) 
and Q, (ji) ; the corresponding term 3 in u are 

{^y + ^) p. M + (-^.'•- +1?!) «. w. 

In most physical investigations the term dependent upon Q^ (ft) is 
rejected ; and then the general value of u, expressed as a function 
of r and 8, that is of z and (a;' + y^', is 



"=jj{(-<i.''+^.)'^.w}. 



in which the A's and B's are arbitrary constants. It will be 
noticed that the solution formerly ohtained, viz., 



is the particular case obtained by making all these arbitrary con- 
stants zero except A„ and B^ and remembering that P^Qi) ia a 
constant 

2G1. Consider now the general case in which u^ is a function 
of and <p ; it may be expanded in a series of trigonometrical 
functions of multiples of ^ the coefficients of which are functions 
of n. Any term of the series for u^ may be denoted by 

i;J'')cos trip, 

where u ia a function of fj, only ; and, just as in the case of the 
separate terms in m considered as involving different powers of r 
when each such term was a solution of the equation, tliis will be a 
solution of the equation giving it,. Substituting and dividing out 
by cos O-0 we find that w,''* is detomined by the equation 



d^r 



d/i . 



{-«(«+ l)v<'^ 



"1- 



Th'is equation would alao have been obtained by the substitution 
in the u, equation of 



and therefore the solution of the equation in u, is 



IKi 



<7i, + F.e 
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the value <r = not being here included, since it gives terms 
independent of which have ahready been found. 

Now, by Ex. 12, Chap, v., p. 178, the solution of the equation 
giving vj*^^ is 

r.") =(1 -/*•)*- f|;, 

where y^ is a solution of the equation when a is zero and thus 
may be either P^ or Q^. Hence the corresponding term in u^ is 



d-P 



{E^ sin c4> + F„ cos <r<^)(l - ^i^)^ ^ 






+ {E'„ sin «r0 + F„ cos «r0)(l - /**)«• ^- . 

The term involving Q, is usually rejected in physical investi- 
gations ; tbe suitable value of u then is 



V(l - 11*)^ {E„ sin 0-0 + F„ cos «r^) ^ 



or 



it being obviously useless to include values of <r higher than n. 

The sum of any number of solutions of the original equation is 
a solution ; and therefore the most general value of u expressed in 
a series is 

r 



<Sl(^--v«)'. 



n=l 



+ 2 



2^(1 - ;.«)^ ^|(4>- + ;^] sin cr<^ 



+ (^'n^' + ^") cos a<^n . 



We have omitted from the foregoing general value (1) the 
terms which would arise from the part of u independent of r and 
0, which can easily be proved to be 

(2) the term dependent upon <f) alone which obviously is M<f>, and 

(3) the terms usually rejected as unsuitable in physical investiga- 
tions. 
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Any further investigations on the solution of the equation are 
connected either with other equivalent forms of solution or with 
the particular solutions obtained by a determination of the con- 
stants in accordance with imposed conditions. For these recourse 
should be had to the authorities on the several subjects in applied 
mathematics in which this equation arises; in particular, those 
quoted on p. 156 will be found of great value. 



Ex. 1. Solve the equation 






in series, by transforming to polar coordinates. 
Ex, 2. Prove that the equation 

W^ [jdx^'^di/^'^dz^J 
has a solution of the form 

n=0 ^ 
where 

//,^ , . n(n + l) . (n^l)n(n-f l)(n+2) . (n-2)...(n+3) , 

1.2.3...2n 



+ 



2.4.6...2».a^* 



Obtam a more general solution which is not independent of the spherical 
coordinate <t>. (Stokes.) 

Ex. 3. Shew that the general solution of the equation 

^ \dx^'^hjy~dt^' 

or, by transformation to plane polar coordinates, its equivalent 

2 /'?!!? J. l^x 1 ^M «?!!« 



can be expressed in terms of BesseFs functions as the sum of two terms of the 
form 

n=0 



26—2 
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Amphre's Metlwd of solving the equation 
Rr+ 28s+Tt+U(rt-8') = V. 

265. There is another method of proceeding from the dif- 
ferential equation to the intermediary integral in the case of the 
general equation 

Rr + 288-{-Tt+U{rt-'S*)=^ F, 

the factor 2 being inserted for convenience. 

Let a new independent variable a, as yet indeterminate, be 
introduced and let x and a be considered as the independent 
variables so that y is a function of x and a ; then we have 

dz _ dy dz __ dy 

d^^^'^^dx' dS'^dS' 

dp _ dy dp ^ dy 

dx dx* da"" da* 

^-.4./^ dg^ dy 
dx-^'^^^d^* di^^di' 

Here -j- and j- are used to indicate partial differentiation 
ax da ^ 

with regard to the new independent variables x and a. From these 

equations we have 

^^dp^^dy 

dx dx 

dx dx ' 

and ^(H^8') = ^^'8(-P-'^^^) 

dx^ ' dxdx \dx dx dx) * 

in all of which 8 is to be replaced by 

dp ^dy 
da ' da' 

When these values are substituted in the original equation it 
takes the form 

da^~ ^ da* 
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where P and Q are given by 

dx dx dx dx dx dx* 

\dx/ dx \dx dx dx) 

As yet a is arbitrary ; let it be chosen so that P vanishes ; then 
it follows from the diflferential equation that Q also vanishes and 
thus we have 

P = 0, (2 = 0. 

266. These equations can be replaced by simpler combinations 
equivalent to them. From the first we have 

dx\ dx dx) dx dx ' 

when this value of -j- is substituted in the second equation the 

dx 

latter becomes after a slight reduction 

(r^+U^\- 2S(r^ + Upi +RT+ UV=0. 
\ dx dx/ \ dx dx) 

which gives 

^l+'^S-^i^' («. 

where G=8'-RT-UV. 

The corresponding value of -^ - is given by 

or, what is the same thing, 

= r{S±0')-(S'-O)g; 

and therefore 

«i*(«^«'i'^- <«'■ 
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These equations (i) and (ii) may replace the two first obtaineda 
it will be noticed that they arc analogous to those in § 234. Wi^ 
may also combine (i) and (ii) so as to obtain an equation in anothsi 
form, but not independent. Multiplying (ii) by iJand subatituti 

from (i) for U ~ v/e have 



nsf + s-- 

ax 
which easily reduces to 



6~It^(S+ Gi)= UV. 



^t-^'^<- 



..(iii). 



..(iv). 



We may thus consider either (i) and (ii) or (i) and (iii) a& the 
equations which replace the two P=0 = Q. Taking then (i) and 
(iii) we may rewrite them in the form 

Udq-^Itdy~{8±0^)dx = (i 

Udp - {S + Gi)d!/ + Tdx = 
and we have also 

de — pdx — qdy = 

in which it will be noticed that da does not occur and therefore 4 

is to be considered a constant in the integrations. 

267. The success of the method depends upon the possibility 
of obtaining a function W of a;, y, z, p and q which shall be sud 
that, in virtue of the relations between the differential element^ 
expressed by the equations (iv), its total differential shall 1 
If this be possible, we then have 



d W= -1^ dx + -^ d)/ + -^ dz - 



dw. 



' dx 



"¥" 



= 0; 



when the values of dz, dp, dq as given by (iv) are substituted i 
this, it becomes an equation involving only the two dtETereotiia 
elements dx and dy, which are independent and the cocfficieate q 
which must therefore be separately zero in order that the equatioi 
may be satisfied. Thus we have 



' Sp 3j ' 
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either of these may be replaced by 

dW 
which results from the elimination of tt- between the two. This 

last equation is useful in the case when U is zero, for then the two 
former equations are equivalent to only one. 

The function W must therefore satisfy two simultaneous partial 
differential equations of the first order ; the method of obtaining 
such a solution common to the two, when it is known to exist, is 
indicated in § 226 and we may therefore now consider W a known 
function. 

268. A solution of the given differential equation is furnished 
by 

Tr= constant. 

For we then have 

dW dW 
and these, on the substitution in them of the values of -75- and -5- 

dx oy 

from the foregoing equations which determine TT, become respec- 
tively 

dW dW 
The elimination of the ratio of ^^ to -^ between these gives 

(r+ Ur) (iZ+ £7i) = (/S- Usy^G, 

which, in virtue of the value of G, reduces to 

Rr+2Ss + Tt-h U{rt-s^ = F, 

that is, to the original equation. The proposition therefore 
follows. 
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269. In order to obtain the most general intermediary inte- 
gral, we must find an expression which contains an arbitrary 
function. Suppose now that it is possible to derive two particular 
solutions w, and w, of the equations which determine W, and 
■which are, owing to the doublo sign, really two sets; then Ibe 
equations will be satisfied by writing 

If = O («;,, W,) = 0. 

Since the equations in W are linear this is obviously a solu- 
tion. Also the particular solutions are 

ju, = constant ; 

but in the integrations we had to consider a as a constant, and 
therefore we may write 

where /,(a) is an arbitrary function. Similarly we should have 

where /,(a) is an arbitrary function. Now a is some function of* 
and y, the value of which is unknown ; when we substitute in 
either equation the value of a. Jerived from the other, we obtain a i 
result of the form indicated. I 

270. It may happen that more than one general intermediary 
integral can be obtained. In any case we proceed as before from 
the single intermediary integral (by Charpit'a method) or from the 
combination of the two intermediary integrals (as in § 236) to tlia 
general integral of the equation ; and this integral will usually 
involve either two arbitrary fuDctious or three arbitrary constants. 
This however is not the most general integral possible. For if we 
had an original integral equation of the form 

{z, w, y, dj, a,, Oj, a^, n,) = 0, 

and obtained thence five other equations giving the values of 
p, q, T, 3, t we could between the six resulting equations eliminate ■ 
the five constants a and have a difTerential equation of the seconda 
order ; and according to the form of the degree of this equatioafl 
would vary. Conversely in any case we might in the int« 
which is most general so fiir as the number of arbitrary constt 



I 
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which enter is concerned, expect more than three. But ^ = ynH. 
not necessarily be the most general integral ; the only inference to 
be made is that the equation containing three arbitrary constants 
is not the most general integral. It can be replaced however by 
one which is more general ; the method of obtaining this, due to 
Imschenetsky, is similar to that employed by Lagrange for partial 
differential equations of the first order — viz., variation of the con- 
stants. 

271. Let the integral obtained by the foregoing method be 
represented by 

^ =/(«> y> «» ^ o) ; 

to obtain the general integral we shall suppose c to be changed 
into a function of a and b the value of which is, as yet, undeter- 
mined and then consider a and b to be functions of x and y such 
that p and q preserve the same forms as when a, b, c are all con- 
stants. Denoting 

da dcda db dcdb 
respectively by -t^ and ^ , we have 

dx"^ dadx dbdx* 

d^^'^'^dady'^dbd^' 
and therefore, since ^ =P a^d ^ = ?> we have 

da dx db dx 

da dy dbdy ' 
which will be satisfied if we write 

da db * 
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The second differential coefficients are 

^z _ dpda dpdb _^ , ^ 
da^ da dx dbdx~^ ' 

d^z _j,dpdadpdh^ dqda dqdb 
dady "" dady dbdy dadx dhdx" ^ 

9'g _^ , ^^ , ^?^_/ , ? 
3y' " da dy db dy 

But since -f- is identically zero when we suppose a and b 
replaced by their values in terms of x and y, we have 

dx \da) do? dx dadb dx ' 



and 



^ (df\ ^ d_ /df\^ 
dx \da) da \dx) da ' 



so that :^+:j4 5^ + 3-^5- = 0- 

da da dx dado ox 

g. .. J dq d^f da d^f 3^_/v. 

^ da da* dy dadb dy ' 

db dadb dx db* dx ' 

dq ^ d*f da ^ d'fdb^Q 
db dadb dy db* dy 

These equations satisfy the condition 

j^^dp da dp db _dqda dq df 
"dady dbdy" da dx db dy ' 

and from them there can be obtained the expressions 
da* \dbj dadb da db db* \daj ' 

da* \db) dadb da db db* \da) ' 

r,A_<^dpdq_ d*f (dp dq dq dp\ ,^f^dq 
" da* dbdb dadb\dadb dadb) db*dada* 
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But with the modified forms of a, 6, c 
2 =f(x, y, a, S, c) 
9 still to be a solution of the equation 



R 



d;^ 



-2S 



d-s 



7, 3*3 



dxdy 9^ 



s 3V _ / 3'^ 



)'}- 



the coefficients of the second differential coefficients are unaltered 
in form, since we have retained the forms of the first differen- 
tial coefficients, and therefore B, S, T, U, V remain unmodiiled. 

Substituting now in this equation the values of =-^, ^ p . s;. 

and remembering that the differential equation is satisfied when 
h, k, I are zero, we find that it takes the form 

(S+ Ut) A + 2(S- Us) k + {T+ Ur) I + With-h') = V, 

where the quantities r, s, t which explicitly occur and the quantities 
p, q, z which implicitly occur are to be replaced by their respective 
values derived from the integral 

B^fi'T.y, a,h,c) 
in which a, h, c are considered constants, We must now substi- 
tute the expressions found for A, k, I ; and then the equation, after 
some reductions, will be found to be of the form 



J/ 



where 



Cf- 



s. 



<"-<:%■ 






' \da db db da) ' 

in all these coefficients the quantities s, p, q, r, 8, t are to be 
replaced by their values in terms of x and y as derived from the 
given integral equation. 
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This differontial equation is linear in the second difTcreatial 
coefficients of / with regard to a and b ; it ia, moreover, the 
equation which ia to determine the value of c as a function of a 

andi. Now 



da da 



da'" 



da? dadc da Be* \da/ dc da' ' 



and also for the other coefficients ; when these are Bubstituted far\ 
J> ' J^ ' rf^ ^^^ resulting equation is linear in the second 
differential coefficients of c with regard to a and 6, and the 
quantities multiplying these are functions of t, y, a. b. c 
But we also have 

da db ' 

from which the values of x and ^ can be found as functions of.J 

a,b,o, 3- 1 51 ; and these when suhstituted will make the equatioal 

one which involves only the quantities a, b, c and the differeutaa] 
coefficients of c. This equation will then be of the form 



I 



^5^"^ 



_ ^ 

'• da' Bb- 



Now it may not be possible to integrate directly the oiigi 
differential equation, while it may be possible to obtain, almost I 
inspection, a particular solution which involves three arbitni 
constants ; or it may be possible to derive such an integral whei 
not obtainable merely by inspection. In either case such particulal 
integral can be generalised provided the solution of the equatioi^ 
to be satisfied by can be obtained ; and if this solution be reprc 
sented by 

e{a,b,c) = 0, 
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then the new integral of the original equation is obtained from 

^ =/(^» y> «» ^> c) \ 
= 5(a, J, c) 

8a dc do 8a 

86 8c 8c 86 ^ 
by eliminating a, 6, c between them. 

Ex, 1. Integrate the equation 

r + 2 (g' - a;) «+ (g' - a?)' ^= 3'. 

Here i2=l, S=q-x, T={q-x)\ 17=0, ^=<?; thus G'—O, and the equa- 
tions determining W are only a single pair, viz. 

We denote these, as in § 226, by 

As a condition that these equations may be int^;rated simultaneously 
we must have 

Hence we write 

0=/;,= -jZ-r; 

then (^j,^s)=0; (/\, /i)=Z, 

and so we take 0=F^=Z^ 

and then o^(F^^F^^ ... =(F^, F^. 

Hence r=0=Z; Z+g-P^O; §-(g-^)P=0; substituting in 

0=Pc^+Cc^+Zd:r+2<fc+rrfy 
we obtain 0=P(dp-qdx+qdq-xtiq\ 

and therefore we may write as the intermediary integral 

To obtain the complete integral of this we apply Charpit's method ; we 
must obtain an integral of 

dx _ dy dp dq 
-I"" -gr+j?™ -q^'Q* 
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This is given by q=fi ; and therefore 

These values, substituted in 

dz^pdx+qcfyy 
lead to the integral 

which contains three arbitrary constants. 

To obtain the modified integral (§ 271) we write this 

considering o as a function of a and /3. Then we have 
^ df dc 

53" ^' 5? "' SiS^^^^a/sac' djs"^ ^' cijs'"^" da' 3a"""- 

Hence i2i=0 ; ^i=l ; >8i=0 ; 7^=0 ; and the equation in/is 






or, on substitution in terms of c, 






orfinaUy g^, = g^. 

But an integral of this is, by § 259, 

and therefore an integral of the original equation is given by the elimination 
of a and B between 



0=a?a*+ r X6"^V' (/3+2Xa*) (^, 



The second of these equations may, when the definite integral is integrated 
by parts, be replaced by 
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Ex. 2. Integrate 

(i) r-.=|; 

(ii) xh'-4x^qs-\-^^t + 2pa^=0; 

(iii) (^+j)2r+2(.r+j)(y+^)«+(y+|))2« + 2(a;+gr)(y+|>)=0; 

(iv) ^ + 2^«+(:r»-^)«=22;; 

(v) r+23'«+(^-^)«=j; 

(vi) a?*r-4a;2^,^.3^^.2^=0; 

(vii) r-\-^qS'\-ft=l^t\ 

(viii) 2p« + «-j9=0. 

(Ampkre and Imschenetsky.) 

A fuller discussion is contained in the valuable memoir by Imschenetsky, 
Orunerfs Archiv der MathemcUik und Phydky t. Liv. ; and in the memoir by 
Qraindorge already (§ 223) quoted. Fidl references to other authorities are 
to be found there. 
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1. Prove that the integral of the equation 

(^•+y)('--0+4p=o 

as given by Monge's method is 

ay . ^ /• _^ 

where y+o; is to be substituted for a after integration and / and F are 
arbitrary functions. 

Hence solve the equation 

2. Solve by Mongers method the equations : 

(i) ?(l+?)r+(;? + Sr+2^)«+^(l+^)«=0; 

(ii) (l+^+j2)r+«(3r»-;,2)-(l+^+^)^=0; 

(iii) {r-t)xy-s{a^-y^=qx-py', 

(iv) a^-yH^xp-yq; 

(v) r-2«+^=a?+<^(4?+y); 

(vi) {r-s)x=-{t-s)yi 

(vii) ^-yH-2xp-\-2z=0\ 

(viii) (r-«)y+(«-0a?+g'-j9=O; 

(ix) xr+(y~x)s-yt=q'-p. 
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3. Solve the equation 

r+t=2s, 

and determine the arbitrary functions by the conditions that bz^^ when xsQ 
and az=a^ when y=0. 

4. Integrate the equation 

and obtain a first integral of the equation 

5. Investigate a solution of the equation 

subject to the condition <^^=^ (1 +19^), in the form 

«s=ay+(a*-«*)*+alog— ^^^-^ '- . 

6. Int^;rate the equation 

(1 +f)») « - 2p^« + (1 + j«) r =0, 
having given that j^y - qx=^^\ and shew that a particular solution is 

(a^+y*)*=ccosh-. 

c 

Integrate also the equation 

{(l+/?2) ^ - 2;?5« + (1+ ^) r}« = 4 (rt - ««) (1 +j>8 + 3^2) ; 

and discuss the nature of the solution 

7. Solve the equations : 

(i) ^{T'P)=^{t-q)\ 

(ii) q!/s^pyt+pqi 

(iii) xr+a^s-{-yq=0 

(iv) ar + 2y« + JO = 4r 

(v) 2jT-2<+3p=0 

(vi) x{r~aH)=2p, 

8. Prove that the only real solution of the simultaneous equations 
is u=^co6a+ysina+^. 
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9. Prove t]^it the only real solutions which simultaneously satisfy the 
equations 

are comprised in 

z=^a^ {a+ccoQa^+cx^ sina+^y^ {a - c coaa)^ ^+ ytf +d, 
where c^=a^-{-b^ and a, j3, y, d are arbitrary parameters. 

10. Obtain an intermediary integral of 

and shew that its general integral is obtained by eliminating a between the 
equations 

z-<^(a)-a:r-(l4.a2)*/(y)=01 

where ^ and /are arbitrary. 

(Serret, and Qraindorge.) 

11. Integrate the equations : 

(i) a!p+i/q+xh'+ian/s+i/H=0 ; 

(ii) {xp+yq)(rt-t^) + ^-ipqs+jo^=0; 

(iii) (x^-y^)(t'r)+4(j>x+qtf''Z)^0. 

Also solve, by changing the independent variables to { and tj where ^=^ 
and xy=$y 

a;V - 2^« +y*< + 2yg' = ; 

and, by changing the independent variables to ( and tj where x^ef"^^ aud 

^r -yH-^ixp ''yq)f(x, y). 

12. Integrate the equations : 



/••x 3*^ s/S^« . 2 9^ 2 \ 
,. , a«^ 2 Zh 



^ .=0. 



(Gregory.) 
13. Find the surface whose equation satisfies 

-^=0 
dxhy ' 

and whose trace on the plane of ^ is the hyperbola xy^aK 

F. 27 
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14. Int^;rate the simultaneous equations 

,.. du dv 
W 







15. Shew that the simultaneous equations 

f^+c(r+Q=0, 

represent a series of coaxal paraboloids which cut any fixed plane perpen- 
dicular to the axis in a series of similar conies the ratio of whose axes is 

16. Shew that the equation 

Gs+Ep+K=0 
in which O^fffKaie functions of x, y, z and q can be int^;rated if 

\dx dzj \dy dx) \dz dy ) ' 
and obtain the integral. 

Hence obtain the integral of 

{{x+yz)s'ypq) (a?+y)=sy (1 -z) 
in the form 

,=rJ<«-')*<'>[^(.)-/>->^c,)_^j. 

(Imschenetsky, and Qraindoige.) 

17. Obtain a solution of the equation 

dht dhi dhi 

in a series of ascending powers of x, (Lagrange.) 

Solve the equation 

discussing in particular the case in which the discriminant of the left-hand 
side is zero. 



EXAMPLES. 
18. Verify that the partial differential equation 

S^ "^ 3^' 
integrable in finite t^rme, if b (2t ± 1) = Si where i is a positiTS Integer. 
Solre alao 

S^ * Sj^ - a* ^ 



19. Shew that the complete integral of 

_1 3^ ^ 2Bm «(Tt+l)w 

(n being an integer) may be ezhibit«d ia the form 

where and ^ are arbitrary functions ; and obtain ia the form of a definite 
integral the complete solution of 

ld»u_&u Ida 

a" ec~?f*"*'r Sr' 

80. Obtain aa a definite integral the soluUon of 
g BT^ 1 /ZV 3r\ 

21. Obtain a solution of the equation 
in the form 

88. Change the dependent variable &om £ to ^ in the equation 

g(,l+g)r-{p + q + 2p^)t+p(_l+p)t = 0, 
and hence obtain the solution of the equ&tion in the form 

23. Shew that if there be five functions z^, :,, ^ t,, t^ each of which 
satisfies the equations 






where the a's and b'a are functions of x and y alone, then between them there 
is a linear relation with constant coefficients of the form 
Cii, +Cfy+ C^j + C^, + C^r, = 0, 
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If, in addition, any four of them as z^^ ^ ^n '« be such ^ to satisfy 
identically the equation 

hy hi fv h ~^9 
Pv P» P» Pi 
2v 92* 9s> 9* 
*i> 'a» '3» '4 

then there is also a relation of the form 

(Appell.) 

24. Shew that the function F{a, p, y, 0, c, x, y) given by the series 

n(a+m+7i-l) n0 3+m-i)n(y+n ~ i)n(^-i )n(r-i) 
n(o-i)n(m)n(n)n(^+w-i)n(c+w-i)n03-i)ii(y-i) -^ ' 

the summation extending for all integral values of m and n from zero to 
infinity, satisfies the two equations 

(y-y2) I _ ^^^ {j _ (o+y + i)y} q-yxp -oyz =0. 

Hence shew that jP(a, d+c, - c, ^, c, x, y) is a solution of 

(4r-^)r-2:cy«+(y-/)^+{^-(a+a+l)4?}/>+{c-(o+a+l)y} ^-0*2=0, 
c being an arbitrary constant. (Appell.) 

25. If there be three functions z^j z^y z^ satisfying 

t = C^ + C^ + CsZ, 

^i(P2-9s) + h(P3-9i)+h{Pi-92)=^y 

where the a's, 6's and c's are functions of x and y, then there eidsts between 
these functions a linear relation with constant coefficients. 

(AppelL) 

26. Shew that the integral of the equation 

s-{-xyp + kyz=0 
may, by differentiation, be connected with that of 

s+xyp + {k+n) yz=Oj 
k being a constant and n being an integer. 

Hence solve the former equation in the case when i(r is a negative integer. 

Obtain the solution when i(r is a positive integer. 

(Tanner.) 



27. Obtain the solution of 
in the form 



EXAMPLES. 



«=e« 






where and ^ are arbitrary functions. 



Hence integrate 



s=zp. 



28. Integrate by Ampere's method the equations 
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(LiouvUle.) 



(Tanner.) 



(i) zs+^t+pq=0; 

(ii) ^r+^t+{la:-hmy+m){rt-8^) 

.(^.^.„,{,(4-j-l).(4-|-l)'}, 

(iii) qr+{p+x)8+^+y(rt-'t^ + q^0. 

(Imscheneteky.) 




Bessel'B ei^uation, 157 — If 
denvable from 
equatioD, 16T. 
Bout, 545. 



Cauchy'a method of 
Elder's equation, S39. 

Cayley, 36, 92,211, 241. 

Chorpit'B method of intc^otion of 
partial differeotial equatioDS of the 
fiist order in two indepeadent varia- 
blee, 31&— 322. 

Clairaut's equation, S7, 310. 

ClassificatioD of the integrals of a par- 
tial differential equation, 365—297 ; 
every ill tegr^ ia included in one 
of the three cluBsea, 288. 

Complemantary Function, 49, 52 — 55, 
66, 382, 387. 

Complete Integral of a partial differ- 
ential equation, 266, 364. 

Cuspidal Locus, 33. 

Darboux, 207. 

Definite IntegraU, solution of linear 
equation nuoae coefficieuts are of 
first d^T^e in indepeudent Toria- 
ble hj means of, 216— 221 ; 

propositioD relating to solutioii 
of general equation bj means 
of, 221—225 J 
Holution of a partial differential 

Suation in, 395. 
nition of, 8. 
Depression of order of equation when 
one or more particular integrals 
are known, 50, 115; 

when one variabb is absent, 77. 
Duality between partial differential 
equations, onalTtical, 311, 374 ) 



correajMinds l« geotaetrical 
principle of duality, 313. 

Envelope Locus, .33 ; the only Singu- 
lar Solution, 35. 

EquatioD of first order and first d»- 
gree has only one independeBl' 
primitive, 15. 

Equations giving relation between dif-i 
ferential coefficients, 74—76. 

Equiralenco of linear equations 
second order, conditions for, 95. 

Euler 232, 358. 

Eulei'a equation, 237—241; 

generalisation of, 841 — !47. 

Eiact equations, 8S — 86. 

Ferrers, 156. 

First Integrals, definition o^ 9; num- 
ber of mdependent, belonging to 
equation of n" order, 9. 

Functions, conditions for relations 
between, 11. 

Gauaa, 184, 210. 

Gaiisa'a n function, 152, 158, 106. 

General Integral of a partial differen- 
tial ei^uation, 269. 

Generalisation of any integral of a 
partial differential equation con- 
taining constants, 406-~113. 

Glaishcr, J. W. L., 39, 174, 17a 

Goursat, Bll. 

Qraindorge, 340, 415. 

Hankel, 165. 
Heine, 156, 167, 168. 
Homogeneous ordinary equations of 
first order, 20 ; 

linear of n" order, 66 ; 

in general, 7D ; 

partial equatioDB, 390. 
Hypergeometrio Series, definition ol^ 



I 



differential equation aatiafied 

by, 185 ; 
particular solutions of this 

equation, 187—192 ; 
relations between theae boIu- 

tions, 192—201 ; 
coses nheu expressible in a 

finite form, 202—210 ; 
as a definite integral, 228. 

Imscheneteky, 340, 409, 415. 

Indejiendence of Particular Integrals 
of general linear equation, condi- 
tions for, 110. 

Intenaodiary integral, 354, 

Invariant of coefficieuta of linear 
equation of second order, B9. 

Jacobi, 92, 211, 232, 247, 340. 

Jacobi'y method of integrating the 
generalised form of EuJer's Equa- 
tion, 241. 

Jacobi's method for the integration of 
the general partial differential of 
the first order in n independent 
variables, 323—340, 

Kummer, 92, 211. 

Lagrange, 299, 315, 409. 

Lagranges linear partial differential 

equation, 297 — 301 ; 

generalised form, 302. 
Laplace's transformation of the linear 

partial differential equation of the 

second order, 375 — 380. 
Legondre, 358. 

Legendre's equation, 143—156. 
Linear equation with constant co- 

ofQuiente, ordinary. Chap, m. ; 
partial, 381—391. 
Lobatto, 232. 
Lommel, 168, 174. 

Malet, 90. 

Mansion, 340. 

Monge's form of soIuldoD of total 

differential equations, 253. 
Monge's method of integrating the 

equation of the second order which 

is linear in the partial differential 

ooefEoients, 356 — 368. 
Motion of jiarticle under central force, 

integration of equations of, 376. 



Normal form of linear equation of 
second order, 90 ; 

of equation of hypergeomotrio 



Order, definition o^ 8. 

Particular Integral, 49, 57 — 66, 67, 

383, aw. 

Petijval, 233. 

Poisson'a method for a form of homo- 

^neous partial equation, 360. 
Pnmitivc, definition of, 8. 

Quotient of two solutions of linear 
equation of second order, equation 
eatisfled by, 92. 

Rayleigh, 167. 

Kelation between linearly independent 

solutions of a differential equation, 

99, 112,152, 166,200. 
Riocati'a equation, 168 — 174 ; 

reducible to Betisel's equation, 
171. 
Richelot, 246. 
Kichelot's method of integrating 

Killer's equatioD, 237. 
Riemann, 398. 
Routh, 168, 340. 

Schwarz, 92, 202, 211. 
Sohwandon Derivative, 92, 202—209. 
Series, possibility of integration in, 
132; 

form of solution when a vanish- 
ing factor occurs in the de- 
nominator of a coefficient, 
139; 
form when such a factor occurs 

in the numerator, 141 ; 
integration of partial etiuations 



Simultaneous equations (ordinary), 
linear with constuit coefficients, 
283—270 i 

with variable coefficienta,270— 
276. 
Simultaneous partial differential 
equations in one dependent varia- 
ble, 345—350. 
Sin^;ular Solutions of ordinary equa- 
tions of first orde^ 30 — 39. 
Singular Iute^;ral of a partial differ- 
ential e<^uation, 286 ; 

derived from the differential 
equation, 394. 



dinniy 
is to be GOiuudereu t , 
Species, deflnitioD of, 7. 
Spitzer, 232. 

Staiidard Forma of ordinary eq\ia- 
tioDB of first order, 18 — 30 ; 

of partial ditferentiftl eqitations 

of first order, 304—310 ; 
they are particular coaea in 
which Cliarpit'B method (^. 
V.) proves effective, 32(>— 



Sturm, IE 

Symbolic 



0|ieratiomt, 43 — 18, 382, 



Symbolical method for partial equa- 
tioua due to Laplaue aiid Polaaon, 



Symbolical Solutions, 174. 



Tac-Locus, 35, 296. 
Thomaon, Sir William, 108. 
Todhunter, 156, 168. 
Total differential equatiuns, ^ 
are linear, 247—255 ; 

they aeparste into tno claasea, 

253; 
geometrical intcrpretAtion of 
linear equations with three 
raiiables, 256—259 ; 
cane of n variables, 259 ; 
equations which are ' ' 



Variation of Parametcra, 98, 112, llftj 



